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Chapter 1

Numeric Artifacts

1.1 Introduction

Virtually all solutions to problems in electromagneticguee the use of a computer. Even when
an analytic or “closed form” solution is available which sminally exact, one typically must use
a computer to translate that solution into numeric valuesfgiven set of parameters. Because
of inherent limitations in the way numbers are stored in cotegs, some errors will invariably be
present in the resulting solution. These errors will tyflyche small but they are an artifact about
which one should be aware. Here we will discuss a few of theeguences of finite precision.

Later we will be discussing numeric solutions to electron&g problems which are based
on the finite-difference time-domain (FDTD) method. The EDMethod makes approximations
that force the solutions to be approximate, i.e., the methatherently approximate. The results
obtained from the FDTD method would be approximate even ifuaed computers that offered
infinite numeric precision. The inherent approximationthie FDTD method will be discussed in
subsequent chapters.

With numerical methods there is one note of caution whichshild always keep in mind.
Provided the implementation of a solution does not fail s@atghically, a computer is always
willing to give you a result. You will probably find there arentes when, to get your program
simply to run, the debugging process is incredibly ardudd#en your program does run, the
natural assumption is that all the bugs have been fixed. tinfately that often is not the case.
Getting the program to run is one thing, getting correctItess another. And, in fact, getting
accurate results is yet another thing—your solution maydseect for the given implementation,
but the implementation may not be one which is capable ofywring) sufficiently accurate results.
Therefore, the more ways you have to test your implememtatia your solution, the better. For
example, a solution may be obtained at one level of dis@tiz and then another solution using
a finer discretization. If the two solutions are not suffitigieclose, one has not yet converged to
the “true” solution and a finer discretization must be usegerhaps, there is some systemic error
in the implementation. The bottom line: just because a cderggives you an answer does not
mean that answer is correct.

Lecture notes by John Schneideumerical-issues.tex
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8 CHAPTER 1. NUMERIC ARTIFACTS

1.2 Finite Precision

We all know summing one-third three times yields one, i.¢3,+ 1/3 + 1/3 = 1. But s that true
on a computer? Consider the C program shown in Program 1.1.

Program 1.1 oneThird.c : Testif1/3 +1/3 + 1/3 equalsl.

[+ Is 1./3. + 1./3. + 1./3. == 1.0? */
#include <stdio.h>

int main() {
float a;

a =10/ 3.0;

if @+ a+ a==10)
printf("Equal.\n");

else

printf("Not equal.\n");

return O;

In this program the float variabkeis set to one-third. In line 9 the sum of thras is compared to
one. If they are equal, the program prints “Equal” but pritNst equal’ otherwise. The output of
this program is “Not equal.” Thus, to a computer (at leastrumaing a language typically used in
the solution of electromagnetics problemis)3 + 1/3 + 1/3 is not equal to one. It is worth noting
that had line 9 been writtea=1/3; , a would have been set to zero since integer math would
be used to evaluate the division. By usimg= 1.0 / 3.0; , the computer uses floating-point
math.

The floating-point data types in C or FORTRAN can only store éefinumber of digits. On
most machines four bytes (32 binary digits or bits) are usedifgle-precision numbers and eight
bytes (64 digits) are used for double precision. Returninipéosum of one-thirds, as an extreme
example, assumed that a computer can only store two decigitd.dThus one-third would be
approximated by 0.33. Summing this three times yields

0.33 + 0.33 + 0.33 = 0.99

which is clearly not equal to one. If the number is stored witbre digits, the result becomes
closer to one, but it never gets there. Both the decimal arahpiiftoating-point representation of
one-third have an infinite number of digits. Thus, when aftiéng to store one-third in a computer
the number has to be truncated so that the computer storggeoxanation of one-third. Because
of this truncation summing one-third three times does neltyone.



1.2. FINITE PRECISION 9

Instead of one-third, what if we summed one-tenth ten timgs®e1/10 is equal to 0.1, it
appears the number can be stored with a finite number of difitees the computer think the
following is true?

1 1 1 1 1 1 1 1 1 I 12

TR T TR U IS TR T RS TS TR T R
This can be tested using the same approach as shown in Prdgtansomewhat surprisingly,
these are still not equal! Although one-tenth has a finite memof digits when written in base
ten (decimal representation), it has an infinite number gitsliwhen written in base two (binary
representation).

In a floating-point decimal number each digit representantimaber of a particular power of

ten. Letting a blank represent a digit, a decimal number esthbught of in the follow way:

102 102 10' 100 10~* 1072 107® 107*
Each digits tells how many of a particular power1df there is in a number. The decimal point

serves as the dividing line between negative and non-vegakiponents. Binary numbers are
similar except each digit represents a power or two:

23 22 2! 20 271 272 9273 924
The base-ten numbeérl, is simply1 x 10~!. To obtain the same value using binary numbers we
have to tak@=* +27° +278 + 279 1 . i.e., an infinite number of binary digits. Another way of
writing this is

0.1;0 = 0.0001100110011001100110011 .. .5.
As before, when this is stored in a computer, the number hbs touncated. The stored value is
no longer precisely equal to one-tenth. Summing ten of thakes does not yield one (although
the difference is very small).

The details of how floating-point values are stored in a caerpare not a primary concern.

However, it is helpful to know how bits are allocated. Nunsbare stored in exponential form and
the standard allocation of bits is:

total bits sign mantissa exponent
single precision 32 1 23 8
double precision 64 1 52 11

Essentially the exponent gives the magnitude of the numbéethe mantissa gives the digits of
the number—the mantissa determines the precision. The digits available for the mantissa,
the more precisely a number can be represented. Althoughlaledprecision number has twice
as many total bits as a single-precision number, it usestSZdnithe mantissa whereas a single-
precision number uses 23. Therefore double-precision susrdrtually offer more than twice the
precision of single-precision numbers. A mantissa of 2ahjirdigits corresponds to a little less
than seven decimal digits. This is beca2séis 8,388,608, thus23 binary digits can represent
numbers betweet and&,388,607. On the other hand, a mantissas@fbinary digits corresponds
to a value with between5 and16 decimal digits 2°2 = 4,503,599,627,370,496).
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For the exponent, a double-precision number has three nitsréhbn a single-precision num-
ber. 1t may seem as if the double-precision exponent has $fe@m-changed as it does not have
twice as many bits as a single-precision number. Howevelp ke mind that the exponent repre-
sents the size of a number. Each additional bit essentiallplés the number of values that can be
represented. If the exponent had nine bits, it could reptesembers which were twice as large
as single-precision numbers. The three additional bitsahdouble-precision number possesses
allows it to represent exponents which are eight times taiggn single-precision numbers. This
translates into numbers which are 256 times larger (or emaii magnitude than single-precision
numbers.

Consider the following equation

a+b=a.

From mathematics we know this equation can only be satisfietsizero. However, using com-
puters this equation can be true, ilemakes no contribution te, even wherb is non-zero.

When numbers are added or subtracted, their mantissas &esalmitil their exponents are
equal. At that point the mantissas can be directly addedlaratted. However, if the difference
in the exponents is greater than the length of the mantissa,the smaller number will not have
any affect when added to or subtracted from the larger numibbe code fragment shown in
Fragment 1.2 illustrates this phenomenon.

Fragment 1.2 Code fragment to test if a non-zek@an satisfy the equatian+ b = a.

float a = 1.0, b = 0.5, c;

c=a+ b;

while(c '= a) {
b=>b/20;

c =a+ b;

}

printf("%12g %12g %12g\n",a,b,c);

Herea is initialized to one whileb is set to one-half. The variableholds the sum of. andb.

The while-loop starting on line 5 will continue as long@s not equal taz. In the body of the
loop, b is divided by2 andc is again set equal to + b. If the computer had infinite precision, this
would be an infinite loop. The value é6fwould become vanishingly small, but it would never be
zero and hence + b would never equat. However, the loop does terminate and the output of the
printf() statement in line 10 is:

1 5.96046e-08 1

This shows that both andc are unity whileb has a value 05.96046 x 10~%. Note that this value
of b corresponds ta x 2724, Whenb has this value, the exponentswoéndb differ by more than
23 (ais1 x 2Y).
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One more example serves to illustrate the less-than-obwi@ys in which finite precision can
corrupt a calculation. Assume the variahles set equal t@. Taking the square root afand then
squaringa should yield a result which is close t(ideally it would be2, but sincey/2 has an
infinite number of digits, some accuracy will be lost). Howewhat happens if the square root is
taken 23 times and then the number is squared 23 times? Wel\Wwopk to get a result close to
two, but that is not the case. The program shown in Prograrallb®s us to test this scenario.

Program 1.3 rootTest.c  : Take the square root of a number repeatedly and then sguaen
number an equal number of times.

[ * Square-root test. * [
#include <math.h> /Il needed for sqrt()
#include <stdio.h>

#define COUNT 23

int main() {
float a = 2.0;
int i

for (i = 0; i < COUNT; i++)
a = sgrt(a); /I square root of a

for (i = 0; i < COUNT,; i++)
a=ax* a /I a squared

printf("%212g\n",a);

return O;

The program output is one, i.e., the resultis- 1.0. Each time the square root is taken, the value
gets closer and closer to unity. Eventually, because otation error, the computer thinks the
number is unity. At that point no amount of squaring the nunvia# change it.

1.3 Symbolic Manipulation

When using languages which are typically used in numericalyars (such as C, C++, FOR-
TRAN, or even Matlab), truncation error is unavoidable. Tarstthe number = 3.141592. . .,
one must use an approximation which uses a finite number d@kdiglowever, there are soft-
ware packages, such a Mathematica, which allow one to miatgaymbols. In Mathematica
one can writePi and Mathematica “knows” symbolically what that means. B@meple, the co-
sine of 10000000001 *Pi is identically negative one. Similarly, one could wrisgrt[2]
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Mathematica knows that the square of this is identically Afddunately, though, such symbolic
manipulations are incredibly expensive in terms of comjptal resources. Many cutting-edge
problems in electromagnetics can involve hundreds of thiedi®r even millions of unkowns. To
deal with these large amounts of data it is imperative to beffasent—both in terms of memory
and computation time—as possible. Mathematica is wont&fumany things, but it is not the
right tool for solving large numeric problems.

In Matlab one can writpi as a shorthand representationroHowever, this representation of
m is different from that used in Mathematica. In Matlglb, is essentially the same as the numeric
representation—it is just more convenient to wpte than all the numeric digits. In C, provided
you have included the header fileath.h , you can uséM Pl as a shorthand for. Looking in
math.h reveals the following statement:

# define M_PI 3.14159265358979323846  / * piox/

This is similar to what is happening in Matlab. Matlab onlyokvs what the numeric value of
pi is and that numeric value is a truncated version of the trligevarl hus, taking the cosine of
10000000001 *pi yields —0.99999999999954 instead of the exact value ef1 (but, of course,
the difference is trivial in this case).



Chapter 2

Brief Review of Electromagnetics

2.1 Introduction

The specific equations on which the finite-difference tinoeadin (FDTD) method is based will
be considered in some detail later. The goal here is to regondf the physical significance of
the equations to which you have been exposed in previouseson electromagnetics.

In some sense there are just a few simple premises which li;mdirelectromagnetics. One
could argue that electromagnetics is simply based on thexfiwig:

1. Charge exerts force on other charge.
2. Charge in motion exerts a force on other charge in motion.
3. All material is made up of charged particles.

Of course translating these premises into a correspondatgematical framework is not trivial.
However one should not lose sight of the fact that the matlyiisg to describe principles that are
conceptually rather simple.

2.2 Coulomb’s Law and Electric Field

Coulomb studied the electric force on charged particles.efsaed in Fig. 2.1, given two discrete
particles carrying charg@, and@),, the force experienced 6y, due to(, is along the line joining
()1 and(@,. The force is proportional to the charges and inversely grtogmal to the square of the
distance between the charges. A proportionality conssameded to obtain Coulomb’s law which
gives the equation of the force 6, due toQ);:

2.1)

wherea;; is a unit vector pointing frond); to )2, Ry, is the distance between the charges, and
1/4me, is the proportionality constant. The constants known as the permittivity of free space

Lecture notes by John Schneidem-review.tex

13



14 CHAPTER 2. BRIEF REVIEW OF ELECTROMAGNETICS
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Figure 2.1: The force experienced by chafgedue to chargé), is along the line which pass
through both charges. The direction of the force is dictgtthb signs of the charges. Electric field
is assumed to point radially away from positive charges awlisated by the lines pointing away
from @, (which is assumed here to be positive).

and equals approximate854 x 10712 F/m. Charge is expressed in units of Coulombs (C) and
can be either negative or positive. When the two charges hasijins, the force will be repulsive:

F 1> will be parallel toa;;. When the charges are of opposite sign, the force will beditteaso
thatF, will be anti-parallel toa;,.

There is a shortcoming with (2.1) in that it implies actioraadistance. It appears from this
equation that the forc#', is established instantly. From this equation one couldrassthat a
change in the distanck,, results in an instantaneous change in the fafgg but this is not the
case. A finite amount of time is required to communicate trengke in location of one charge to
the other charge (similarly, it takes a finite amount of timedmmunicate a change in the quantity
of one charge to the other charge). To overcome this shomgpihis convenient to employ the
concept of fields. Instead @), producing a force directly ofy,, @; is said to produce a field.
This field then produces a force 6iy. The field produced by, is independent of),—it exists
whether or not), is there to experience it.

In the static case, the field approach does not appear to hsnedaantage over the direct use
of Coulomb’s law. This is because for static charges Couloravisis correct. Fields must be
time-varying for the distinction to arise. Neverthelesshé consistent with the time-varying case,
fields are used in the static case as well. The electric fieldyed by the point chargg, is

(2.2)

wherea, is a unit vector which points radially away from the chargd ars the distance from the
charge. The electric field has units of volts per meter (V/m).

To find the force o, one merely takes the charge times the electric fiBld: = Q. E;. In
general, the force on any char@eis the product of the charge and the electric field at which the
charge is present, i.&f, = QE.
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2.3 Electric Flux Density

All material is made up of charged particles. The materiay i@ neutral overall because it has
as many positive charges as negative charges. Neverthtless are various ways in which the
positive and negative charges may shift slightly withinitimeterial, perhaps under the influence of
an electric field. The resulting charge separation will haneeffect on the overall electric field.
Because of this it is often convenient to introduce a new fialukn as the electric flux densiti,
which has units of Coulombs per square meter {J/mEssentially theD field ignores the local
effects of charge which is bound in a material.

In free space, the electric field and the electric flux deresigyrelated by

D= EoE. (23)

Gauss’s law states that integratilbgover a closed surface yields the enclosed free charge

]{D -ds = Qenc (2.4)
S

whereS is the closed surfaces is an incremental surface element whose normal is direéliad
outward, and)enc is the enclosed charge. As an example, consider the eléetdgiven in (2.2).
Taking .S to be a spherical surface with the charge at the center,irnigls to perform the integral
in (2.4):

T 27w
j{D -ds = / / EO&QT ca,r’sinfdodf = Q. (2.5)
4Amegr?
S 0=0 ¢=0

The result is actually independent of the surface chosaviged it encloses the charge), but the
integral is especially easy to perform for a spherical s&fa

We want the integral in (2.4) always to equal the enclosedgehas it does in free space.
However, things are more complicated when material is pteg@onsider, as shown in Fig. 2.2,
two large parallel plates which carry uniformly distribdteharge of equal magnitude but opposite
sign. The dashed line represents an integration sulSaslich is assumed to be sufficiently far
from the edges of the plate so that the field is uniform ovetapeof S. This field is identified as
Eq. The fields are zero outside of the plates and are tangeatibétsides of5 within the plates.
Therefore the only contribution to the integral would benfirthe top ofS. The result of the integral
fs eoE - ds is the negative charge enclosed by the surface (i.e., thetimegharge on the bottom
plate which falls withinS).

Now consider the same plates, carrying the same charge,ithuawinaterial present between
the plates. Assume this material is “polarizable” such thatpositive and negative charges can
shift slightly. The charges are not completely free to moweey are bound charges. The positive
charges will be repelled by the top plate and attracted tbdtm plate. Conversely, the negative
charges will be repelled by the bottom plate and attractéldedop plate. This scenario is depicted
in Fig. 2.3.

*Note that not everybody advocates using Ihdield. See for example Volume Il ofFhe Feynman Lectures on
PhysicsR. P. Feynman, R. B. Leighton, and M. Sands, Addison-We$@84. Feynman only us@&and never resorts
toD.
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Figure 2.2: Charged parallel plates in free space. The ddsteaepresents the integration surface
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Figure 2.3: Charged parallel plates with a polarizable nedtpresent between the plates. The
elongated objects represent molecules whose charge airf@nserves to produce a net bound
negative charge layer at the top plate and a bound positi&egeHayer at the bottom plate. In
the interior, the positive and negative bound charges ¢aamh other. It is only at the surface
of the material where one must account for the bound charggas,the molecules are not drawn
throughout the figure. Instead, as shown toward the righg eifdthe figure, merely the bound
charge layer is shown. The free charge on the plates createsléctric fieldE,. The bound
charge creates the electric fidigl, which oppose&, and hence diminishes the total electric field.

The dashed line again represents the integration sufface



2.4. STATIC ELECTRIC FIELDS 17

With the material present the electric field due to the chargéhe plates is stilE, i.e., the
same field as existed in Fig. (2.2). However, there is andiglerpresent due to the displacement of
the bound charge in the polarizable material between theldhe polarized material effectively
acts to establish a layer of positive charge adjacent to titein plate and a layer of negative
charge adjacent to the top plate. The field due to these layefsarge is also uniform but it is in
the opposite direction of the field caused by the “free cHawgehe plates. The field due to bound
charge is labeled,, in Fig. (2.3). The total field is the sum of the fields due to tloeiid and
free charges, i.ekE = E, + E,,. Becausd, andE,, are anti-parallel, the magnitude of the total
electric fieldE will be less tharE,.

Since the material is neutral, we would like the integrallef electric flux over the surface
to yield just the enclosed charge on the bottom plate—nabtlumd charge due to the material. In
some sense this implies that the integration surface caepairate the positive and negative bound
charge of any single molecule. Each molecule is eithereagtinside or outside the integration
surface. Since each molecule is neutral, the only contdbub the integral will be from the free
charge on the plate.

With the material present, the integral fif ¢ E - ds yields too little charge. This is because,
as stated above, the total electric fi€lds less than it would be if only free space were present. To
correct for the reduced field and to obtain the desired rethatelectric flux density is redefined so
that it accounts for the presence of the material. The manergé expression for the electric flux
density is

D = ¢,¢E = €E (2.6)

wheree, is the relative permittivity and is called simply the permittivity. By accounting for the
permittivity of a material, Gauss’s law is always satisfied.

In (2.6), D and E are related by a scalar constant. This implies thatlthand E fields
are related by a simple proportionality constant for algfrencies, all orientations, and all field
strengths. Unfortunately the real world is not so simple. a@leif the electric field is strong
enough, it would be possible to tear apart the bound positeenegative charges. Since charges
have some mass, they do not react the same way at all fregserailditionally, many materials
may have some structure, such as crystals, where the re&spoose direction is not the same in
other directions. Nevertheless, Gauss’s law is the lawlansldlways holds. When things get more
complicated one must abandon a simple scalar for the pavityittnd use an appropriate form to
ensure Gauss's law is satisfied. So, for example, it may bessacy to use a tensor for permittiv-
ity that is directionally dependent. However, with the eptaen of frequency-dependent behavior
(i.e., dispersive materials), we will not be pursuing thogmplications. A scalar permittivity will
suffice.

2.4 Static Electric Fields

Ignoring possible nonlinear behavior of material, supsigan holds for electromagnetic fields.
Therefore we can think of any distribution of charges as Bectibn of point charges. We can get
the total field by summing the contributions from all the e (and this summing will have to be
in the form of an integration if the charge is continuousistdbuted).

Note from (2.2) that the field associated with a point chargeehy points radially away from
the charge. There is no “swirling” of the field. If we have mdhan a single charge, the total
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field may bend, but it will not swirl. Imagine a tiny wheel wigositive charge distributed around
its circumference. The wheel hub of the wheel is held at a figedtion but the wheel is free to
spin about its hub. For static electric fields, no matter wivee put this wheel, there would be no
net force on the wheel to cause it to spin. There may be a net fuushing the entire wheel in a
particular direction (a translational force), but the savhich are pushing the wheel to spin in the
clockwise direction are balanced by the forces pushing theelto spin in the counterclockwise
direction.

Another property of electrostatic fields is that the eleditix density only begins or terminates
on free charge. If there is no charge present, the lines otthmtinue.

The lack of swirl in the electric field and the source of electiux density are fairly simple
concepts. However, to be able to analyze the fields propanly,needs a mathematical statement
of these concepts. The appropriate statements are

VxE=0 (2.7)

and
V-D=p, (2.8)

whereV is the del or nabla operator ang is the electric charge density (with units of G)m
Equation (2.7) is the curl of the electric field and (2.8) is thivergence of the electric flux density.
These two equations are discussed further in the followaagjen.

2.5 Gradient, Divergence, and Curl

The del operator is independent of the coordinate systediuraturally the behavior of the fields
should not depend on the coordinate system used to deskalfield. Nevertheless, the del oper-
ator can be expressed in different coordinates systems.rtestan coordinates del is

0 0 0
=a,— +a,— +a,— 2.
\Y a$8x+ay8y+azaz (2.9)
where the symboE means “defined as.”
Del acting on a scalar field produces the gradient of the fidlssumingf is a some scalar
field, V f produces the vector field given by
L of L of L 0f
Vf= A + aya—y + a5
The gradient off points in the direction of greatest change and is propaatitmthe rate of change.
Assume we wish to find the amount of changefifor a small movementz in the x direction.
This can be obtained vie( f - a,dx, to wit
Vf-a,de = %dw = (rate of change i direction) x (movement inz direction)  (2.11)
This can be generalized for movement in an arbitrary dioecti_etting an incremental small length
be given by

(2.10)

Al = a,dz + a,dy + 4.dz, (2.12)
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Figure 2.4: Discrete approximation to the divergence takehe xy-plane.

the change in the field realized by moving an amaiihis

Vf-dl = ﬁdw + a—fdy + gdz. (2.13)
ox oy 0z

Returning to (2.8), when the del operator is dotted with aaefield, one obtains the diver-

gence of that field. Divergence can be thought of as a measiseurce” or “sink” strength of
the field at a given point. The divergence of a vector field isadas field given by

v.p_ 0D, 9D, 9D

) 2.14
ox dy + 0z ( )

Let us consider a finite-difference approximation of thigedgence in the:y-plane as shown in
Fig. 2.4. Here the divergence is measured over a small borexthe field is assumed to be constant
over each edge of the box. The derivatives can be approxihbgteentral differences:

ox oy A, A, .

where this is exact a4, andA, go to zero. Letting\, = A, = 4, (2.15) can be written

aal;x +aa_l;?! ~ % (Dx (:B—l— g,y) — D, (3:— g,y) + D, (x,y+g> - D, (x,y— g)) :
(2.16)
Inspection of (2.16) reveals that the divergence is essfné sum of the field over the faces with
the appropriate sign changes. Positive signs are usedfitidas assumed to point out of the box
and negative signs are used when the field is assumed to ptarthie box. If the sum of these
values is positive, that implies there is more flux out of tb& than into it. Conversely, if the sum

is negative, that means more flux is flowing into the box than Hithe sum is zero, there must
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Figure 2.5: Discrete approximation to the curl taken initheplane.

be as much flux flowing into the box as out of it (that does notynmgcessarily that, for instance,
D, (z+§/2,y) isequal toD, (z — §/2,y), but rather that the sum of all four fluxes must be zero).

Equation (2.8) tells us that the electric flux density ha® zhvergence except where there is
charge present (as specified by the charge-density ggrnif the charge density is zero, the total
flux entering some small enclosure must also leave it. If therge density is positive at some
point, more flux will leave a small enclosure surrounding fi@nt than will enter it. On the other
hand, if the charge density is negative, more flux will enker énclosure surrounding that point
than will leave it.

Finally, let us consider (2.7) which is the curl of the elecfreld. In Cartesian coordinates it is
possible to treat this operation as simply the cross prooeisteen the vector operatdr and the
vector fieldE:

a, a, a,
VxE=| 5 & & :a(mﬂ—QQ>H%G§Lffﬁ+@<%2—%%)
E, E, E. : Y v Y
(2.17)

Let us consider the behavior of only theomponent of this operator which is dictated by the field
in the zy-plane as shown in Fig. 2.5. Thecomponent oV x E can be written as

Ay Ay

OE, O0E, E, (z+22,y) — B, (z— &,y) N E, (x,er 7) - E, (iﬂay— o>
ox oy JAVS A,

The finite-difference approximations of the derivatives again based on the fields on the edges

of a box surrounding the point of interest. However, in tlasethe relevant fields are tangential

to the edges rather than normal to them. Again lettljg= A, = 4, (2.18) can be written

o0E, 0B, 1 5 5 5 5
5T =5 (B (o 5) B (o= 5) - B (swrg) + B (se-3)).

(2.19)

>.(218)
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In the sum on the right side the sign is positive if the vectmmponent points in the counter-

clockwise direction (relative to rotations about the cewnfethe box) and is negative if the vector

points in the clockwise direction. Thus, if the sum of theseter components is positive, that

implies that the net effect of these electric field vector®igend to push a positive charge in the
counterclockwise direction. If the sum were negative, teetors would tend to push a positive

charge in the clockwise direction. If the sum is zero, thema tendency to push a positive charge
around the center of the square (which is not to say theredwoatl be a translation force on the

charge—indeed, if the electric field is non-zero, there bdsetsome force on the charge).

2.6 Laplacian

In addition to the gradient, divergence, and curl, therenis more vector operator to consider.
There is a vector identity that the curl of the gradient of Amction is identically zero

V x V§=0. (2.20)

This is simple to prove by merely performing the operation€artesian coordinates. One obtains
several second-order partial derivatives which cancédtef arder of differentiation is switched.
Recall that for a static distribution of chargés,x E = 0. Since the curl of the electric field is
zero, it should be possible to represent the electric fielhagradient of some scalar function

E=-VV. (2.21)

The scalar functior/ is the electric potential and the negative sign is used toentla& electric
field point from higher potential to lower potential (by lmat convention the electric field points
away from positive charge and toward negative charge). Byesging the electric field this way,
the curl of the electric field is guaranteed to be zero.

Another way to express the relationship between the etefittlid and the potential is via in-
tegration. Consider movement from an arbitrary paeirtb an arbitrary poinb. The change in
potential between these two points can be expressed as

b
%—%:/VVAK (2.22)

The integrand represent the change in the potential for @memnid/ and the integral merely sums
the changes over the path frento b. However, the change in potential must also be commensurate
with the movement in the direction of, or against, the eledield. If we move against the electric
field, potential should go up. If we move along the electritdfieghe potential should go down. In
other words, the incremental change in potential for a mardid/ should bedV = —E - d/ (if

the movementl/ is orthogonal to the electric field, there should be no chandhke potential).
Summing change in potential over the entire path yields

b
%—%:—/Edﬂ (2.23)

a
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The integrals in (2.22) and (2.23) can be equated. Sincegualigy holds for any two arbitrary
points, the integrands must be equal and we are again ldfRvit —VV'.

The electric flux density can be related to the electric figddly = ¢E and the behavior of the
flux densityD is dictated byV - D = p,. Combining these with (2.21) yields

E = %D = —VV. (2.24)
Taking the divergence of both sides yields
%v D= %pv = -V -VV. (2.25)
Rearranging this yields Poisson’s equation given by
V2V = —% (2.26)
whereV? is the Laplacian operator
2 2 2
VQEV-V:%—F;—?JQ—F%. (2.27)

Note that the Laplacian is a scalar operator. It can act omlarstield (such as the potenti&l as
shown above) or it can act on a vector field as we will see |&#en it acts on a vector field, the
Laplacian acts on each component of the field.

In the case of zero charge density, (2.26) reduces to Ldplagaation

V3V =0. (2.28)

We have a physical intuition about what gradient, divergerand curl are telling us, but what
about the Laplacian? To answer this, consider a functionsoigle variable.

Given the function/(z), we can ask if the function at some point is greater than, laquar
less than the average of its neighboring values. The ansavelne expressed in terms of the value
of the function at the point of interest and the average ofdasto either side of that central point:

V(z+0)+V(z—0)
2

—V(z) = zero if center point equals average of neighbors
negative if center point greater than average of neighbors
(2.29)
Here the left-most term represents the average of the neigitbvalues and is some displace-
ment from the central point. Equation (2.29) can be norredlizys? /2 without changing the basic

tenants of this equation. Performing that normalizatiodh l@@arranging yields

{ positive if center point less than average of neighbors

52/2 > 5?
V(z+8)-V(z)  V(x)-V(z—9)
) )
0
OV (x+46/2) V(z—6/2)
ox B ox

o

! {W”)*W‘é)—vm} = W) - V) - (Vi) - Vie - o)

Q

0?V (z)
ox?

Q

(2.30)
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Figure 2.6: Potential along a path which passes throughfaramsphere of positive charge (arbi-
trary units).

Thus the second partial derivative can be thought of as a Wwayeasuring the field at a point
relative to its neighboring points. You should already hewenind that if the second derivative
is negative, a function is tending to curve downward. Seaerivatives are usually discussed
in the context of curvature. However, you should also thimkerms of the field at a point and
its neighbors. At points where the second derivative is tag#hose points are higher than the
average of their neighboring points (at least if the neighlaoe taken to be an infinitesimally small
distance away).

In lieu of these arguments, Poisson’s equation (2.26) shiwaNe physical significance. Where
the charge density is zero, the potential cannot have a fotaima or maxima. The potential is
always equal to the average of the neighboring points. Ifrasghbor is higher, the other must be
lower (and this concept easily generalizes to higher dimes$. Conversely, if the charge density
is positive over some region, the potential should incremsene moves deeper into that region
but the rate of increase must be such that at any point thegeef the neighbors is less than
the center point. This behavior is illustrated in Fig. 2.6ielhdepicts the potential along a path
through the center of a uniform sphere of charge.
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2.7 Gauss’s and Stokes’ Theorems

Equation (2.4) presented Gauss’s law which stated the flixthiough a closed surfaceis equal

to the enclosed charge. There is an identity in vector cas;lnown as Gauss’s theorem, which
states that the integral of the flux of any vector field throaghosed surface equals the integral of
the divergence of the field over the volume enclosed by thaseir This holds for any vector field,
but using theD field, Gauss’s theorem states

%D-ds:/V-de (2.31)
S

\%4

whereV is the enclosed volume antd is a differential volume element. Note that the left-hand
side of (2.31) is the left-hand side of (2.4).

The right-hand side of (2.4) is the enclosed chaggg. which could be determined either by
evaluating the left-hand side of (2.4) or by integration loé tharge density, over the volume
enclosed bys. (This is similar to determining the mass of an object bygraging its mass density
over its volume.) Thus,

Qenc= /pvdv. (2.32)
\%4
Equating the right-hand sides of (2.31) and (2.32) yields
/V -Ddv = /pvdv. (2.33)
Vv 14

Since this must hold over an arbitrary volume, the integsandst be equal which yields (2.8).

Another useful identity from vector calculus is Stokes’drem which states that the integral
of a vector field over any closed path is equal to the integrtdecurl of that field over a surface
which has that path as its border. Again, this holds for amyorefield, but using the electric field
as an example one can write

j{E-dz_/vXE.ds. (2.34)
L S

The surface normal is assumed to follow the right-hand cate so that when the fingers of the
right hand are oriented along the path of the loop, the thuantig in the positive direction of the
surface normal.

Static electric fields are conservative which means tham¢hevork required to move a charge
in a closed path is always zero. Along some portion of the pasitive work would have to be
done to push the charge against the field, but this amount i would be given back by the field
as the charge travels along the remaining portions of the Jdte integrand on the left-hand side
in (2.34) is the field dotted with an incremental length. ¥ ihtegrand were multiplied by a unit
positive charge, the integrand would represent work, sai@ge times field is force and force
times distance is work. Because the electric field is conseeydhe integral on the left-hand side
of (2.34) must be zero. Naturally this implies that the imé@n the right-hand side must also be
zero. Since this holds for any loap (or, similarly, any surface), the integrand itself must be
zero. Equating the integrand to zero yields (2.7).
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2.8 Electric Field Boundary Conditions

Consider an interface between to homogeneous regions. Beebactric flux density only begins
or ends on charge, the normal componenDotan only change at the interface if there is charge
on the interface, i.e., surface charge is present. This eatdted mathematically as

i (D — Dy) = p, (2.35)

wherep, is a surface charge density (G)nn is a unit vector normal to the surface, abd and
D, are the field to either side of the interface. One should pippegue this boundary condition
by an application of Gauss’s law for a small volume surrongdhe surface, but such details are
left to other classes (this is just a review!). If no chargprissent, the normal components must be
equal
n-D;=n-D,. (2.36)

The boundary conditions on the tangential component of liaetréc field can be determined
by integrating the electric field over a closed loop whichssantially a rectangle which encloses a
portion of the interface. By letting the sides shrink to zemd &eeping the “top” and “bottom” of
the rectangle small but finite (so that they are tangentitiésurface), one essentially has that the
field over the top must be the same as the field over the bottangdo the fact that total integral
must be zero since the field is conservative). Stated matieahadhe boundary condition is

2.9 Conductivity and Perfect Electric Conductors

It is possible for the charge in materials to move under tfflaénce of an electric field such that
currents flow. If the material has a non-zero conductivityhe current density is given by

J =oE. (2.38)

The current density has units of A?rand the conductivity has units of S/m.

If charge is building up or decaying in a particular regidre tivergence of the current density
must be non-zero. If the divergence is zero, that implies asncurrent leaves a point as enters it
and there is no build-up or decay of charge. This can be stated

9po
ot
If the divergence is positive, the charge density must besdeing with time (so the negative sign
will bring the two into agreement). This equation is a stagatrof charge conservation.

Perfect electric conductors (PECs) are materials whereagssmed that the conductivity ap-
proaches infinity. If the fields were non-zero in a PEC, thatldi@uply the current was infinite.
Since infinite currents are not allowed, the fields inside & REe required to be zero. This sub-
sequently requires that the tangential electric field astivéace of a PEC is zero (since tangential
fields are continuous across an interface and the fieldsanisglPEC are zero). Correspondingly,
the normal component of the electric flux dendityat the surface of a PEC must equal the charge
density at the surface of the PEC. Since the fields inside a lP&EZe0, all points of the PEC must
be at the same potential.

V-J=—

(2.39)
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2.10 Magnetic Fields

Magnetic fields circulate around, but they do not terminateaaything—there is no (known)
magnetic charge. Nevertheless, it is often convenient fm&enagnetic charge and magnetic
current. These fictions allow one to simplify various prebdesuch as integral formulations of
scattering problems. However for now we will stick to realind say they do not exist.

The magnetic flux densitl3 is somewhat akin to the electric field in that the force on agha
in motion is related td. If a charge® is moving with velocityu in a field B, it experiences a
force

F = Qu x B. (2.40)

BecauseB determines the force on a charge, it must account for allcesuof magnetic field.
When material is present, the charge in the material can hatiem(or rotation) which influences
the magnetic flux density.

Alternatively, similar to the electric flux density, we dedithe magnetic field which ignores
the local effects of material. These fields are related by

B = ppoH = pH (2.41)

wherey, is the relatively permeabilityy, is the permeability of free space equalitox 10~ H/m,
andy is simply the permeability. Typically the relative perméipis greater than unity (although
usually only by a small amount) which implies that when a maltés present the magnetic flux
density is larger than when there is only free space.

Charge in motion is the source of magnetic fields. If a curdefiows over an incremental
distanced/, it will produce a magnetic field given by:

_Idl x a,

A7rr?

H (2.42)
wherea, points from the location of the filament of current to the alsagon point and- is the
distance between the filament and the observation pointatitgqu(2.42) is known as the Biot-
Savart equation. Of course, because of the conservatidmaofie, a current cannot flow over just
a filament and then disappear. It must flow along some paths, The magnetic field due to a loop

of current would be given by
H-— ]{ 1dfxa, (2.43)

42
7

If the current was flowing throughout a volume or over a swfdice integral would be correspond-
ingly changed to account for the current wherever it flowed.

From (2.43) one sees that currents (which are just anothgofsaying charge in motion) are
the source of magnetic fields. Because of the cross-prod(21t48) and (2.43), the magnetic field
essentially swirls around the current. If one integratesrttagnetic field over a closed path, the
result is the current enclosed by that path

]{ H-dl = Ienc (2.44)
L
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The enclosed currert, is the current that passes through the surfsiaehich is bound by the
loop L.

The left-hand side of (2.44) can be converted to a surfaegiat by employing Stokes’ theo-
rem while the right-hand side can be related to the curremsideby integrating over the surface
of the loop. Thus,

fH-cw:/vxH-dzzfenC:/J-dzz. (2.45)
L S S

Since this must be true for every loop (and surface), thgmateds of the second and fourth terms
can be equated. This yields
VxH=1J. (2.46)

The last equation needed to characterize static fields is
V-B=0. (2.47)

This is the mathematical equivalent of saying there is nomaig charge.

2.11 Magnetic Field Boundary Conditions

Note that the equation governi§ is similar to the equation which govern&al In fact, since
the right-hand side is always zero, the equationBas simpler. The arguments used to obtain the
boundary condition for the normal component of IDdield can be applied directly to tH8 field.
Thus,

n-(B; —By) =0. (2.48)

For the magnetic field, an integration path is constructedgthe same lines as the one used to
determine the boundary condition on the electric field. Nlo& the equations governidgandH
are similar except that the one fbf has a non-zero right-hand side. If the current density is zer
over the region of interest, then there is really no distonrcbetween the two and one can say that
the tangential magnetic fields must be equal across a bouridiawvever, if a surface current exists
on the interface, there may be a discontinuity in the tangefitlds. The boundary condition is
given by

nx (Hy—H;) =K (2.49)

whereK is the surface current density (with units of A/m).

2.12 Summary of Static Fields

When a system is not changing with respect to time, the gavgmguations are

V-D = p, (2.50)
V-B = 0, (2.51)
VxE = 0, (2.52)

VxH = J. (2.53)
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If a loop carries a current but is otherwise neutral, it wilbguce a magnetic field and only a
magnetic field. If a charge is stationary, it will produce &exc#ic field and only an electric field.
The charge will not “feel” the loop current and the currerdpawill not feel the stationary charge
(at least approximately). The magnetic field and electrid fiee decoupled. If a chargg moves
with velocity u in the presence of both an electric field and a magnetic fieddfdrce on the charge
is the sum of the forces due to the electric and magnetic fields

F = Q(E + u x B). (2.54)

2.13 Time Varying Fields

What happens when a point charge moves? We know that charggimngives rise to a magnetic
field, but if the charge is moving, its associated electridfieust also be changing. Thus, when a
system is time-varying the electric and magnetic fields rbastoupled.

There is a vector identity that the divergence of the curlrof @ector field is identically zero.
Taking the divergence of both sides of (2.53) yields

dpy
ot

where the conservation of charge equation was used to \wetkast equality. Since the first term
must be zero, this implies thalp, /0t must also be zero. However, that is overly restrictive. In
general, for a time-varying system, the charge densitychiinge with respect to time. Therefore
something must be wrong with (2.53) as it pertains to timeng fields. It was Maxwell who
recognized that by adding the temporal derivative of thetateflux density to the right-hand side
of (2.53) the equation would still be valid for the time-vemy case. The correct equation is given

by

V.-VxH=V.J=-

(2.55)

VXH=J+%—? (2.56)

The termoD /0t is known as the displacement current whilés typically called the conduction
current. Equation (2.56) is known as Ampere’s law.
Taking the divergence of the right-hand side of (2.56) yseld

8V-D__8pv+8V-D__8pv Opy
ot ot o Ot ot

where use was made of (2.8) and the conservation of chargeie(2.39).

The electromotive force (EMF) is the change in potentiar®ame path. It has been observed
experimentally that when a magnetic field is time-varyingréhis a non-zero EMF over a closed
path which encloses the varying field (i.e., the electridfisino longer conservative).

The symbol\ is often use to represent total magnetic flux through a givefase, i.e.,

V-J+

=0 (2.57)

A= /B-ds. (2.58)

S
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For time-varying fields, the EMF over a closed patlban be written

Vemt = %, (2.59)
- j{ E-d¢ = % B - ds, (2.60)
L S
—/VxE-ds = aa—]tg-ds, (2.61)
S S

where Stokes’ theorem was used to write the last equationceShis equality holds over any
surface, the integrands must be equal. This yields

OB
VxE=-—- (2.62)

which is known as Faraday’s law.

2.14 Summary of Time-Varying Fields

When a system is changing with respect to time, the goverrgngteons are

V-D = p, (2.63)

V-B = 0, (2.64)
OB

VxE = ——° (2.65)

VxH = J+%—?. (2.66)

Note that the divergence equations are unchanged from dtie sase. The two curl equations
have picked up terms which couple the electric and magnetidsti Since the additional terms
both involve temporal derivatives, they go to zero in theistease and the equations reduce to
those which governed static fields.

For time-varying fields the same boundary conditions holih &ise static case.

2.15 Wave Equation in a Source-Free Region

Equations (2.63)—(2.66) provide a set of coupled diffeedmquations. In the FDTD method we
will be dealing directly with the two curl equations. We wallick to the coupled equations and
solve them directly. However, it is also possible to deceuplese equations. As an example,
taking the curl of both sides of (2.65) yields

0B oH

There is a vector identity that the curl of the curl of any fisldjiven by

VxVxE=V(V-E)- VE, (2.68)
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(This is true for any field, not just the electric field as shdveme.) In a source-free region, there
is no free charge present, = 0, and hence the divergence of the electric field is z&e D =
eV - E = 0). Thus (2.67) can be written

V°E = u%(v x H). (2.69)

Keeping in mind that we are considering a source-free regpahat/ would be zero, we now use
(2.66) to write

0 0D
B = p——o 2.70
\% Har o (2.70)

O’E
Equation (2.71) is the wave equation for the electric field @roften written
1 0’°E

E—- ——— = 2.72
v 2 ot? 0 ( )

wherec = 1/, /ie. Had we decoupled the equations to sdi¥énstead ofE, we would still obtain
the same equation (except wikhreplacingE).

2.16 One-Dimensional Solutions to the Wave Equation

The wave equation which governs either the electric of mtgfield in one dimension in a source-
free region can be written
0 f(x,t) 0 f(x,t)
a2 M o
We make the claim that any functiof{¢) is a solution to this equation provided thais twice
differentiable and is replaced witht & = /c wherec = 1/, /jze. Thus, we have

= 0. (2.73)

f&) = flt+x/c) = flx,1). (2.74)
The first derivatives of this function can be obtained viadhain rule. Keeping in mind that
23
= = 1 .
T : (2.75)
o8 _ b (2.76)
ox c

the first derivatives can be written

aof) _ of(€ o _ 9f()
ot oc ot 0¢
018 _ 97(© 0 __ 10f(©)
or 06 Or e 0

(2.77)

(2.78)
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Employing the chain rule in a similar fashion, the secondvdéves can be written as

9 (8f(§)) 9 (Gf(é)) _Pfog [ (2.79)
ot \ ot oot \ o¢ ) o ot 02 '
9 (O _ 0 (L10f(&\ _  10*f(§0ag _ 1*f(§
%(a—) - %(iéa—g> “te @ oe - 280
Thus, (2.79) and (2.80) show that
*f  0Pf
W = (2.81)
R
5~ aoe (2.82)
Substituting these into (2.73) yields
1or 17 (2.83)

2 0e2 2o

The two terms on the left-hand side cancel, thus satisfjnegetjuation.

Consider a constant argument pf sayt — x/c = 0. Assume this argument is obtain by
simultaneously having = 0 andz = 0. Now, let time advance by one second, ites 1 s. How
must the position: change to maintain an argument of zero? Solvingafgieldsx = ¢(1°s).

In other words to move along with the field so as to maintainviilae f(0) (whatever that value
happens to be), at time zero, we would be at position zeroin# bne second, we would have to
have moved to the location= ¢(1 s). Speed is change in position over change in time. Thus the
speed with which we are movingigt = ¢(18)/(1s) = c.

In these notes will typically be used to represent the speed of light in fspace. Using the
permittivity and permeability of free space, we obtair 1/,/ o ~ 3 x 10° m/s.
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Chapter 3

Introduction to the Finite-Difference
Time-Domain Method: FDTD in 1D

3.1 Introduction

The finite-difference time-domain (FDTD) method is argyahke simplest, both conceptually and
in terms of implementation, of the full-wave techniquesdis®esolve problems in electromagnet-
ics. It can accurately tackle a wide range of problems. Hawneas with all numerical methods, it
does have its share of artifacts and the accuracy is comiing®n the implementation. The FDTD
method can solve complicated problems, but it is generalhlgputationally expensive. Solutions
may require a large amount of memory and computation time.HIITD method loosely fits into
the category of “resonance region” techniques, i.e., am@gich the characteristic dimensions of
the domain of interest are somewhere on the order of a waytklen size. If an object is very
small compared to a wavelength, quasi-static approximatgenerally provide more efficient so-
lutions. Alternatively, if the wavelength is exceedingimall compared to the physical features of
interest, ray-based methods or other techniques may mamuch more efficient way to solve
the problem.

The FDTD method employs finite differences as approximattonboth the spatial and tem-
poral derivatives that appear in Maxwell’'s equations (gpmtly Ampere’s and Faraday’s laws).
Consider the Taylor series expansions of the funcfion) expanded about the poimt with an
offset of +4/2:

f(:zcg + g) = f(xo) + gf’(xo) +% (g>2f”(xo) +% (g)gf”’(xo) +..., (3.1)

H(r0-2) = s Srte+ 4 (3) ren -5 (3) ren s @2

where the primes indicate differentiation. Subtractingsecond equation from the first yields

3
Posg) =1 (0= 5) =orta+ 5 (5) £+ (39

Lecture notes by John Schneidfeitd-intro.tex
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Dividing by ¢ produces

flro+5) = flzo—5) 18,

Thus the term on the left is equal to the derivative of the fimmcat the pointz, plus a term which
depends 0@? plus an infinite number of other terms which are not shown tf@terms which are
not shown, the next would depend éhand all subsequent terms would depend on even higher

powers ofd. Rearranging slightly, this relationship is often stated as

df(@)|  _ flro+35) — fzo—3) 2
= - +0(52). (3.5)

T=x0

The “big-Oh” term represents all the terms that are not explishown and the value in paren-
theses, i.e.y?, indicates the lowest order &fin these hidden terms. If is sufficiently small,
a reasonable approximation to the derivative may be olddiyesimply neglecting all the terms
represented by the “big-Oh” term. Thus, the central-défifere approximation is given by

$@| o+ d)—flan -8

e 5 (3.6)

T=x0

Note that the central difference provides an approximatiotime derivative of the function at,
but the function is not actually sampled there. Insteadfuhetion is sampled at the neighboring
pointsx, + §/2 andz, — §/2. Since the highest power éfbeing ignored is second order, the
central difference is said to have second-order accurasgaond-order behavior. This implies
that if 9 is reduced by a factor dfo, the error in the approximation should be reduced by a factor
of 100 (at least approximately). In the limit @yoes to zero, the approximation becomes exact.
One can construct higher-order central differences. lem@lget higher-order behavior, more
terms, i.e., more sample points, must be used. Appendix gepts the construction of a fourth-
order central difference. The use of higher-order cenifidrénces in FDTD schemes is certainly
possible, but there are some complications which ariseusecaf the increased “stencil” of the
difference operator. For example, when a PEC is presestpitgsible that the difference operator
will extend into the PEC prematurely or it may extend to theeotside of a PEC sheet. Because
of these types of issues, we will only consider the use ofrsg@yder central difference.

3.2 The Yee Algorithm

The FDTD algorithm as first proposed by Kane Yee in 1966 engp$®cond-order central differ-
ences. The algorithm can be summarized as follows:

1. Replace all the derivatives in Ampere’s and Faraday’s laisfinite differences. Discretize
space and time so that the electric and magnetic fields aggested in both space and time.

2. Solve the resulting difference equations to obtain “t@dajuations” that express the (un-
known) future fields in terms of (known) past fields.
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3. Evaluate the magnetic fields one time-step into the figatdey are now known (effectively
they become past fields).

4. Evaluate the electric fields one time-step into the futaréhey are now known (effectively
they become past fields).

5. Repeat the previous two steps until the fields have beemebtaver the desired duration.

At this stage, the summary is probably a bit too abstract. @aky needs an example to demon-
strate the simplicity of the method. However, developirefthl set of three-dimensional equations
would be overkill and thus the algorithm will first be presshin one-dimension. As you will see,
the extension to higher dimensions is quite simple.

3.3 Update Equations in 1D

Consider a one-dimensional space where there are onlyigagan thex direction. Assume that
the electric field only has acomponent. In this case Faraday’s law can be written

i a, a, a, B
—ua—:VxE: 90 0 |=-a a_' (3.7)
ot %”C 0 E Y ox

ThusH, must be the only non-zero component of the magnetic fieldlisibme varying. (Since
the right-hand side of this equation has only @emponent, the magnetic field may have non-zero
components in the andz directions, but they must be static. We will not be concemnid static
fields here.) Knowing this, Ampere’s law can be written

a, a, a,
6%—]?:V><H: 2 0 0 :aza;]y (3.8)
0 H, 0 v
The two scalar equations obtained from (3.7) and (3.8) are
0H, OFE,
- 3.9
F oy o (3.9)
OFE, 0H,
= — 3.10
¢ ot ox ( )

The first equation gives the temporal derivative of the mégrfield in terms of the spatial deriva-
tive of the electric field. Conversely, the second equatimMegyithe temporal derivative of the
electric field in terms of the spatial derivative of the magnéeld. As will be shown, the first
equation will be used to advance the magnetic field in timdenthie second will be used to ad-
vance the electric field. A method in which one field is advaraed then the other, and then the
process is repeated, is known as a leap-frog method.

The next step is to replace the derivatives in (3.9) and {3t finite differences. To do this,
space and time need to be discretized. The following natatad be used to indicate the location
where the fields are sampled in space and time

E.(x,t) = E.(md,,ql) = Em], (3.11)
Hy(w,t) = Hy(mA,,qA) = Hilm]. (3.12)

Y
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time, t

A A
HI¥m=3/2]  HI¥m-1/2]  HI¥m+1/2]

(]
egfm-1) eMm e
_ A A 4
HIVm=3/2)  HIVm-1/2]  HIYIm+1/2] TFuture
| . . o ¢Past
EJ[m-1] Eflm] v Ef[m+]]
position,x

HIYm-32]  HI 2 m-1/2] %ﬁ[wuz]
A, | write difference equation
| about this point

Figure 3.1: The arrangement of electric- and magnetic-fieldes in space and time. The electric-
field nodes are shown as circles and the magnetic-field nadggagles. The indicated point is
where the difference equation is expanded to obtain an etatation for,.

whereA, is the spatial offset between sample points ands the temporal offset. The index
corresponds to the spatial step, effectively the spattion, while the index; corresponds to
the temporal step. When written as a supersgyigtll represents the temporal step—it is not an
exponent. When implementing FDTD algorithms we will see thatspatial indices are used as
array indices while the temporal index, which is essemntiallglobal parameter, is not explicitly
specified for each field location. Hence, it is reasonablestepkthe spatial indices as an explicit
argument while indicating the temporal index separately.

Although we only have one spatial dimension, time can bedghbof as another dimension.
Thus this is effectively a form of two-dimensional problefie question now is: How should the
electric and magnetic field sample points, also known as $)dae arranged in space and time?
The answer is shown in Fig. 3.1. The electric-field nodes laog/a as circles and the magnetic-
field nodes as triangles. Assume that all the fields below #shed line are known—they are
considered to be in the past—while the fields above the dalsthedre future fields and hence
unknown. The FDTD algorithm provides a way to obtain the fatiields from the past fields.

As indicated in Fig. 3.1, consider Faraday’s law at the sqiawe point((m + 1/2)A,, ¢A;)

H E
il _ 9E: . (3.13)
ot ( Ox (m+1/2)Ag,qAs

m+1/2)Ay,qA¢

The temporal derivative is replaced by a finite differenceiving Hf%[m + 1] andH;]*%[m + 1]
(i.e., the magnetic field at a fixed location but two differemtes) while the spatial derivative is re-
placed by a finite difference involving?[m + 1] and E¢[m] (i.e., the electric field at two different
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time, t

A A
HI¥m=3/2]  HI¥m-12]  HI™¥m+1/2]

(] (]
EF-{m-1] e EZFm+1] TFuture
_ A A $ A ¢ Past
HIYm=3/2]  HIVm-12]"\ HI YV m+1/2]
Y [ [ ] ®
E[m-1] EZ[m] Ez[m+1]
position,x

HIYm-32]  HI Y m-1/2] @ﬁ[mﬂ/a g
A, | write difference equation
| about this point

Figure 3.2: Space-time after updating the magnetic fielde dikiding line between future and
past values has moved forward a half temporal step. Theateticpoint is where the difference
equation is written to obtain an update equationfgr

locations but one time). This yields

N -3
A R L R 2 R 2T 10
W A, A . .

Solving this foer%[m + 1] yields

H5+2[m + %} = Hg_le + %} + MAA: (E4[m + 1] — E%m)). (3.15)
This is known as an update equation, specifically the updai@t®n for theH, field. Itis a
generic equation which can be applied to any magnetic-fietten It shows that the future value
of H, depends on only its pervious value and the neighboringrédizlds. After applying (3.15)
to all the magnetic-field nodes, the dividing line betweetufe and past values has advanced a
half time-step. The space-time grid thus appears as shotig 3.2 which is identical to Fig. 3.1
except for the advancement of the past/future dividing line
Now consider Ampere’s law (3.10) applied at the space-tioietgmA,, (¢ + 1/2)A;) which
is indicated in Fig. 3.2:
EGEZ = oM, : (3.16)
ot mAg,(q+1/2) Ay Ox mAz,(q+1/2) Ay

Replacing the temporal derivative on the left with a finitdatiénce involvingZ¢™! [m] and E4[m)]
and replacing the spatial derivative on the right with a &niifference invoIvingLIZ+5[m + %] and
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HY *[m — 1] yields

q+1 q q+% 1 q+% 1
€ = . (3.17)
A, A,

Solving for EZ*![m] yields

1 1
ETm] = Eim] + Eitx (H{;’“[m + %} - Hj“[m — %D : (3.18)
Equation (3.18) is the update equation for fiiefield. The indices in this equation are generic so
that the same equation holds for evéty node. Similar to the update equation for the magnetic
field, here we see that the future valueff depends on only its past value and the value of the
neighboring magnetic fields.

After applying (3.18) to every electric-field node in thedgrthe dividing line between what
is known and what is unknown moves forward another one-katpbral step. One is essentially
back to the situation depicted in Fig. 3.2—the future fieldsest to the dividing line between the
future and past are magnetics fields. They would be updai@d,aben the electric fields would
be updated, and so on.

It is often convenient to represent the update coefficignfe A, andA;/uA, in terms of the
ratio of how far energy can propagate in a single temporal stehe spatial step. The maximum
speed electromagnetic energy can travel is the speed ofrlifiee space = 1/, /o and hence
the maximum distance energy can travel in one time stepjgin all the remaining discussions
the symbolk will be reserved for the speed of light in free space). Therak,/A, is often called
the Courant number which we lahgl. It plays an important role in determining the stability of a
simulation (hence the use ) and will be considered further later. Letting= 1,110 ande = €€,
the coefficients in (3.18) and (3.15) can be written

IAVERS | @EZMCAt:l\/ECAt:@CAt:@g (3.19)
€\, €r€0 \/€oflo Dy €€0 A\, e \ €0 Ay € Ny € ¢

1A 1 @ﬁszAt:i e_ocAt: 1 cAt: 1 S, (3.20)
1A, et /eolo Da prpto Do g\ po De o D gt

wheren, = +/1o/€o is the characteristic impedance of free space.

In FDTD simulations there are restrictions on how large gaeral step can be. Ifitis too large,
the algorithm produces unstable results (i.e., the nhumbletgined are completely meaningless
and generally tend quickly to infinity). At this stage we wilbt consider a rigorous analysis of
stability. However, thinking about the way fields propagatan FDTD grid, it seems logical that
energy should not be able to propagate any further than @tmkgtep for each temporal step, i.e.,
cAy < A,. Thisis because in the FDTD algorithm each node only afiéxtsearest neighbors. In
one complete cycle of updating the fields, the furthest aithsince could propagate is one spatial
step. It turns out that the optimum ratio for the Courant nunfiveterms of minimizing numeric
errors) is also the maximum ratio. Hence, for the one-dinogas simulations considered initially,
we will use

c\,

Se=x =1L (3.21)
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Figure 3.3: A one-dimensional FDTD space showing the spafficet between the magnetic and
electric fields.

When first obtaining the update equations for the FDTD algonitit is helpful to think in
terms of space-time. However, treating time as an additidim@ension can be awkward. Thus,
in most situations it is more convenient to think in terms afragle spatial dimension where the
electric and magnetic fields are offset a half spatial stemfeach other. This is depicted in Fig.
3.3. The temporal offset between the electric and magnetid is always understood whether
explicitly shown or not.

3.4 Computer Implementation of a One-Dimensional
FDTD Simulation

Our goal now is to translate the update equations (3.15)&a8)into a usable computer program.
The first step is to discard, at least to a certain extent,uperscripts—time is a global parameter
and will be recorded in a single integer variable. Time is swnhething about which each node
needs to be concerned.

Next, keep in mind that in most computer languages the edgmis used as “the assignment
operator.” In C, the following is a perfectly valid statement

a = atb;

In the usual mathematical sense, this statement is onlyfttugere zero. However, to a computer
this statement means take the valué,aidd it to the old value of, and place the result back in

the variable:z. Essentially we are updating the valueaofin C this statement can be written more
tersely as

a += b;

When writing a computer program to implement the FDTD aldnit one does not bother
trying to construct a program that explicitly uses offset®we-half. Nodes are stored in arrays
and, as is standard practice, individual array elementspeeified with integer indices. Thus,
the computer program (or, perhaps more correctlyatitborof the computer program) implicitly
incorporates the fact that electric and magnetic fields #isetowhile using only integer indices to
specify location. As you will see, spatial location and thagindex will be virtually synonymous.

For example, assume two arragg, andhy, are declared which will contain the, and ,,
fields at 200 nodes

double ex[200], hy[200], imp0=377.0;
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ez.[O] hy[0] 62‘[1] hy[1] eZ[2] hy[2]
ind!x 0 ind!x 1 md!x 2

Figure 3.4. A one-dimensional FDTD space showing the asduspatial arrangement of the
electric- and magnetic-field nodes in the arr@gsandhy. Note that an electric-field node is
assumed to exist to the left of the magnetic-field node wighsdime index.

posmon X

The variablampO is the characteristic impedance of free space and will be usthe following
discussion (itis initialized to a value 817.0 in this declaration). One should think of the elements
in theez andhy arrays as being offset from each other by a half spatial step #hnough the array
values will be accessed using an integer index.

It is arbitrary whether one initially wishes to think of @z array element as existing to the
right or the left of arhy element with the same index (we assume “left” correspondssareasing
values ofr while “right” corresponds to increasing values). Here w# assumeez nodes are to
the left ofhy nodes with the same index. This is illustrated in Fig. 3.4elez[0] is to the left
of hy[0] , ez[1] is to the left ofhy[1] , and so on. In general, when a Courier font is used,
e.g.,.hy[m] , we are considering an array and any offsets of one-halicggsd with that array

are implicitly understood. When Times-Italic font is usey. qu+2[ ] we are discussing the
field itself and offsets will be given explicitly.

Assuming a Courant number of unity( = 1), the nodehy[1] could be updated with a
statement such as

hy[1] = hy[1] + (ez[2] - ez[1]) / impO;

In general, any magnetic-field node can be updated with
hy[m] = hy[m] + (ez[m + 1] - ez[m]) / impO;

For the electric-field nodes, the update equation can béewrit
ez[m] = ez[m] + (hy[m] - hy[m - 1]) * impO;

These two update equations, placed in appropriate loopsthar engines that drive an FDTD
simulation. However, there are a few obvious pieces misBioigp the puzzle before a useful
simulation can be performed. These missing pieces include

1. Nodes at the end of the physical space do not have neigigoodes to one side. For exam-
ple, there is ndwy[-1] node for theez[0] node to use in its update equation. Similarly,
if the arrays are declared with 200 element, there i€z{@00] available forhy[199]
to use in its update equation (recall that the index of thedisment in a C array is one
less than the total number of elements—the array index septs the offset from the first
element of the array). Therefore a standard update equadiamot be used at these nodes.
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2. Only a constant impedance is used so only a homogeneousmedn be modeled (in this
case free space).

3. As of yet there is no energy present in the field. If the figds initially zero, they will
remain zero forever.

The first issue can be addressed using absorbing boundadytioas (ABC’s). There are
numerous implementations one can use. In later material Wéevconsider only a few of the
more popular techniques.

The second restriction can be removed by allowing the pauitytand permeability to change
from node to node. However, in the interest of simplicity, wdl continue to use a constant
impedance for a little while longer.

The third problem can be overcome by initializing the fielnsithon-zero state. However, this
is cumbersome and typically not a good approach. Betterienkiare to introduce energy via
either a hardwired source, an additive source, or a totalMeattered-field (TFSF) boundary. We
will consider implementation of each of these approaches.

3.5 Bare-Bones Simulation

Let us consider a simulation of a wave propagating in freespéere there are 200 electric- and
magnetic-field nodes. The code is shown in Program 3.1.

Program 3.1 1DbareBones.c : Bare-bones one-dimensional simulation with a hard source.

/ = Bare-bones 1D FDTD simulation with a hard source. * [

#include <stdio.h>
#include <math.h>

#define SIZE 200

int main()

{
double ez[SIZE] = {0.}, hy[SIZE] = {0.}, imp0 = 377.0;
int qTime, maxTime = 250, mm;

/= do time stepping x|
for (qTime = 0; qTime < maxTime; gTime++) {

[ * update magnetic field */
for (mm = 0; mm < SIZE - 1; mm++)
hy[mm] = hy[mm] + (ez[mm + 1] - ez[mm]) / impO;

/= update electric field * [
for (mm = 1, mm < SIZE; mm++)
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ezlmm] = ez[mm] + (hy[mm] - hy[mm - 1]) * impO;
/ = hardwire a source node */
ez[0] = exp(-(qTime - 30.) * (qTime - 30.) / 100.);
printf("%g\n", ez[50]);
} /* end of time-stepping * [
return O;

}

In the declaration of the field arrays in line 16,{0. }” has been added to ensure that these arrays
are initialized to zero. (For larger arrays this is not arcedfit approach for initializing the arrays
and we will address this fact later.) The varialgfeime is an integer counter that serves as the
temporal index or time step. The total number of time stephénsimulation is dictated by the
variablemaxTime which is set ta250 in line 11 250 was chosen arbitrarily—it can be any value
desired).

Time-stepping is accomplished with the for-loop that begin line 14. Embedded within this
time-stepping loop are two additional (spatial) loops—tmeipdate the magnetic field and the
other to update the electric field. The magnetic-field upttadp starting on line 17 excludes the
last magnetic-field node in the arrdy[199] , since this node lacks one neighboring electric
field. For now we will leave this node zero. The electric-fiafslate loop in line 21 starts with a
spatial indexmof 1, i.e., it does not includez[0] which is the firstE, node in the grid. The value
of ez[0] is dictated by line 25 which is a Gaussian function that walv& a maximum value of
unity when the time countegTime is 30. The first time through the loop, wheTime is zero,
ez[0] will be set toexp(—9) =~ 1.2341 x 10~* which is small relative to the maximum value of
the source. Line 27 prints the valuee#[50] to the screen, once for each time step. A plot of
the output generated by this program is shown in Fig. 3.5.

Note that the output is a Gaussian. The excitation is inteduatez[0] but the field is
recorded aez[50] . BecauseA; = A, in this simulation (i.e., the Courant number is unity), the
field moves one spatial step for every time step. The separbgtween the source point and the
observation point results in the observed signal beingyeeldy50 time steps from what it was at
the source. The source function has a pealdime steps but, as can be seen from Fig. 3.5, the
field at the observation point is maximum at time stép

Consider a slight modification to Program 3.1 where the sitiaxias run for1000 time steps
instead o250 (i.e.,maxTime is set to1000 in line 11 instead o250). The output obtained in this
case is shown in Fig. 3.6. Why are there multiple peaks herevdaycare they both positive and
negative?

The last magnetic-field node in the grid is initially zero arthains zero throughout the simu-
lation. When the field encounters this node it essentiallyageerfect magnetic conductor (PMC).
To satisfy the boundary condition at this node, i.e., thatttital magnetic field go to zero, a re-
flected wave is created which reverses the sign of the maygineltd but preserves the sign of the
electric field. This phenomenon is considered in more detdlie next section. The second peak
in Fig. 3.6 is this reflected wave. The reflected wave congsirtodravel in the negative direction
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Figure 3.5: Output generated by Program 3.1.
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Figure 3.6: Output generated by Program 3.1 but widxTime set to1000.
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until it encounters the first electric-field noée[0] . This node has its value set by the source
function and is oblivious to what is happening in the inteabthe grid. In this particular case, by
the time the reflected field reaches the left end of the grelsturce function has essentially gone
to zero and nothing is going to change that. Thus the maflég] behaves like a perfect electric
conductor (PEC). To satisfy the boundary conditions at thden the wave is again reflected, but
this time the electric field changes sign while the sign ofrtieggnetic field is preserved. In this
way the field which was introduced into the grid continuesdarice back and forth until the simu-
lation is terminated. The simulation is of a resonator witle ®MC wall and one PEC wall. (Note
that the boundary condition a[0] is the same whether or not the source function has gone to
zero. Any incoming field cannot change the valueg0] and hence a reflected wave must be
generated which has equal magnitude but opposite sign fieimtoming field.)

3.6 PMC Boundary in One Dimension

In Program 3.1 one side of the grid (the “right side”) is tamated by a magnetic field which is
always zero. It was observed that this node acts as a peréagietic conductor (PMC) which pro-
duces a reflected wave where the electric field is not invevtate the magnetic field is inverted.
To understand fully why this is the case, let us consideritité side of a one-dimensional domain
where200 electric- and magnetic-field nodes are used to model freeespassume the Courant
number is unity and the impedance of free spad&is The last node in the grid isy[199] and

it will always remain zero. The other nodes in the grid areaipd using, in C notation:

ez[m] = ez[m] + (hy[m] - hy[m - 1]) * 377, (3.22)
hy[m] = hy[m] + (ez[m + 1] - ez[m]) / 377; (3.23)

Assume that a Dirac delta pulse, i.e., a unit amplitude petssting at a single electric-field node
in space-time, is nearing the end of the grid. Table 3.1 shbedields at progressive time-steps
starting at a time when the pulse has reached n@x§198]

At time g nodeez[198] is unity whilehy[197] was setto-1/377 at the previous update of
the magnetic fields. When the magnetic fields are updated agtih/2 the update equation (3.23)
dictates thahy[197] be setto zero (the “old” value of the magnetic field cancedctimtribution
from the electric field). Meanwhildyy[198] becomes-1/377. All other magnetic-field nodes
will be zero.

Updating the electric field at time-step+ 1 results inez[198] being set to zero while
ez[199] is set to one—the pulse advances one spatial step to the figthte normal update
equation could be used at nodg{199] , at timeq + 3/2 it would be set to—-1/377. However,
because there is no neighboring electric field to the rightypf99] , the update equation cannot
be used and, lacking an alternative way of calculating itse/dy[199] s left as zero. Thus at
time g + 3/2 all the magnetic-field nodes in the grid are zero.

When the electric field is updated at timpe- 2 essentially nothing happens. The electric fields
are updated from their old values and the difference of sungiong magnetic fields. However all
magnetic fields are zero. Thus the new electric field is theesasrthe old electric field.

At time ¢ + 5/2 the unit pulse which exists &iz[199] causesy[198] to becomel/377
which is the negative of what it was two times steps ago. Frois time forward, the pulse
propagates back to the left with the electric field maintagrunit amplitude.
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node
ez[197] hy[197] ez[198] hy[198] ez[199] hy[199]
q—1/2 —1/377 0 0
q 0 1 0
q+1/2 0 —1/377 0
time ¢+1 0 0 1
step ¢+ 3/2 0 0 0
q+2 0 0 1
q+5/2 0 1/377 0
q+3 0 1 0
q+5/2 1/377 0 0
qg+4 1 0 0

Table 3.1: Electric- and magnetic-field nodes at the “enddrodys which have 200 elements, i.e.,
the last node is1y[199] which is always set to zero. A pulse of unit amplitude is pggiang

to the right and has arrived az[198] at time-step;. Time is advancing as one reads down the
columns.

This discussion is for a single pulse, but any incident fieldid be treated as a string of pulses
and then one would merely have to superimpose their valugs.dicussion further supposes the
Courant number is unity. When the Courant number is not unityetmination of the grid still
behaves as a PMC wall, but the pulse will not propagate witdaiortion (it suffers dispersion
because of the properties of the grid itself as will be diseddn more detail in Sec. 7.4).

If the grid were terminated on an electric-field node whiclswabwvays set to zero, that node
would behave as a perfect electric conductor. In that caseetected electric field would have
the opposite sign from the incident field while the magnegtdfivould preserve its sign. This is
what happens to any field incident on the left side of the griBiogram 3.1.

3.7 Snapshots of the Field

In Program 3.1 the field at a single point is recorded to a fileerAatively, it is often useful to view
the fields over the entire computational domain at a singieait of time, i.e., take a “snapshot”
that shows the field throughout space. Here we describe opewehich this can be conveniently
implemented in C.

The approach adopted here will open a separate file for eagskat. Each file will have a
common base name, then a dot, and then a sequence numbemwhiehcalled the frame number.
So, for example, the files might be callsieth.0 , sim.1 ,sim.2 , and so on. To accomplish this,
the fragments shown in Fragments 3.2 and 3.3 would be addagtogram (such as Program
3.1).

Fragment 3.2 Declaration of variables associated with taking snapsfidte base name is stored
in the character arrdyasename and the complete file name for each frame is storditiname
Here the base name is initializedson but, if desired, the user could be prompted for the base
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name. The integdrame is the frame number for each snapshot and is initializedto.ze

char basename[80] = "sim", filename[100];
int frame = O;
FILE =*snapshot;

Fragment 3.3 Code to generate the snapshots. This would be placed insdiéntk-stepping
loop. The initial if statement ensures the electric fielceisarded every tenth time-step.

[+ write snapshot if time-step is a multiple of 10 */
if (qTime % 10 == 0) {
/ = construct complete file name and increment frame counter */

sprintf(filename, "%s.%d", basename, frame++);

/ = open file */
snapshot = fopen(filename, "w");

/ = write data to file */
for (mm = 0; mm < SIZE; mm++)
fprintf(snapshot, "%g\n", ez[mm]);

[ = close file * [
fclose(snapshot);

In Fragment 3.2 the base name is initializedsim but the user could be prompted for this.
The integer variablérame is the frame (or snapshot) counter that will be incremengaghdime
a snapshot is taken. Itis initialized to zero. The file paisteapshot is used for the output files.

The code shown in Fragment 3.3 would be placed inside thedteping loop of Program
3.1. Line 2 checks, using the modulo operatsy if the time step is a multiple of0. (10 was
chosen somewhat arbitrarily. If snapshots were desire@ fnequently, a smaller value would be
used. If snapshots were desired less frequently, a largee vaould be used.) If the time step is
a multiple of 10, the complete output-file name is constructed in line 4 byimgithe file name
to the string variabldéilename . (Since zero is a multiple of0, the first snapshot that is taken
corresponds to the fields at time zero. This data would beemrto the filesim.0 . Note that in
Line 4 the frame number is incremented each time a file nante&ed. The file is opened in line
7 and the data is written using the loop starting in line 1@aHy, the file is closed in line 14.

Fig. 3.7 shows the snapshots of the field at time st@p30, and30 using essentially the same
code as Program 3.1—the only difference being the additfiadhe code to take the snapshots.
Here the field can be seen entering the computational dom@imthe left and propagating to the
right.
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Figure 3.7: Snapshots taken at time-steps20, and30 of the £, field generated by Program 3.1.
The field is seen to be propagating away from the hardwirectceaat the left end of the grid.
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3.8 Additive Source

Hardwiring the source, as was done in Program 3.1, has tleeesslhiortcoming that no energy can
pass through the source node. This problem can be rectifiedibg an additive source. Consider
Ampere’s law with the current density term:

OE

VxH=J+e—. (3.24)

ot
The current density can represent both the conduction current due to flow of eharg material
under the influence of the electric field, i.e., current gibgw E, as well as the current associated
with any source, i.e., an “impressed current.” At this paug are just interested in the source
aspect of] and will return to the issue of finite conductivity in Sec.34dnd Sec. 5.7. Rearranging

(3.24) slightly yields
o8 = lv x H — lJ. (3.25)
ot € €
This equation gives the temporal derivative of the eledtald in terms of the spatial derivative
of the magnetic field—which is as before—and an additiorrahterhich can be thought of as the
forcing function for the system. This current can be speatifiebe whatever is desired.

To translate (3.25) into a form suitable for the FDTD aldumt the spatial derivatives are again
expressed in terms of finite differences and then one sotwethé future fields in terms of past
fields. Recall that for Ampere’s law, the update equationA6pn| was obtained by apply finite
differences at the space-time pointA,, (¢ + 1/2)A;). Going through the exact same procedure
but adding the source term yields

Efm] = E9[m] + eil (H;H{m + ﬂ - H§+2[m - %D
The source current could potentially be distributed oveumlper of nodes, but for the sake of
introducing energy to the grid, it suffices to apply it to agténnode.
In order to preserve the original update equation (whichoimetimes handy when writing
loops), (3.26) can be separated into two steps: first thel update is applied and then the source
term is added. For example:

A

€

I ml. (3.26)

A 1 1 1 1
g+1 . q t q+3 2 q+3 2t
Eim] = FElm]+ A, (Hy {m + 2} H, {m 2]) (3.27)
A 1
E™m] = E'm]— =LJi 2 m]. (3.28)

€

In practice the source current might only exist at a singléenio the 1D grid (as will be the case
in the examples to come). Thus, (3.28) would be applied artlyeanode where the source current
iS non-zero.

Generally the amplitude and the sign of the source functiemat a concern. When calculating
things such as the scattering cross-section or the reflectiefficient, one always normalizes by
the incident field. Therefore we do not need to specify ekplithe value of A;/e in (3.28)—it
suffices to merely treat this coefficient as being containdtie source function itself.

A program that implements an additive source and takes bBo&psf the electric field is shown
in Program 3.4. The changes from Program 3.1 are shown in Bble source function is exactly
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the same as before except now, instead of setting the vakg@f to the value of this function,
the source function is added &z[50] . The source is introduced in line 29 and the update
equations are unchanged from before. (Note that in thistehalpe programs will be somewhat
verbose, simplistic, and repetitive. Once we are comftetaith the FDTD algorithm we will pay
more attention to better coding practices.)

Program 3.4 1Dadditive.c  : One-dimensional FDTD program with an additive source.

/= 1D FDTD simulation with an additive source. * [

#include <stdio.h>
#include <math.h>

#define SIZE 200

int main()

{
double ez[SIZE] = {0.}, hy[SIZE] = {0.}, imp0 = 377.0;
int qTime, maxTime = 200, mm;

char basenane[80] = "sint, filename[100];
int frane = 0;
FI LE *snapshot ;

/= do time stepping */
for (qTime = 0; qTime < maxTime; qTime++) {

/ * update magnetic field */
for (mm = 0; mm < SIZE - 1; mm++)
hy[mm] = hy[mm] + (ez[mm + 1] - ez[mm]) / impO;

[ * update electric field */
for (mm = 1; mm < SIZE; mm++)
ez[mm] = ezmm] + (hy[mm] - hy[mm - 1]) * impO0;

/* use additive source at node 50 */
ez[50] += exp(-(qTime - 30.) * (qTinme - 30.) / 100.);

/* wite snapshot if time a nmultiple of 10 */
if (gqTime %10 == 0) {
sprintf(filenanme, "%.%", basenane, frame++);
snapshot =f open(fil enanme, "wW');
for (MTMm = 0; nmm < SI ZE;, nmm++)
fprintf(snapshot, "%\n", ez[m]);
fcl ose(snapshot);
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} /+ end of time-stepping * |

return O;

}

Snapshots oF, taken at time-step$0, 20, and30 are shown in Fig. 3.8. Note that the field
originates from nodé0 and that it propagates to either side of this node. Also edhat the peak
amplitude is half of what it was when the source function waglement as a hardwired source.

As something of an aside, in Program 3.4 note that the codéstkes a snapshot of the electric
field was placed in the time-stepping but after the updatatau Thus one might ask: do the
contents of snapshot fiem.0 contain the fields at time zero or at time one? And, do the other
snapshots correspond to times that multiple$0obr do the correspond to one plus a multiple of
10? In nearly all practical cases it won’t matter. The preasation oft = 0 is rather aribtrary. So,
when looking at the snapshots it is usually sufficient to kiloat the sequence of snapshots start
“at the beginning of the simulation” and then are taken ev@riyme steps. However, if one wants
to be more precise about this, absolute time is usually widthy the source function. Now, think
in terms of the hard-source implementation rather than dldéige source. We have implemented
a Gaussian source that has a peak amplitude at time38tephe way the code is written here,
with the source being applied after the update equationlamthe snapshot being taken last, we
would see the peak at the source node in framel . In other words the snapshots do indeed
correspond to times that are multipleslof So, in some sense the electric fields start at a time
step of—1. The very first update update loop takes them up to time Gtemd then the source
function is applied to set the field at the source node at 8tepf. However this is truly a minor
point and we will worry about it in subsequent discussions.eWar the code that introduces the
source appears before or after the update loop and whetheotte that generates output appears
before or after the update loop, often doesn’'t matter—thgontant thing is generally just that
these things are included in the time-stepping loop.

3.9 Terminating the Grid

In most instances one is interested in modeling a problenclwxists in an open domain, i.e.,
an infinite space. This is true even when the specific regiantefest, say the region where a
scatterer is present, may be small. That scatterer is in bownded space. Thus far the code we
have written is only suitable for modeling a resonator siheenodes at the ends of the grid reflect
any field incident upon them. We now wish to rectify this shoming. Absorbing boundary
conditions (ABC’s) will be used so that the grid, which will ¢am only a finite number of nodes,
can behave as if it were infinite. In one dimension, when dpeyat the Courant limit of one, an
exact ABC can be realized. Unfortunately in higher dimensian even in one dimension when
not operating at the Courant limit, ABC’s are only approximaiéhe better the ABC, the less
energy it reflects back into the interior of the grid.
Before implementing an ABC, let us again consider the code shiownogram 3.4 but with

the maximum number of time steps setifd). With the FDTD method, the more ways in which
the field can be visualized, the better. Watching the fielgp@gate in the time-domain can provide
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Figure 3.8: Snapshots taken at time-step20, and30 of the £, field generated by Program 3.4.
An additive source is applied to nodé and the field is seen to propagate away from it to either
side.
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Figure 3.9: Waterfall plot of the electric field produced bpéram 3.4. The computational domain
has200 nodes with a PEC boundary on the left and a PMC boundary onghe he vertical axis
gives the frame number. Snapshots, i.e., frames, wereded@very 10 time steps.

insights into the behavior of a system. Additionally, vikzetion of the propagation of the fields
can be an invaluable aid when debugging FDTD code. Animaitdthe field are especially useful
and different display strategies will be discussed later.

Since we cannot include an animation here, we will use a ‘taltelot” of the electric field
in the one-dimensional domain. A waterfall plot is a coliectof standard % vs. 3" plots where
each plot is offset slightly from the next (a direct verticdfiset will be used here). This can be
thought of as stacking all the frames of an animation, one@bwe next.

Figure 3.9 shows the waterfall plot corresponding to thepoufrom Program 3.4 (with a
maxTime of 450). Each line represents a snapshot of the field thraugthe computational
domain. One can see that electric field starts to propagaag &remm the source which is at node
50. The curve/line corresponding toon the vertical axis is the data from the sixth frame (i.e.,
sim.5 ). Since the frames are recorded every ten time-steps, simc@ corresponds to the field
at time zero, this line shows the field at the fiftieth timepstdhis line has two peaks. One is
traveling to the left and the other to the right. Once the@gifing field encounters the end of the
grid at node zero, it is both reflected and inverted. It themeis to the right as time progresses.
The peak which originally travels to the right from the saiencounters the right end of the grid
around frame (or curve) 17. In this case, with the PMC boundlaat exists there, the electric
field is not inverted—instead, the magnetic field, which isplotted, is inverted. A reflected wave
then propagates back to the left. The field propagates batkoath, inverting its sign at the left
boundary and preserving its sign at the right boundary| theisimulation is halted. The Matlab
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Figure 3.10: Waterfall plot of the electric field using thereacomputational domain as Fig. 3.9
except a simple ABC has been used to terminate the grid. Natefta field propagates from the
additive source at node 50 and merely disappears when hesagther end of the grid.

code that was used to generate this waterfall plot is givékpipendix B. Additionally, Appendix
B provides Matlab code that can be used to animate snapshetne-dimensional domain.

Returning to the issue of grid termination, when the Couranmber is unity, the distance the
wave travels in one temporal step is equal to one spatial steepA;, = A,. We are interested in
modeling an open domain where there is no energy enterirgyith&from the outside.” Therefore,
for nodeez[0] , its updated value should just be the previous value thatexiatez[1] . Since
no energy is entering the grid from the left, the fieldeafl] must be propagating solely to
the left. At the next time step the value that wagZtl] should now appear &z[0] . Similar
arguments hold at the other end of the grid. The updated whling199] should be the previous
value ofhy[198]

Thus, a simple ABC can be realized by adding the following tmBrogram 3.4 between lines
23 and 24

ez[0] = ez[1];
Similarly, the following line would be added between linésahnd 20
hy[SIZE-1] = hy[SIZE-2];

The waterfall plot which is obtained for the electric fieldemfmaking these changes is shown in
Fig. 3.10. Note that the reflected fields are no longer pre3ér left- and right-going pulses reach
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the end of the grid and then disappear as if they have comtitipropagate off to infinity. (How-
ever, there is still some persistent field that lingers tghmut the grid. This field is small—about
five orders of magnitude smaller than the peak when usindesprgcision—and is a consequence
of finite precision. These small fields are not visible on tb&es of the plot and are not of much
practical concern since typically other sources of errdrlva far larger.)

As mentioned previously, this simple ABC only works in lindtsituations. However, the basic
premise is employed in many of the more complicated ABC's: theré value of the field at the
end of the grid depends on some combination of the past aedadntields. We will return to this
topic in Chap. 6.

3.10 Total-Field/Scattered-Field Boundary

Note thatany function f (&) which is twice differentiable is a solution to the wave edut In
one dimension all that is required is that the arguntebe replaced by + z/c. A proof was
given in Sec. 2.16. Thus far the excitation of the FDTD grids bccurred at a point—either the
hardwired source at the left end of the grid, as shown in Rrog8.1, or the additive source at
node50, as shown in Program 3.4. Now our goal is to construct a sauch that the excitation
only propagates in one direction, i.e., the source intredwan incident field that is propagating
to the right (the positiver direction). We will accomplish this using what is know as &ato
field/scattered-field (TFSF) boundary.

We start by specifying the incident field as a function of gpaied time. A Gaussian pulse has
been used for the excitation in the previous examples. A Sangan still be used to specify the
excitation, but to obtain a wave propagating to the rigte,dalgument should bie- z/c instead of
merelyt. Previously the source was given by

g2 —30A4 )2 _<q730
=€

f(t) = f(gA,) = e (h05 5 = flg) (3.29)

where304, is a delay and the term in the denominator of the exponéut) controls the width of
the pulse. Note that the time-step widlh can be canceled from the numerator and denominator
of the exponent.

For the propagating incident fieltlin (3.29) is replaced with—z/c. In discretized space-time
this argument is given by

T mA, mi,
t— = =qA — :(q— )At:(q—m)At (3.30)
c c c\;

where the assumption that the Courant numiaey/ A, is unity has been used to write the last
equality. This expression can now be used for the argumettteirprevious source function to
obtain a propagating wave which we will identify &%

. (g—m)A;—30A, \ 2 ) —301 2
ELnC[m7q] :e_< : 10£t30 t) :e_((q 10) 30)

(3.31)

This equation essentially assumes that the origin, i.e.ptiintz = 0, corresponds to the index
m = 0. However, the origin can be shifted to a different point ahig fact will be exploited
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Figure 3.11: Portion of the one-dimensional arrays in tlenity of a total-field/scattered-field
boundary. Scattered field exists to the left of the boundadytatal field exists to the right. Note
that nodehy[49] has an index ofl9 in a computer program but corresponds logically to the
location(49 + $)A, or, equivalently(50 — 1)A,.

later. Keep in mind that there is nothing that dictates thatmust always think of the origin as
corresponding to the left-most point in the grid.

The corresponding magnetic field is obtained by dividingdleetric field by the characteristic
impedance. Additionally, to ensure thEf"® x H‘ync points in the desired direction of travel, the
magnetic field must be negative, i.e.,

: ; 1 g=m)-30)?
Hiim, o] = = [ <Blm. ) =~ (55 (332)

wheren = \/r/e is the characteristic impedance of the medium. Note thaathements do not
need to be integers. If one needs to calculate the magnddati¢he positionn — 1/2 and time
q — 1/2, these are perfectly legitimate arguments.

In the total-field/scattered-field (TFSF) formulation, ttemputational domain is divided into
two regions: (1) the total-field region which contains theidient field plus any scattered field and
(2) the scattered-field region which contains only scattéedd. The incident field is introduced
on an fictitious seam, or boundary, between the total-fietil the scattered-field regions. The
location of this boundary is somewhat arbitrary, but it igitally placed so that any scatterers are
contained in the total-field region.

When updating the fields, the update equations must be cemnsisthis is to say only scattered
fields should be used to update a node in the scattered-fgitshrand only total fields should be
used to update a node in the total-field region. Figure 3.tblvsia one-dimensional grid where the
TFSF boundary is assumed to exist between ndflgd9 + ;] and £, [50] (in Fig. 3.11 the nodes
are shown in the computer-array form with integer indicé$)e node//, [49 + 1] is equivalent
to H, [50 — %] and will be written using the latter form in the following disssion. Note that
no matter where the boundary is placed, there will only benades adjacent to the boundary—
one electric-field node and one magnetic-field node. Furtbez, although the location of this
boundary is arbitrary, once its location is selected, itiedithroughout the simulation. Defining
the scattered-field region to be to the left of the boundary the total-field region to be to the
right, we see thalty[49] s the last node in the scattered-field region wiei¢50] is the first
node in the total-field region.
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When updating the nodes adjacent to the boundary, there ishéepm, i.e., an inconsistency,
in that a neighbor to one side is not the same type of field aldliebeing updated. This is to say
that a total-field node will depend on a scattered-field nadk eonversely, a scattered-field node
will depend on a total-field node. The solution to this problectually provides the way in which
fields are introduced into the grid using the TFSF boundary.

Consider the usual update equation of the electric field atimem = 50 which was given in
(3.18) and is repeated below

tot scat

A\

tot

~

t e Ve
—— —— A 1 1 1 1
ET[50] = EI[50] +j Hl'? [50 + 5} — HI [50 - 5} . (3.33)

We have assumed the TFSF boundary is betwggn'[50] and H§+%[5 — 1] and the labels

2
above the individual components indicate if the field is ia thtal-field region or the scattered-
field region. We see that?+'[50] and H, 2[50 + L] are total-field nodes b, 2[50 — L] is a
scattered-field node—it lacks the incident field. This carfixed by adding the incident field to
H§+5[50 — 1] in (3.33). This added field must correspond to the magnetid fidnich exists at
location50 — 1/2 and time steg + 1/2. Thus, a consistent update equation £r! [50] which

only involves total fields is

tot tot
EIt50] = E[50] + (3.34)
tot
tot siat inc K
A 17 ) g2 17 (1 117\
Hy %50+ =| — < Hy 2|50 — = ——EM|50 — = =
A, y 21D +2 y 2|9 5 + — 5 2,q+2

The sum of the terms in braces gives the total magnetic fieldiﬁr%[w — 3]. Note that here
the incident field is assumed to be given. (It might be categlanalytically or, as we will see in
higher dimensions where the TFSF boundary involves sepeiats, it might be calculated with
an auxilliary FDTD simulation of its own. But, either way, & known.)

Instead of modifying the update equation, it is usually hegpreserve the standard update
equation (so that it can be put in a loop that pertains to alesy, and then apply a correction in a

separate step. In this waig?™![50] is updated in a two-step process:

A 1 1 1 1
q+1 _ q t q+3 - q+3 .
BT [50] E150] + A (Hy {50 + 2] H, {50 2D , (3.35)
A1 1 1
E50] = EIT50] + —= EEIZnC [50 — 54 + 5} . (3.36)
[FA S

The characteristic impedangecan be written as/ 1 10/€-€0 = no+/ 14/ €. Recall from (3.19)
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that the coefficient\,/eA, can be expressed 8sS./¢, wheresS, is the Courant number. Com-
bining these terms, the correction equation (3.36) can lieewr

Se : 1 1
ET[50] = BIT[50] + —=—EM° [50 — =, q+ —} : (3.37)
€r by 2 2
With a Courant number of unity and free space (where p, = 1), this reduces to
i 1 1
ETT[50] = EIT[50] + EM° [50 — 54 + 5} : (3.38)

This equation simply says that the incident field that exisire-half a temporal step in the past
and one-half a spatial step to the leftiéf ! [50] is added to this node. This is logical since a field
traveling to the right requires one-half of a temporal steprdvel half a spatial step.

Now consider the update equation TH§+%[5O — %] which is given by (3.15) (with one sub-
tracted from the spatial offset):

scat scat
P - A\ ~ ~ % ~ A tot scat
1 1 -1 1 e S i
H§+2[50 — 51 = H, {50 — 5} + At E4[50] — E9[49] | . (3.39)
JI7AvS

As was true for the update of the electric field adjacent ta#®8F boundary, this is not a consistent
equation since the terms are scattered-field quantitiespexor £¢[50] which is in the total-field
region. To correct this, the incident field could be sub&ddtom £¢[50]. Rather than modifying
(3.39), we choose to give the necessary correction as asteuation. The correction would be

1 1 1 1 JAVERE
Hy ' 2[50 — = | = Hy 2|50 — = | — =L E™[50,4]. 3.40
Yy |i 2:| Yy 2 ,LLACE z [ 7Q] ( )
With a Courant number of unity and free space, this equaticorbes
q+l 1 q+l 1 1 inc
Hy 2|50 — =| = Hy 2|50 — =| — —E™[50, q]. (3.41)
2 2 1o

As mentioned previously, there is nothing that requiresatgin to be assigned to one par-
ticular node in the grid. There is no reason that one has tcade the location: = 0 with the
left end of the grid. In the TFSF formulation it is usually mhosnvenient to fix the origin relative
to the TFSF boundary itself. Let the origin= 0 correspond to the nodg,[50]. Such a shift
requires that0 be subtracted from the spatial indices given previouslytHerincident field. The
correction equations thus become

1 1 1 1 1 .
s = mso- 3] - Terepg (3.42)
"o
- 1 1
BEIF50] = BIF50] + B° [—57 q+ 5] - (3.43)

To implement a TFSF boundary, one merely has to translat2)and (3.43) into the necessary
statements. A program that implements a TFSF boundary betwg49] andez[50] isshown
in Program 3.5.
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58 CHAPTER 3. INTRODUCTION TO THE FDTD METHOD

Program 3.5 1Dtfsf.c  : One-dimensional simulation with a TFSF boundary betwega9]
andez[50]

/* 1D FDTD simulation with a simple absorbing boundary conditi on
* and a TFSF boundary between hy[49] and ez[50]. * |

#include <stdio.h>
#include <math.h>

#define SIZE 200

int main()

{
double ez[SIZE] = {0.}, hy[SIZE] = {0.}, imp0O = 377.0;
int qTime, maxTime = 450, mm;

char basename[80]="sim", filename[100];
int frame = O;
FILE =*snapshot;

/= do time stepping */
for (qTime = 0; qTime < maxTime; qTime++) {

/* sinple ABC for hy[size - 1] =/
hy[ SI ZE - 1] = hy[SIZE - 2];

/ * update magnetic field * [
for (mm = 0; mm < SIZE - 1; mm++)
hy[mm] = hy[mm] + (ez[mm + 1] - ez[mm]) / impO;

/* correction for Hy adjacent to TFSF boundary */
hy[49] -= exp(-(qTime - 30.) * (qTime - 30.) / 100.) / inpO;

[+ sinple ABC for ez[0] =*/
ez[0] = ez[1];

[ * update electric field */
for (mm = 1; mm<SIZE; mm++)
ez[mm] = ezmm] + (hy[mm] - hy[mm - 1]) * impO;

/* correction for Ez adjacent to TFSF boundary =*/
ez[50] += exp(-(qTime + 0.5 - (-0.5) - 30.) =
(gTime + 0.5 - (-0.5) - 30.) / 100.);

[+ write snapshot if time a multiple of 10 */
if (qTime % 10 == 0) {
sprintf(filename, "%s.%d", basename, frame++);
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Figure 3.12: Waterfall plot of the electric fields produced Program 3.5 which has a TFSF
boundary between nodég[49] andez[50]

snapshot = fopen(filename, "w");
for (mm = 0; mm < SIZE; mm++)

fprintf(snapshot, "%g\n", ez[mm]);
fclose(snapshot);

}
} /+ end of time-stepping * |

return O;

}

Note that this is similar to Program 3.4. Other than the ipocation of the ABC's in line 22 and
32, the only differences are the removal of the additive @®(line 29 of Program 3.4) and the
addition of the two correction equations in lines 29 and 3Be &dded code is shown in bold. In
line 39, the half-step forward in time is obtained wifliime+0.5 . The half-step back in space is
obtained with the0.5 which is enclosed in parentheses.

The waterfall plot of the fields generated by Program 3.5 aswshin Fig. 3.12. Note that the
field appears at node 50 and travels exclusively to the rigit-field propagates to the left from
the TFSF boundary. Since there is nothing to scatter thdémtifield in this simulation, Fig. 3.12
shows only the incident field. The next step is, thus, theusioh of some inhomogeneity in the
grid to generate scattered fields.
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3.11 Inhomogeneities

The FDTD update equations were obtained from approximstdharaday’s and Ampere’s laws
which were themselves differential equations. Differaingiquations pertain at a point. Thus, the
andy which appear in these equations are the ones which exis &id¢htion of the corresponding
node. It is certainly permissible that these values chargge point to point. In fact, it is required
that they change when modeling inhomogeneous material.

Recall, from (3.19), that the electric-field update equatiad a coefficient ofj.S./¢,. Assum-
ing that the Courant numbéf. is still unity, but allowing the relative permittivity to befunction
of position, the update equation could be implemented watatement such as

ez[m] = ez[m] + (hy[m] - hy[m-1]) *impO/epsR[m];

where the array elemeepsR[m] contains the relative permittivity at the pointA,, i.e., at a
point collocated with the nodez[m] . The size of theepsR array would be the same size as the
electric-field array and the elements have to be initializegppropriate values.

The same concept applies to the relative permeability inuphgkating of the magnetic fields
where the update coefficient is given By/ ., no (ref. (3.20)). The relative permeability that exists
at the point in space corresponding to the location of a @ddar magnetic-field node is the one
that should be used in the update equation for that node.miaguan arraymuRhas been created
and initialized with the values of the relative permeailihe magnetic-fields would be updated
with an equation such as

hy[m] = hy[m] + (ezm + 1] - ez[m]) / impO / muR[m];

A program that models a region of space near the interfacedeet free space and a dielectric
with a relative permittivity of nine is shown in Program 3tBd permeability is that of free space).
The incident field is still introduced via a TFSF boundary,sthis in the free-space side of the
computational domain, and the ABC on the left hand side is dimeesas before. However, there
are some other minor changes between this program and tgepran Program 3.5. The electric
and magnetic fields are no longer initialized when they actaded. Instead, two loops are used
to set the initial fields to zero. The magnetic field is now destl to have one fewer node than the
electric field. This was done so that the computational darbagins and ends on an electric-field
node. (There are no truly compelling reasons to have the atatipnal domain begin and end with
the same field type, but such symmetry can simplify codingsamae aspects of certain problems.)
Because the grid now terminates on an electric field, the ABGeatight end of the grid must be
applied to this terminal electric-field node. This is accdisid with the statement in line 45.

Program 3.6 1Ddielectric.c : One-dimensional FDTD program to model an interface be-
tween free-space and a dielectric that has a relative perityite, of 9.

/+ 1D FDTD simulation with a simple absorbing boundary
* condition, a TFSF boundary between hy[49] and ez[50], and
* a dielectric material starting at ez[100] * [

#include <stdio.h>
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#include <math.h>

#define SIZE 200

int main()

{

double ez[SIZE], hy[SIZE - 1], epsR[SIZE], imp0 = 377.0;

int qTime, maxTime = 450, mm;

char basename[80] = "sim", filename[100];
int frame = O;

FILE =*snhapshot;

[+ initialize electric field */
for (m”Mm = 0; nm < S| ZE; mmt+)

ez[m] = 0.0;

/= initialize magnetic field =/
for (MTMm = 0; nm < SIZE - 1; nmt+)
hy[m] = 0.0;

[+ set relative permttivity =/
for (M = 0; mm < SIZE;, nmm++)

if (nm < 100)
epsRinm = 1.0;
el se
epsRfmj = 9.0;

/= do time stepping */
for (qTime = 0; qTime < maxTime; gTime++) {

[+ update magnetic field */
for (mm = 0; mm<SIZE - 1; mm++)

hy[mm] = hy[mm] + (ez[mm + 1] - ez[mm]) / impO;

/= correction for Hy adjacent to TFSF boundary

hy[49] -= exp(-(qTime - 30.)

[+ simple ABC for ez[0] and ez[SIZE - 1]
ez[0] = ez[1];
ez[ SI ZE-1] = ez[ Sl ZE-2];

[ * update electric field */
for (mm = 1; mm < SIZE - 1; mm++)

ez[mm} = ez[mm] + (hy[mm] - hy[mm -

11)

/= correction for Ez adjacent to TFSF boundary

ez[50] += exp(-(qTime + 0.5 - (-0.5) - 30.)

x/

* (qTime - 30.) / 100.) / impO;

«/

* inmp0 / epsRImi;

*/

61
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(qTime + 0.5 - (-0.5) - 30.) / 100.);

/= write snapshot if time a multiple of 10 */
if (qTime % 10 == 0) {
sprintf(filename, "%s.%d", basename, frame++);
snapshot = fopen(filename, "w");
for (mm = 0; mm < SIZE; mm++)
fprintf(snapshot, "%g\n", ez[mm]);
fclose(snapshot);

}
} /* end of time-stepping * [

return O;

}

The relative-permittivity arragpsR is initialize in the loop starting at line 27. If the spatial
indexmmis less thari 00, the relative permittivity is set to unity (i.e., free sppagherwise it is set
to 9. The characteristic impedance of free spaag ishile the impedance for the dielectricijg/3.
Note that the update equations do not directly incorpotedelielectric impedance. Rather, the co-
efficient that appears in the equation uses the impedancea$pace and the relative permittivity
that pertains at that point.

When a wave is normally incident from a medium with a charastierimpedance;; to a
medium with a characteristic impedangg the reflection coefficient and the transmission coef-
ficientT are given by

r— kM (3.44)
N2 +m
p
T = 2 (3.45)
N2 + M

Therefore the reflection and transmission coefficientsgbétin to this example are

r o= MB-m_ 1 (3.46)
M0/3 + Mo 2
/3 1 (3.47)
770/3+770 N 2 ’

The waterfall plot of the data produced by Program 3.6 is shimwFig. 3.13. Once the field
encounters the interface at notl#, a reflected field (i.e., a scattered field) is created. Algiou
one cannot easily judge scales from the waterfall plot, it ba seen that the reflected field is
negative and appears to have about half the magnitude ofdltent pulse (the peak of the incident
field spans a vertical space corresponding to nearly twodsamhile the peak of the reflected field
spans about one frame). Similarly, the transmitted pulsmsstive and appears to have half the
magnitude of the incident field. One can see this more cleéaffyg. 3.14 which shows the field at
time-stepsl00 and140. The incident pulse had unit amplitude. At the time-stegswhhere, the
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Figure 3.13: Waterfall plot of the electric fields producgdRrogram 3.6 which has a dielectric
with a relative permittivity o® starting at nodé00. Free space is to the left of that.
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Figure 3.14: Two of the snapshots produced by Program 3.6.v&ltical line at nodé00 corre-
sponds to the interface between free space and the dieleétir incident pulse had unit amplitude.
Shown in this figure are the transmitted field (to the rightha interface) and the reflected field
(to the left).



64 CHAPTER 3. INTRODUCTION TO THE FDTD METHOD

field has split into the transmitted and reflected pulsed) ebwhich has an magnitude of one-half.

Returning to the waterfall plot of Fig. 3.13, one can also $e¢ the pulse in the dielectric
travels more slowly than the pulse in free space. With aiveaermittivity of9, the speed of light
should be one-third of that in free space. Thus, from franfeatme the peak in the dielectric has
moved one-third of the distance that the peak moves in fraeesp

There are two numerical artifacts present in Fig. 3.13, ohehlvwe need to fix and the other
we need to understand. Note that when the reflected field aetersuthe left boundary it disap-
pears. The ABC does its job and the field is absorbed. On the b#mel, when the transmitted
wave encounters the right boundary, at approximately framé is not completely absorbed. A
reflected wave is produced which is visible in the upper riggntd corner of Fig. 3.13. Why is
the ABC no longer working? The problem is that the simple ABCduse far is based on the as-
sumption that the wave travels one spatial step for every stap. In this dielectric, with a relative
permittivity of 9, the speed of light is one-third that of free space and hemeevave does not
travel one spatial step per time step—it travels a third gdatial step. A possible fix might be to
update the electric field on the boundary with the value ohitighboring electric-field node from
three time steps in the past. However, what if the relativeng@vity of the dielectric were&? In
that case the speed of light would bg,/2 times that of free space. There would be no past value
of an interior node that could be used directly to update thendary node. So, it is necessary to
rethink the implementation of the ABC so that it can handle¢hsorts of situations. This will be
addressed in another chapter.

The other artifact present in Fig. 3.13 is slightly less olrgi. If you look at the trailing edge
of the transmitted pulse around frard®, or so, you will see a slight wiggle. The incident field
is a Gaussian pulse which asymptotically goes to zero teegine of the peak value. However,
the transmitted pulse does not behave this way—at leastfteotpmopagating in the dielectric for
a while (initially there are no wiggles visible at the tradi edge of the transmitted pulse). These
wiggles are caused hyispersionin the FDTD grid. When the Courant number is anything other
than unity, the FDTD grid is dispersive, meaning that dédfarfrequencies propagate at different
speeds. Note that we have defined the Courant number adfhié, wherec is the speed of light
in free space. We will generally maintain the conventiort theepresents the speed of light in
free space. However, one can think of the Courant number asbdoantity that equals the local
speed of light multiplied by the ratid, /A,. Because the speed of light is one-third of that of free
space, the local Courant number in the dielectric is not usityce the Gaussian pulse consists of
a range of frequencies, and these frequencies are propggatlifferent speeds, the pulse “breaks
apart” as it propagates. In practice, one tries to ensuteétthamount of dispersion is small, but it
is unavoidable in multi-dimensional FDTD analysis. Dispen will be considered further later.

Because of the discretized nature of the FDTD grid, the lonadf a material boundary can
be somewhat ambiguous. The relatively permittivity thatagas to a particular electric-field node
can be assumed to exist over the space that extends from atgengighboring magnetic-field
nodes to the other neighboring magnetic-field node. Thia iddllustrated in Fig. 3.15 which
shows a portion of the FDTD grid together with the permityivassociated with each node. The
permittivities are indicated with the bar along the bottdnthe figure.

If there is only a change in permittivity, the location of th&erface between the different media
seems rather clear. It coincides with the magnetic-fieldertbdt has:; to one side and, to the
other. However, what if there is a change in permeability?tathe permeabilities are indicated
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Figure 3.15: One-dimensional grid depicting an abrupt gean both the permittivity and perme-
ability. The actual location of the interface between the tmedia is ambiguous.
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Figure 3.16: One-dimensional grid depicting a change from medium to another. An electric-
field node is assumed to be collocated with the interfacecdéime permittivity used there is the
average of the permittivities to either side.

with a bar along the top of the figure. It is seen that the iatfassociated with the change in
permeabilities is not aligned with the interface assodiatéh the change in permittivities. One
way to address this problem is to assume the true interfaakgised with an electric-field node.
This node would then use the average of the permittivitiegk@Mmedia to either side. This scenario
is depicted in Fig. 3.16. Alternatively, if one wants to hélve boundary aligned with a magnetic-
field node, then the node located on the boundary would usavitrage of the permeabilities to
either side while the electric-field nodes would use the ékmty of the first medium if they were
to the left of the boundary and use the permittivity of theosetmedium if they were to the right.

3.12 Lossy Material

When a material has a finite conductivity a conduction-current term is added to Ampere’s law
(which is distinct from the source-current term mentione&ec. 3.8). Thus,

E
oE + e%—t =V x H. (3.48)

The discretized form of Ampere’s law provided the updateagign for the electric field. As before,
assuming only a component of the field and variation only in thélirection, this equation reduces
to
O£, OH,
O'EZ + € at = E
As discussed in Sec. 3.3 and detailed in Fig. 3.2, this eguatias expanded about the point
(mA,, (¢ + 1/2)A,) to obtain the electric-field update equation. However, wloss is present,

(3.49)
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the undifferentiated electric field appears on the left afiehe equation. With the assumed
arrangement of the nodes shown in Fig. 3.2, there is no &ldatid at the space-time point
(mA,, (¢ + 1/2)A;). This problem can be circumvented by using the averagingr{ia) of the
electric field to either side of the desired point, i.e.,

1 Fatl E4
ET ) ~ 22 [m]; £lm] (3.50)
Thus a suitable discretization of Ampere’s law when losgésent is
ats ats
LBl & Etfm] | Efm] = Btm] _ Hy f[mtg] —Hy flmog] g0

2 A, B A,

As before, this can be solved fal**![m], which is the “future” field, in terms of purely past fields.
The resultis

OA¢ At

Eq-i-l[ _ 1- 2_A5Eq €Az H‘H% 1 H‘H% 1 3.52

z m]—m z[m]+m y \mtg| —Hy fm—g ). (3.52)
2e 2e

Wheno is zero this reduces to the previous update equation (3.18).

In previous update equations it was possible to expressogf@iacents in terms of the Courant
number, i.e., the ratio of the temporal step to the spatigd. g (3.52) it appears the term\,/2¢
requires that the temporal step be specified (together hwgtlsdnductivity and permittivity). How-
ever, there is a way to express this such that the tempomatlstes not need to be stated explicitly.
This will be considered in detail in Sec. 5.7.

As we will see, it is occasionally helpful to incorporate agnatic conduction current in Fara-
day’s law. Similar to the electric conduction current, thagnetic conduction current is assumed
to be the product of the magnetic conductivity and the magnetic field. Faraday’s law becomes

H
—onH — ,ua— =V x E. (3.53)
ot
We again restrict consideration to &f), component which varies only in the direction. This
reduces to OH OF
mH — == 3.54

As before, this is expanded/discretized at the space-tomd p(m + 1/2)A,, ¢A;). Since there
is no magnetic field available at integer time steps, the mtgfield is averaged in time to get an
approximation of the field at timeA,. This yields

Hy Aot 3] -y A 3] H ok ] - HY ]

m 2 H A, -
Eim + 1] — E4m]
A . (3.55)
Solving foeré[m + 1] yields the update equation
[N D a7 o U O 7T PR 3.56
y [m‘Fﬂ—W y [m+§}+w(z[m+]— 2ml). (3.56)
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Wheng,, is zero this reduces to (3.15).

Program 3.7 models a lossy dielectric half-space thatsséariodel 00. As before, the relative
permittivity is 9. However there is also an electric loss present suchabaf2e is 0.01. The
program uses two coefficient array®eze andcezh . The terms in theceze array multiply
the previous (or “self”) term while theezh array contains the terms that multiply the spatial
difference of the magnetic fields. Think of these arrays asisting of coefficients (or constants),
hence the €” at the start of their name, that appear in theupdate equation, hence tee part
of the name, and multiplying either the electric fietitte ) or the magnetic fieldogzh ). The
values of these arrays are set in the loop that starts at iné&Sihce the simple ABC previously
employed at the right edge of the grid does not work, it haslbemoved but the left side of the
grid is terminated as before. The magnetic field update iramged from before. A waterfall plot
of the data produced by Program 3.7 is shown in Fig. 3.17. Tieeplecays as it propagates in
the lossy region and eventually decays to a rather neghigidlue. Thus the lack of an ABC at the
right side of the grid is not really a concern in this partasuhstance.

Program 3.7 1Dlossy.c : One-dimensional simulation with a lossy dielectric regio

[+ 1D FDTD simulation of a lossy dielectric region. */

#include <stdio.h>
#include <math.h>

#define SIZE 200
#define LOSS 0.01

int main()
{
double ez[SIZE], hy[SIZE - 1], ceze[SIZE], cezh[SIZE],
imp0 = 377.0;

int qTime, maxTime = 450, mm;

char basename[80] = "sim", filename[100];
int frame = O;

FILE =snhapshot;

[ = initialize electric field * [
for (mm = 0; mm < SIZE; mm++)
ez[mm] = 0.0;

/ = initialize magnetic field */
for (mm = 0; mm < SIZE - 1; mm++)
hy[mm] = 0.0;
/ = set electric-field update coefficients */

for (mm = 0; mm < SIZE; mm++)
if (mm < 100) { [/=* free space =*/
ceze[mm] = 1.0;
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cezh[mm] = impO;

} else { [ * lossy dielectric */
cezelmm] = (1.0 - LOSS) / (1.0 + LOSS);
cezh[mm] = imp0 / 9.0 / (1.0 + LOSS);

}

/= do time stepping */
for (qTime = 0; gTime < maxTime; qTime++) {

/ = update magnetic field * [
for (mm = 0; mm < SIZE - 1; mm++)
hy[mm] = hy[mm] + (ez[mm + 1] - ez[mm]) / impO;

[ = correction for Hy adjacent to TFSF boundary * [
hy[49] -= exp(-(qTime - 30.) * (qTime - 30.) / 100.) / impO;

/ = simple ABC for ez[0] */
ez[0] = ez[1];

/ * update electric field */
for (mm = 1; mm < SIZE - 1; mm++)
ez[mm] = ceze[mm] * ez[mm] + cezh[mm] = (hy[mm] - hy[mm - 1]);

/= correction for Ez adjacent to TFSF boundary */
ez[50] += exp(-(qTime + 0.5 - (-0.5) - 30.) *
(qTime + 0.5 - (-0.5) - 30.) / 100.);

/ = write snapshot if time a multiple of 10 * [
if (qTime % 10 == 0) {
sprintf(filename, "%s.%d", basename, frame++);
snapshot=fopen(filename, "w");
for (mm = 0; mm < SIZE; mm++)
fprintf(snapshot, "%g\n", ez[mmy]);
fclose(snapshot);

}
} /* end of time-stepping */

return O;

}

When loss is present the characteristic impedance of theumeoiecomes

p(i-jz) e (1-jz)
-2 "\Nal-j2)

Wheno,, /1w = o /e the terms in parentheses are equal and hence cancel. Wsthtdrons canceled,

(3.57)
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Figure 3.17: Waterfall plot of the electric fields produced#yogram 3.7 which has a lossy dielec-
tric region with a relative permittivity of starting at node00.

the characteristic impedance is indistinguishable froenltissless case. Therefore

Nem—e = Nl, _go = M0y — (3.58)

As shown in (3.44), the reflection coefficient for a wave ndtyriacident on a planar boundary
is proportional to the difference of the impedances to eittide of the interface. If the material
on one side is lossless while the material on the other sitlessy witho,, /i1 = o /e, then the
impedances are matched provided the ratios. @nd ., are also matched across the boundary.
With the impedances matched, there will be no reflection ftbeninterface. Therefore a lossy
layer could be used to terminate the grid. The fields willigste in this lossy region and, if the
region is large enough, may be small by the time they encothreeend of the grid. Upon reflection
from the end of the grid, the fields would have to propagat& baough the lossy layer where they
would decay even further. With proper design the reflectddsiean be made inconsequentially
small when they eventually get back to the lossless portidheogrid.

A lossy layer with the impedance matched to the previousregan be implemented easily in
one dimension. Program 3.8 shows a program where a lossédsstdc layer withe, = 9 starts
at nodel00. The lossless region extends to nd@@. At node180, and beyond, the material has
both a nonzero electric and a magnetic conductivity. Thelgotivities are matched in the sense
thato,, /i = o/e. Thus the terms,,, A, /2 ando A, /2¢ in the update-equations are also matched.
In this program these terms are set0t02. The coefficients used in the magnetic-field update
equations are stored in the arrays/h andchye .
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The waterfall plot of the data generated by Program 3.8 isvehia Fig. 3.18. The fields
that enter the lossless region propagate to the right andteaiéy encounter the lossy region.
Because the impedances of the lossless and lossy media arkeedhathe fields enter the lossy
region without reflection (actually, that is true in the adanbus world, but only approximately true
in the discretized FDTD world—there is some small reflecpossent). As the fields propagate in
the lossy region they dissipate to the point where they anesil negligible when they reenter the
lossless region. There is no reflected field evident in theeupght corner of the plot.

Program 3.8 1Dmatched.c : Program with a lossless dielectric region followed by a&iosyer
that has its impedance matched to the lossless dielectric.

[+ 1D FDTD simulation of a lossless dielectric region
* followed by a lossy layer which matches the impedance
* of the dielectric. */

#include <stdio.h>
#include <math.h>

#define SIZE 200
#define LOSS 0.02
#define LOSS_LAYER 180

int main()
{
double ez[SIZE], hy[SIZE - 1], ceze[SIZE], cezh[SIZE],
chyh[SIZE - 1], chye[SIZE - 1], imp0 = 377.0;
int qTime, maxTime = 450, mm;
char basename[80] = "sim", filename[100];
int frame = O;
FILE =snhapshot;

/ = initialize electric field */
for (mm = 0; mm < SIZE; mm++)
ezlmm] = 0.0;

/ * initialize magnetic field */
for (mm = 0; mm < SIZE - 1; mm++)
hy[mm] = 0.0;
[+ set electric-field update coefficients */

for (mm = 0; mm < SIZE; mm++)
if (mm < 100) {
ceze[mm] = 1.0;
cezh[mm] = impO;
} else if (mm < LOSS LAYER) {
ceze[mm] = 1.0;
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cezh[mm] = imp0 / 9.0;

} else {
cezelmm] = (1.0 - LOSS) / (1.0 + LOSS);
cezh[mm] = imp0 / 9.0 / (1.0 + LOSS);

}

[+ set magnetic-field update coefficients
for (mm = 0; mm < SIZE - 1;, mm++)
if (mm < LOSS _LAYER) {

chyh[mm] = 1.0;
chye[mm] = 1.0 / impO;
} else {
chyh[mm] = (1.0 - LOSS) / (1.0 + LOSS);
chye[mm] = 1.0 / impO / (1.0 + LOSS);

}

/= do time stepping */
for (qTime = 0; qTime < maxTime; qTime++) {

/ * update magnetic field */
for (mm = 0; mm < SIZE - 1; mm++)
hy[mm] = chyh[mm] * hy[mm] +

*/

chye[mm] = (ezmm + 1] - ez[mml]);

[ = correction for Hy adjacent to TFSF boundary
hy[49] -= exp(-(qTime - 30.)

/ = simple ABC for ez[0] */
ez[0] = ez[1];

[+ update electric field */
for (mm = 1; mm < SIZE - 1; mm++)
ez[mm] = ceze[mm] * ez[mm] +

cezh[mm] = (hy[mm] - hy[mm - 1]);

/ = correction for Ez adjacent to TFSF boundary
ez[50] += exp(-(qTime + 0.5 - (-0.5) - 30.)

*

(qTime + 0.5 - (-0.5) - 30.) / 100.);

[ * write snapshot if time a multiple of 10
if (qTime % 10 == 0) {
sprintf(filename, "%s.%d", basename, frame++);
snapshot=fopen(filename, "w");
for (mm = 0; mm < SIZE; mm++)
fprintf(snapshot, "%g\n", ez[mm]);
fclose(snapshot);

x/

*/

* (qTime - 30.) / 100.) / impO;

*/

71
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Figure 3.18: Waterfall plot of the electric fields producgdRrogram 3.8 which has a dielectric
region starting at nod&00 with a relative permittivity of9. This lossless region is followed by a
lossy layer with matched impedance. The lossy region sdairiedel 80.

83 } /+ end of time-stepping * |
84
85 return O;

8 }




Chapter 4
Improving the FDTD Code

4.1 Introduction

The C code presented in the previous chapter adequatelydsgsvpurpose—it implemented the
desired FDTD functionality in a relatively straightforvdaway. However, as the algorithms get
more involved, for instance, when implementing simulagiof two- or three-dimensional prob-
lems, the readability, portability, and maintainabilitylivbe improved if our implementation is
slightly more sophisticated. In this chapter we will implem the algorithms of the previous chap-
ter in a way which may seem, at first, to be overly complicatddwever, as the complexity of
the algorithms increases in coming chapters, we will seithigseffort required to understand this
more sophisticated approach will have been worth it.

4.2 Arrays and Dynamic Memory Allocation

In C an array is stored in a block of contiguous memory. Menitssif is fundamentally a one-
dimensional quantity since memory is ultimately accessill avsingle memory address. Let us
consider a one-dimensional array of douldeswhere the size is specified at run-time rather than
at compile-time. The compiler needs to know about the excg®f this array, but at compile-time
it does not need to know the amount or the location of memomgrevthe array will be stored. We
can specify the size of the array when the program is run anceweallow the computer to decide
the location of the necessary amount of memory. The comigitetd about the potential existence
of the array with a pointer. Once the pointer is associatel thie appropriate block of memory;, it
is virtually indistinguishable from a one-dimensionalegtr

The code shown in Fragment 4.1 demonstrates how the amasan be created at run-time.
In line 1 ez is declared as a pointer—it can store an address but whemdgeam initially starts
it does not point to anything meaningful. Line 2 declares imteger variablesnum elements
which will contain the number of elements in the array, amoehwhich will be used as a loop
counter. Lines 4 and 5 determine the number of elements gredasires.

Lecture notes by John Schneidfgitd-improved-code.tex

73
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Fragment 4.1 Fragment of code demonstrating how the size of the aemygan be set at run-
time. The header filstdlib.h would typically have to be included to provide the prototype
thecalloc() function.

double =*ez;
int num_elements, mm;

printf("Enter the size of the array: ");
scanf(*%d", &num_elements);

ez = calloc(hum_elements, sizeof(double));

for (mm=0; mm < num_elements; mm++)
ezlmm] = 3.0 * mm;

Line 7 is the key to gettingz to behave as an array. In this line the poirgers set equal to the
memory address that is returned by the functaftoc() .* calloc() takes two arguments.
The first specifies the number of elements in the array whiestttond specifies the amount of
memory needed for a single element. Heredizeof() operator is used to obtain the size of
a double variable. (Although not shown in this fragment, whsing thecalloc() function
one typically has to include the header fdtlib.h to provide the function prototype.) If
calloc() is unable to provide the requested memory it will retNdLL

After the call ofcalloc() in line 7, ez points to the start of a contiguous block of memory
where the array elements can be stored. To demonstratértbs9 and 10 write the value of three
times the array index to each element of the array (soei@ would be0.0, ez[1] would be
3.0, ez[2] would be6.0, and so on).

Some compilers will actually complain about the code as wrigten in Fragment 4.1. The
“problem” is that technicallycalloc() returns a void pointer—it is simply the address of the
start of a block of memory, but we have not said what is stotékesa memory. We want a pointer
to doubles since we will be storing double precision vagabih this memory. The compiler
really already knows this since we are storing the addresz imvhich is a pointer to doubles.
Nevertheless, some compilers will give a warning becaudaef7. Therefore, to ensure that
compilers do not complain, it would be best to replace linath w

ez = (double x)calloc(num_elements, sizeof(double));

In this way the void pointer returned loalloc() is converted (or cast) to a pointer to doubles.

*calloc() is closely related to the functiomalloc()  which also allocates a block of memory and returns
the address of the start of that block. Howegaloc() returns memory which has been cleared, i.e., set to zero,
while malloc()  returns memory which may contain anything. Since we wanfidieé arrays initially to be zero, it
is better to usealloc() thanmalloc()

TRobust code would check the return value and take apprepriaasures ilULLwere returned. For now we will
assume thatalloc() succeeded.
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4.3 Macros

C provides a preprocessor which “processes” your code fwritire compiler itself. Preprocessor
directives start with the pound sig#)(and instruct the preprocessor to do things such as include
a header file (with a#include statement) or substitute one string for another. Prograrh&d
three preprocessor directives. Two were used to includélésstdio.h  andmath.h and one
used a#tdefine  statement to tell the preprocessor to substi2fi® for all occurrences of the
string SIZE .

Compilers allow you to see what the source code is after ppgbnough the preprocessor.
Using the GNU C compiler, one adds tHe flag to the compiler command to obtain the output
from the preprocessor. So, for example, one can see theesoade as it appears after passing
through the preprocessor with the command

gcc -E 1DbareBones.c

In this case you will observe that there are many, many moes lof output than there are in your
original program. This is because of the inclusion of thedeediles. Your original program will
appear at the end of the output except iIE does not appear anywhere. Instead, any place it
had appeared you will now s@€0.

The#define statement can also be used to create a macro. Unlike theesstiplg substi-
tution used before, a macro can take one or more argumengéserguments dictate how strings
given as arguments should re-appear in the output. For deangnsider the following macro

#define SQR(X) ((X)  + (X))

This tells the preprocessor that every tiB@Rappears in the source code, the preprocessor should
take whatever appeared as an argument and replace thatheidrgument multiplied by itself.
Here the argumenX is just serving as a place holder. Consider the following code

a = 6.0 * SQR(3.0 + 4.0);
After passing through the preprocessor, this code wouléapas
a=60 * (30 + 40) * (3.0 + 4.0);

The result would be that would be set equal té x 72 = 294.
It may seem that there are an excess number of parenthed@s médcro, but one must be
careful with macros to ensure the desired results are auatai@onsider this macro

#define BAD_SQR(X) X * X

If a program then contained this statement
a =60 * BAD SQR(3.0 + 4.0);

the preprocessor translates this to

a=60 » 30+ 40 = 3.0+ 4.0;
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Since multiplication has a higher precedence than additiothis casea would be set equal to
18 + 12 + 4 = 34. There is no harm in using extra parentheses, so do not teegitase them to
ensure you are getting precisely what you want.

It is also worth noting that the macro definition itself wijipically not be terminated by a
semicolon. If one includes a semicolon, it could easily piunintended results. As an example,
consider

#define BAD_SQR1(X) ((X)  * (X))
If a program then contained this statement
a = BAD_SQR1(4.0) + 10.0;
the preprocessor would translate this to
a = (400 * (4.0); + 10;

Note that the 4 10" is consider a separate statement since there is a semibetareen it and
the squared terr Thus,a will be set t016.0.
Macros may have any number of arguments. As an example d&nsi

#define FOO(X, Y) (Y) * cos((X) * (Y))
Given this macro, the following code
a = FOO(cos(2.15), 7.0 * sqrt(4.0));
would be translated by the preprocessor to
a = (7.0 = sqgrt(4.0) * c0s((cos(2.15)) * (7.0 =* sqrt(4.0)))

Macros can span multiple lines provided the newline charaat the end of each line is
“quoted” with a backslash. Said another way, a backslash brishe last character on a line
if the statement is to continue on the next line.

There is another “trick” that one can do with macros. One egrtisey want the string version
of an argument in the preprocessor output, essentiallyrther@ent will appear enclosed in quotes
in the output. To understand why this is useful, it first haipsecall that in C, if one puts two
string next to each other, the compiler treats the two sépatangs as a single string. Thus, the
following commands are all equivalent

printf("Hello world.\n");

printf("Hello " "world.\n");
printf("Hello "
"world.\n");

Each of these produce the output

Hello world.

fWhen using the GNU C compiler, this “bad” code will compile gtit error. If one adds th&vall flag when
compiling, the GNU compiler will provide a warning that gs/the line number and a statement suchvearhing:
statement with no effect " Nevertheless, the code will compile.
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Note that there is no comma between the separated strings printf() statements and the
amount of whitespace between the strings is irrelevant.

If we want the preprocessor to produce the string versioma@frgument in the output, we affix
# to the argument name in the place where it should appear ioutpait. For example, we could
use a macro to print what is being calculated and show thdt ifsthe calculation as well:

#define SHOW_CALC(X) \
printf(#X " = %g\n", X)

The first line of this macro is terminated with a backslaslmigkhe preprocessor that the definition
is continued on the next line. Now, if the code contained

SHOW_CALC(6.0 + 24.0 / 8.0);
the preprocessor would convert this to
printf("6.0 + 24.0 / 8.0" " = %g\n", 6.0 + 24.0 / 8.0);
When the program is run, the following would be written to theegn
6.0 + 240 /80 =9

We are now at a point where we can construct a fairly sophisc macro to do memory
allocation. The macro will check if the allocation of memavgs successful. If not, the macro will
report the problem and terminate the program. The folloviiagment shows the desired code.

Fragment 4.2 Macro for allocating memory for a one-dimensional arraye Tailing backslashes
must appear directly before the end of the line. (By “quotitigg newline character at the end of
the line we are telling the preprocessor the definition igiooed on the next line.)

#define ALLOC_1D(PNTR, NUM, TYPE) \
PNTR = (TYPE *)calloc(NUM, sizeof(TYPE)); \

if ('PNTR) { \

perror("ALLOC _1D"); \

fprintf(stderr, \
"Allocation failed for " #PNTR ". Terminating...\n");\
exit(-1); \
}

The macrcaALLOC1D() takes three arguments: a pointer (calRITR, an integer specifying
the number of element®UN), and a data typel(YPE). The macro usesalloc() to obtain the
desired amount of memory. It then checks if the allocatios steccessful. Recall thaalloc()
will return NULL if it failed to allocate the requested memory. In C, the exe@aom mark is
also the “not operator.” So, if the value BNTRis NULL (or, thought of another way, “false”),
then!PNTR would be true. If the memory allocation failed, two error is&ges are printed (one
message is generated using the system fungi@mor() , the other use$printf() and
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writes the output tetderr , which is typically the screen). The program is then tertadavith
theexit() = command.

With this macro in our code we could create an araywith 200 elements with statements
such as

double *ez;

ALLOC_1D(ez, 200, double);

Technically the semicolon in the second statement is nasszey (since this macro translates to
a block of code that ends with a close-brace), but there isanm In having it.

4.4 Structures

In C one can group data together, essentially create a campdata type, using what is known
as a structure. A program can have different types of strasiu.e., ones that bundle together
different kinds of data. For example, a program might usectitires that bundle together a person’s
age, weight, and name as well as structures that bundlen@gatperson’s name, social security
number, and income. Just as we can have multiple variablasgofen type and each variable
is a unique instance of that data type, we can have multipiablas that corresponds to a given
structure, each of which is a unique instance of that stractu

Initially, when declaring a structure, we first tell the calapthe composition of the structure.
As an example, the following command defingsesison structure that contains three elements:
a character pointer callathme that will be used to store the name of a person, an integezctall
age that will correspond to the person’s age, and an integeedaleight that will correspond
to the the person’s weight.

struct person {
char *name;
int age;
int weight;

h

This statement is merely a definition—no structure has beeated yet. To create @erson
structure calledhob and another one callexlie , a command such as the following could be used:

struct person bob, sue;
Actually, one could combine these two statements and cbediteandsue with the following:

struct person {
char *name;
int age;
int weight;

} bob, sue;

However, in the code to come, we will use a variant of the ttedesnent version of creating
structures. It should also be pointed out that elements toeed to be declared with individual
statements of their own. For example, we could write
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int age, weight;

instead of the two separate lines shown above.

To access the elements of a structure we write the name otrinetge, a dot, and then the
name of the element. For examphlmb.age would be theage element of the structurieob,
andsue.age would be theage element of the structurgue (despite the fact that these are both
age elements, they are completely independent variables).

Now, let’'s write a program that creates tywerson structures. The program has a func-
tion calledshowPersonl() to show the elements of person and another function called
changePersonl() that reduces the person’s age by two and decreases theintvsidive.
Each of these functions takes a single argumepigraon structure. The program is shown in
Program 4.3.

Program 4.3 struct-demol.c : Program to demonstrate the basic use of structures.
[+ Program to demonstrate the use of structures. Here structur es are
passed as arguments to functions. * [

#include <stdio.h>

struct person {
char *name;
int age;
int weight;

|3

void changePersonl(struct person p);
void showPersonl(struct person p);

int main() {
struct person bob, sue;

sue.name = "Sue";
sue.age = 21;
sue.weight = 120;

bob.name = "Bob";
bob.age = 62;
bob.weight = 180;

showPersonl(sue);

printf(" »* Before changePersonl() *x\n");
showPersonl(bob);

changePersonl(bob);

printf(" +x+  After changePersonl() *xx \N");
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showPersonl(bob);

return O;

}

/= Function to display the elements in a person. */
void showPersonl(struct person p) {

printf("name: %s\n", p.name);

printf("age: %d\n", p.age);

printf("weight: %d\n", p.weight);

return;

}

/ * Function to modify the elements in a person. */
void changePersonl(struct person p) {

p.age = p.age - 2;

p.weight = p.weight - 5;

printf(" *+ |n changePersonl() *xx \N");
showPersonl(p);
return;

In line 16 of themain() function we declare the twperson structuredbob andsue. This
allocates the space for these structures, but as yet tlearesits do not have meaningful values.
In 18 we set thename of element ofsue. The following two lines set thage andweight .
The elements fobob are set starting at line 22. In line 26 tshowPersonl() function is
called with an argument @ue . This function, which starts on line 38, shows tieme, age, and
weight of aperson .

After showing the elements slie , in line 29 ofmain() , showPersonl() is used to show
the elements dbob. In line 30 the functiorchangePersonl() s called with an argument of
bob. This function, which is given starting on line 46, subtsato from theage and five from
theweight . After making this modifications, in line 58howPersonl() is called to display
the modified person.

Finally, returning to line 32 of thenain() function, theshowPerson1() function is called
once again with an argument bbb . Note that this is aftebob has supposedly been modified by
thechangePersonl()  function. The output produced by Program 4.3 is

name: Sue

age: 21

weight: 120

+x+ Before changePersonl() kk
name: Bob

age: 62

weight: 180

*+ |n changePersonl() *kk
name: Bob
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age: 60

weight: 175

**  After changePersonl() Hokok
name: Bob

age: 62

weight: 180

Here we see that the initial values sfie andbob are as we would anticipate. Also, when
showPersonl() is called from withinchangePersonl() , we see the modified values for
bob, i.e., his age has been reduced by two and his weight has bdenad by five.However,
the last three lines of output show that, insofar askibk structure in themain() function is
concerned, nothing has changd&wb has not been modified lishangePersonl()

Although this behavior may not have been what we would hatieipated, it is correct. When
a structure is given as an argument, the function that ied¢a#l given a complete copy of the
original structure. Thus, when that function modifies threnetnts of the structure, it is modifying
a copy of the original—it is not affecting the original itgel

If we want a function that we call to be able to modify a struefwe must pass a pointer to that
structure. We will modify the code to permit this but let usstfintroduce théypedef statement
that allows to write slightly cleaner code. Having to wisteuct person everywhere we want
to specify aperson structure is slightly awkward. C allows us to use tiygedef statement to
define an equivalent. The following statement tells the denghatPerson is the equivalent of
struct person

typedef struct person Person;

Note that there is no requirement that we use the same wottdatructure and thigpedef -
equivalent. Additionally, even when using the same worerehs no need to use different capital-
ization (since the structure and its equivalent are maiethin different name spaces).

Now, let us assume we want to create tpantersto structures, one nameisan and one
robert . These can be created with

struct person *susan, *robert;

Assuming thetypedef statement given above has already appeared in the prograraouid
instead write:

Person =xsusan, =*robert;

susan androbert are pointers to structures but, initially, they do not altjupoint to any
structures. We cannot set their elements because thenreasnemory allocated for the storage of
these elements. Thus, we must allocate memory for thesdwstes and ensure the pointers point
to the memory.

To accomplish this, we can include in our program a statemsigctt as

ALLOC_1D(susan, 1, Person);

Recalling theALLOC1D() macro presented in Sec. 4.3, this statement will allocaertemory
for onePerson and associate that memory with the poirdesan . We can now set the element
associated witlsusan . However, accessing the elements qgianterto aPerson is different
than directly accessing the elements dfexrson . To set theage element ofsusan we would
have to write either
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(*susan).age = 21;
or
susan->age = 21;

Program 4.4 is similar to Program 4.3 in many respects exwpt rather than using structures
directly, the program primarily deals with pointers to stures. As will be shown, this allows other
functions to change the elements within any given struetdhe function merely has to be passed
a pointer to the structure rather than (a copy of) the stractu

Program 4.4 struct-demo2.c : Program to demonstrate the basic use of pointers to struc-
tures.
/* Program to demonstrate the use of pointers to structures. * [

#include <stdlib.h>
#include <stdio.h>

#define ALLOC_1D(PNTR, NUM, TYPE) \
PNTR = (TYPE =*)calloc(NUM, sizeof(TYPE)); \
if (IPNTR) { \
perror("ALLOC_1D"); \
fprintf(stderr, \
"Allocation failed for " #PNTR ". Terminating...\n");\
exit(-1); \
}

struct person {
char *name;
int age;
int weight;

h

typedef struct person Person;

void changePerson2(Person *);
void showPerson2(Person *P);
int main() {

Person *robert, *susan;

ALLOC_1D(susan, 1, Person);
ALLOC 1D(robert, 1, Person);

susan->name = "Susan";
susan->age = 21;
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susan->weight = 120;

robert->name = "Robert";
robert->age = 62;
robert->weight = 180;

showPerson2(susan);

printf(" ++ Before changePerson2() *xx \N");
showPerson2(robert);

changePerson2(robert);

printf(" **  After changePerson2() wx\n");
showPerson2(robert);

return O;

}

[ * Function to display the elements in a person. */
void showPerson2(Person *p) {

printf("name: %s\n", p->name);

printf("age: %d\n", p->age);

printf("weight: %d\n", p->weight);

return;
}
/ * Function to modify the elements in a person. * [
void changePerson2(Person *p) {

p->age = p->age - 2;
p->weight = p->weight - 5;

printf(" »* |n changePerson2() *x\n");
showPerson2(p);
return;

Thetypedef statementin line 21 allows us to write simgphgrson instead oktruct person
This is followed by the prototypes for functiombiowPerson2() andchangePerson2()
These functions are similar to the corresponding functionise previous program except now the
arguments are pointers to structures instead of structlitess, the syntactic changes are necessary
in the functions themselves (e.g., we have to wpiteage instead ofp.age ). Starting on line
29 theALLOC1D() macro is used to allocate the memory for fusan androbert pointers
that were declared in line 27. The values of the elementdaredet, the contents of the structures
displayedyobert is modified, and the contents mobert are shown again.

The output produced by Program 4.4 is

name: Susan
age: 21
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weight: 120

++ Before changePerson2() *kk
name: Robert

age: 62

weight: 180

*»* |n changePerson2() ek
name: Robert

age: 60

weight: 175

*x  After changePerson2() *kk
name: Robert

age: 60

weight: 175

Note that in this case, the changes madetigngePerson2()  are persistent—when timeain()
function shows the elementsiabert we see the modified values (unlike with the previous pro-
gram).

4.5 Improvement Number One

Now let us use some of the features discussed in the prevemti®iss in a revised version of the
“bare-bones” program that appeared in Sec. 3.5. Here wébuiitlle much of the data associated
with an FDTD simulation into a structure that we will calGaid structure. (We will often refer
to this structure as simply therid or aGrid .) Here will define theGrid as follows:

struct Grid {

double *ez; /I electric field array

double *hy; /I magnetic field array

int sizeX; /I size of computational domain
int time, maxTime; // current and max time step
double cdtds; /I Courant number

h

In the “improved” program that we will soon see, there willtrappear to be much reason for
creating this structure. Why bother? The motivation will berenclear when we start to modularize
the code so that different functions handle different atpetcthe FDTD simulation. By bundling
all the relevant information about the simulation into asture, we can simply pass as an argument
to each function a pointer to thsrid .

First, let us create a header fildtd1.h  in which we will put the definition of &rid
structure. In this file we will also include the (1D) macro &locating memory. Finally, in a quest
to keep the code as clean as possible, we will also define adéitianal preprocessor directives: a
macro for accessing thez array elements, a macro for accessingtthearray elements, and some
simple#define statements to facilitate referencessiaeX , time , maxTime, andcdtds .
The complete header file is shown in Program 4.5.
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Program 4.5 fdtd1.h : Header file for the first “improved” version of a simple 1D FDpro-
gram.

#ifndef _FDTD1_H
#define _FDTD1 H

#include <stdio.h>
#include <stdlib.h>

struct Grid {
double ~*ez;
double =*hy;
int sizeX;
int time, maxTime;
double cdtds;

3

typedef struct Grid Grid,;

/= memory allocation macro */
#define ALLOC_1D(PNTR, NUM, TYPE) \
PNTR = (TYPE =*)calloc(NUM, sizeof(TYPE)); \
if IPNTR) { \
perror("ALLOC _1D"; \
fprintf(stderr, \
"Allocation failed for " #PNTR ". Terminating...\n");\
exit(-1); \
}
/= macros for accessing arrays and such * [
[+ NOTE!N! Here we assume the Grid structure is g. */

#define Hy(MM) g->hy[MM]
#define Ez(MM) g->ez[MM]

#define SizeX g->sizeX
#define Time g->time
#define MaxTime g->maxTime
#define Cdtds g->cdtds

#endif [ matches #ifndef FDTD1 H * [

Line 1 checks if this header file, i.ddtd1.h , has previously been included. Including mul-
tiple copies of a header file can cause errors or warnings @sigvhen a term that was previously
defined in a#define statement is again mentioned in a differédefine statement). In the
simple code with which we are working with now, multiple insions are not a significant concern,
but we want to develop the techniques to ensure multipleigichs do not cause problems in the
future. Line 1 checks for a previous inclusion by testinghi identifier (technically a compiler
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directive) FDTD1H is not defined. If it is not defined, the next statement on 2 dsfih Thus,
_FDTD1H serves as something of flag. It will be defined if this file hasrbpreviously included
and will not be defined otherwise. Therefore, owing to#ifadef statement at the start of the
file, if this header file has previously been included the pregssor will essentially ignore the rest
of the file. The#ifndef statement on line 1 is paired with tlendif statement on line 36 at
the end of the file.

Assuming this file has not previously been included, nex, likeader filestdio.h  and
stdlib.h are included. Since the macAh.LOC1D() uses botltalloc() = and some printing
functions, both these headers have to be included anywAildr®C1D() is used.

The commands for defining tii&rid structure start on line 7. Following that, tAeLOC1D()
macro begins on line 18. The macros given on lines 29 and 8@ ai$ to access the field arrays in
a way that is easier to read. (Importantly, note that thestersients assume that t@eid in the
program has been given the nagiéNe will, in fact, make a habit of using the variable nagor
aGrid in the code to follow.) So, for example, the macro on line 36ved us to writeEz(50)
instead of writing the more cumbersome>ez[50] . Note that the index for the array element
is now enclosed in parentheses and not square brackets. efingidns in lines 31 through 34
allow us to writeSizeX instead ofg->sizeX , Time instead ofg->time , MaxTime instead
of g->maxTime , andCdtds instead ofg->cdtds

An improved version of Program 3.1 is shown in Program 4.6.

Program 4.6 improvedl.c : Source code for an improved version of the bare-bones 1D0FDT
program.

/ = Improved bare-bones 1D FDTD simulation. */

#include "fdtd1.h"
#include <math.h>

int main()

{
Grid =*g;
double imp0 = 377.0;
int mm;

ALLOC_1D(g, 1, Grid);

SizeX = 200; /Il size of grid
MaxTime = 250; // duration of simulation
Cdtds = 1.0; /[ Courant number (unused)

ALLOC 1D(g->ez, SizeX, double);
ALLOC_1D(g->hy, SizeX, double);

/= do time stepping * [
for (Time = 0; Time < MaxTime; Time++) {
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[ * update magnetic field */
for (mm = 0; mm < SizeX - 1; mm++)
Hy(mm) = Hy(mm) + (Ez(mm + 1) - Ez(mm)) / impQ;

/= update electric field * [
for (mm = 1, mm < SizeX; mm++)
Ez(mm) = Ez(mm) + (Hy(mm) - Hy(mm - 1)) * impO;

/ * hardwire a source node * [
Ez(0) = exp(-(Time - 30.0) * (Time - 30.0) / 100.0);
printf("%g\n", Ez(50));

} /* end of time-stepping */

return O;

}

In line 8 the pointer to th&rid structureg is declared. Because we have just declared a pointer
to aGrid , we next need to obtain the memory to store the elements dfttheture itself. This
allocation is done in line 12.

Because th&rid contains pointergz andhy, we do not need to declare those field arrays
separately. The size of the computational domain is seh@1#é while the duration of the simula-
tion is set in 15. After the preprocessor has processed tie, tloese lines will actually be

g->sizeX = 200;
g->maxTime = 250;

At this point in the program the pointeez andhy do not have any memory associated with
them—we cannot store anything yet in the field arrays. Tloeeghe next step is the allocation of
memory for the field arrays which is accomplished in lines 18 9.

The rest of the code is largely the same as given in ProgramT®é4 only difference being a
slight change in notation/syntax. Program 3.1 and Progr&prduce identical results.

This new version of the bare-bones simulation is split imto files: the header fil&td1.h
and the source filemprovedl.c . This is depicted in Fig. 4.1. Theain() function in file
improvedl.c handles all the calculations associated with the FDTD satiwrt. Since there is
only a single source file, there is no obvious advantage atiagea header file. However, as we
further modularize the code, the header file will provide avemient way to ensure that different
source files share common definitions of various things. kKample, many source files may need
to know about the details of@rid structure. These details can be written once in the header fil
and then the header file can be included into different sdileseas appropriate. Examples of this
will be provided in the following sections.
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fdtd1.h

Y
improvedl.c

main()

Figure 4.1: The files associated with the first improved wersf the FDTD code. The header

file fdtd1.h s included in the source filenprovedl.c as indicated by the dashed line. The
source filamprovedl.c  contains thenain() function which performs all the executable state-
ments associated with the simulation.

4.6 Modular Design and Initialization Functions

Thus far all the programs have been written using a singlecsdile that contains a single function
(themain() function), or in the case of the previous section, one sofileand one header file.
As the complexity of the FDTD simulation increases this apph becomes increasingly unwieldy
and error prone. A better approach is to modularize the pragio that different functions perform
specific tasks—not everything is done witmmain() . For example, we may want to use one
function to update the magnetic field, another to update kbetrec field, another to introduce
energy into the grid, and another to handle the terminatidheogrid.

Additionally, with C it is possible to put different functig in different source files and compile
the source files separately. By putting different functiondifferent source files, it is possible to
have different functions that are within one source file shariables which are “hidden” from all
functions that do not appear in that file. You can think of éeariables as being private, known
only to the functions contained in the file. As will be showngls sharing of variables can be
useful when one wants to initialize the behavior of a funttibat will be called multiple times
(but the initialization only needs to be done once).

To illustrate how functions within a file can share varialileat are otherwise hidden from
other parts of a program, assume there is a function that w teecall several times. Further
assume this function performs a calculation based on sonaenggers but these parameters only
need to be set once—they will not vary from the value to whigtytare initially set. For this type
of scenario, it is often convenient to split the functionoiivo functions: one function handles
the initialization of the parameters (the “initializatidnnction”) and the other function handles
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the calculation based on those parameters (the “calcaléiitction”). Now, the question is: How
can the initialization function make the parameters vestblthe calculation function and how can
the values of these parameters persist between one invoa#tthe function and the next? The
answer lies in global variables.

Generally the use of global variables is discouraged asaaeynake programs hard to under-
stand and difficult to debug. However, global variables camgbite useful when used properly.
To help minimize the problems associated with global vaesbwye will further modularizing the
program so that the initialization function and calculatfanction mentioned above are stored in
a separate file from the rest of the program. In this way thbajleariables that these functions
share are not visible to any other function.

As a somewhat contrived example of this approach to set@mgrpeters, assume we want to
write a program that will calculate the values of a harmoaitction where the user can specify the
amplitude and the phase, i.e., we want to calcufdte = a cos(z + ¢) wherea is the amplitude
and ¢ is the phase. Note that we often just writér) for a function like this even though the
function depends on and¢ as well asc. We usually danotwrite f(x, a, ¢) because we think of
a and¢ as fixed values (even though they have to be specified at somig while z is the value
we are interested in varying. Assume we want to write our gegso that there is a function
harmonicl() thatis the equivalent of(z) = a cos(z+¢). harmonicl()  should take a single
argument that corresponds to the value .0fVe will use a separate functidmarmonicinitl()
that will set the amplitude and phase.

A file that contains a suitable thmain() function and the associated statements to real-
ize the parameter setting discussed above is shown in Pnogfa The function prototypes for
harmoniclnitl() andharmonicl() are givenin lines 12 and 13, respectively. Note, how-
ever, that these functions do not appear in this file. Betwiees 19 and 23 the user is prompted
for the amplitude and phase (and the phase is converted fegmees to radians). These values
are passed as arguments to tl@moniclnitl() function. As we will see a little later, this
function sets persistent global parameters to these valudisat they are visible to the function
harmonicl() whenever it is called. The for-loop that starts on line 28agyates the desired
output values. Here we set the variakléo values betweef and2x. In line 30 the value ok is
printed together with the value brmonic1(x) . Note that théharmonicl() function is not
passed the amplitude or phase as an argument.

Program 4.7 param-demol.c : File containing themain() function and appropriate header
material that is used to demonstrate the setting of pengiprameters in an auxilliary function.
Hereharmoniclnitl() andharmonicl() are serving this auxilliary role. The code associ-
ated with those functions is in a separate file (see Progr8jn 4.

param-demol.c. Program that demonstrates the setting of

"persistent" parameters via the arguments of an initializa tion
function. Here the parameters control the amplitude and pha se of a
harmonic function f(x) = a cos(x + phi). This program generat es

num_points of the harmonic function with the "x" value of the
varying between zero and 2 * Pi.

E o T T .
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#include <stdio.h>
#include <math.h> /I To obtain M_PI, i.e., 3.14159...

void harmoniclnitl(double amp, double phase);
double harmonicl(double x);

int main() {
double amp, phase, X;
int mm, num_points = 100;

printf("Enter the amplitude: ");

scanf(" %lIf", &amp);

printf("Enter the phase [in degrees]: ");
scanf(" %lf', &phase);

phase *= M_PI / 180.0;

[+ Set the amplitude and phase. */
harmoniclnitl(amp, phase);

for (mm = 0; mm < num_points; mm++) {
x =20 * M_Pl » mm / (float)(num_points - 1);
printf("%f %f\n", X, harmonicl(x));

}

return O;

The file containing the functiortsarmonicinit1() andharmonicl() is shown in Pro-
gram 4.8. In line 12 two static double variables are declaaeapis the amplitude anghase is
the phase. These variables are visible to all the functiotisis file but are not visible to any other
functions (despite the common name, these variables aneadisom those with the same name in
themain() function). Furthermore, the value of these variables wirsist.” They will remain
unchanged (unless we explicitly change them) and avail@bleur use through the duration of
the running of the program. (Note that, it may perhaps be sdratconfusing, but thestatic "~
gualifier in line 12 does not mean constant. The value of thasables can be changed. Rather, it
means these global variables are local to this file.)

The harmoniclnitl() function starts on line 17. It takes two arguments. Hereedhos
arguments are labeldtie _amp andthe _phase . We must distinguish these variable names
from the corresponding global variables. We accomplisk biyi putting the prefixhe _ on the
corresponding global variable name. The global variabhlesat to the desired values in lines 18
and 19. Thenarmonicl() function that begins on line 25 then uses these global vatutse
calculation ofa cos(z + ¢).

Program 4.8 harmonic-demol.c : File containing the functionkarmonicinitl() and



© [ee] ~ [=2] (&) e w N Ll

I I R S~ O i < e
P O © ® N o o » W N kB O

N
N

23

24

25

26

27

4.6. MODULAR DESIGN AND INITIALIZATION FUNCTIONS 91

harmonicl()

[ *

* harmonic-demol.c: Functions to calculate a harmonic funct ion of a

* given amplitude and phase. The desired amplitude and phase a re

* passed as arguments to harmoniclnitl(). harmoniclnitl() s ets the

* corresponding static global variables so that these values will be

* available for the harmonicl() function to use whenever it is

* called.

*/

#include <math.h> /I for cos() function

[+ Global static variables that are visible only to functions i nside
this file. * |

static double amp, phase;

/[ initialization function

void harmoniclnitl(double the_amp, double the phase) {
amp = the_amp;
phase = the_phase;

return;

}

/[ calculation function
double harmonicl(double x) {
return amp * cos(x + phase);

}

Now, let us change these programs in order to further septraimain() function from the
harmonic function. There is no reason that thain() function should have to prompt the user
for the amplitude or phase. These values are simply passed & the harmonic initialization
function and never actually usednmain() . Thus, a better approach would be to let the harmonic
initialization function prompt the user for whatever inpubeeds. Themain() function would
merely call the initialization function and leave all theaiés up to it. So in the future, if one wanted
to change the harmonic function so the user could specifgquiEncy as well as the amplitude and
phase, that code could be added to the harmonic functionhémain() function would not
have to be changed in any way.

The new version of thenain() function is shown in Program 4.9. Note that there is now no
mention of amplitude or phaseinain() . Thatinformation has all been relegated to the harmonic
functions themselves.

Program 4.9 param-demo2.c : Modified file containing thenain() function which demon-
strates the use of an initialization function to set paramsetin this version of the code the ini-
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tilization functionharmonicinit2() takes no arguments. The code farmonicinit2()
andharmonic2() is givenin Program 4.10.

[ param-demo2.c: Program that demonstrates the setting of

* "persistent” parameters via an initialization function. H ere the
* jnitialization function handles all the details of obtaini ng the
* parameters associated with the harmonic function.

*/

#include <stdio.h>
#include <math.h> /I To obtain M_PI, i.e., 3.14159...

void harmoniclnit2();
double harmonic2(double x);

int main() {
double x;
int mm, num_points = 100;

[ = Initialize the harmonic function. * [
harmoniclnit();

for (mm = 0; mm < num_points; mm++) {
Xx =20 * MPl » mm / (float)(num_points - 1);
printf("%f %f\n", X, harmonic2(x));

}

return O;

The file containingharmoniclnit2() andharmonic2()  is shown in Program 4.10. As
before, the amplitude and phase are global static varidhkgsare declared in line 13. Note
that harmoniclnit2() takes no arguments. Instead, this function prompts the fosehe
amplitude and phase and sets the global variables appi@grilaving done this, these values are
visible to the functiorharmonic2()  (which is unchanged from the functidrarmonicl()
given previously).

Program 4.10 harmonic-demo2.c : File containing the functionesarmoniclnit2() and
harmonic2()

[ *
* harmonic-demo2.c: Functions to calculate a harmonic funct ion of a
* given amplitude and phase. harmoniclnit2() prompts the use r for

* the amplitude and phase and sets the global variables so thes e
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* values will be available for the harmonic2() function to use
* whenever it is called.
*/

#include <math.h> /I for cos() function

[+ Global static variables that are visible only to functions i nside
this file. * |
static double amp, phase;

/I initialization function
void harmonicinit2() {

printf("Enter the amplitude: ");

scanf(" %lf", &amp);

printf("Enter the phase [in degrees]. ");
scanf(" %lf', &phase);

phase *= M_PI / 180.0;

return;

}

/I calculation function
double harmonic2(double x) {
return amp * cos(x + phase);

}

In Sec. 4.8 we will discuss the compilation of multi-file prags such as these.

4.7 Improvement Number Two

Let us consider a further refinement to the simple bare-bBBID simulation. In this version of
the code the updating of the electric and magnetic fieldshgithandled by separate functions. The
grid arrays will be initialized with a separate function ahe source function will be calculated
using a separate function. The arrangement of the functioreng the various files is depicted in
Fig. 4.2.

Program 4.11 shows the contents of theifiproved2.c . Asindicated in Fig. 4.2nain()
callsgridinit2() . This function initializes th&rid structureg. The functiongridinit2()
is contained in the separate fg@dinit2.c . The magnetic fields are updated using the func-
tion updateH2()  while the electric fields are updated usingdateE2() . Both these func-
tions are contained in the filgpdate2.c . The source function is calculated using the function
ezinc() thatis contained in the filezinc2.c

Program 4.11 improved2.c : Further code improvement of the bare-bones 1D FDTD simula-
tion. Here the initialization of the grid as well as the updgtof the fields are handled by separate
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ezinc2.h fdtd2.h
Y Yoy ¥ Y
ezinc2.c improved2.c gridinit2.c update2.c
ezinclinit() main() gridinit2() updateE2()
ezlnc() updateH2()

Figure 4.2: The files associated with the second improvesiaeiof the FDTD code. The header
files fdtd2.h  andezinc2.h  are included in the source files to which they are joined by a
dashed line. The filenproved2.c  contains themain() function but the initialization of the
grid, the calculation of the source function, and the updaptf the fields are no longer done in
main() . Instead, other functions are called to accomplish thesestaThe heavy black lines
indicates which functions call which other functions. Imstbasemain() originates calls to all
the other functions.
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functions. The argument for these functions is merelyGhe pointerg. Additionally, the source
function is initialized and calculated by separate funttio

/* Version 2 of the improved bare-bones 1D FDTD simulation. */

#include "fdtd2.h"
#include "ezinc2.h"

int main()

{
Grid *g;
ALLOC_1D(g, 1, Grid); /I allocate memory for Grid
gridinit2(g); /I initialize the grid
ezinclnit(g); /I initialize source function

/= do time stepping * [
for (Time = 0; Time < MaxTime; Time++) {

updateH2(g); /I update magnetic field
updateE2(g); /I update electric field
Ez(0) = ezInc(Time, 0.0); /I apply source function
printf("%g\n", Ez(50)); /I print output

} /I end of time-stepping

return O;

Line 8 declareg to be a pointer to &rid . Since aGrid structure has as elements the field
arrays, the time step, the duration of the simulations, &edntaximum number of time steps,
none of these variables need to be declared explicitly. Nueever, that line 8 merely creates a
pointer but as yet this pointer does not point to anythingmmegul. Line 10 useALLOC1D()
to allocated memory for th€rid and ensureg points to that memory. Assuming there were no
errors in the allocation, this line is effectively the ecalent of

g = calloc(1, sizeof(Grid));

As shown in lines 11, 17, and 18ridInit2() , updateH2() , andupdateE2() each
have a single argumeng (a pointer to theGrid ). The parameters of the source function are
initialized by callingezinclinit() in line 13.

The header filédtd2.h  is shown in Program 4.12. This file is largely the samlgdl . h
The only significant difference is the function prototypleattare provided in lines 36—38 for three
of the functions called bynain() (note that the prototypes for the functions related to thes®
are provided irezinc2.h ).
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Program 4.12 fdtd2.h : Header file to accompany the second version of the improveel@ c
showin in Program 4.11. The differences between this filefdttd.h  are shown in bold.
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#i f ndef _FDTD2_H
#define _FDTD2_H

#include <stdio.h>
#include <stdlib.h>

struct Grid {
double ~*ez;
double =*hy;
int sizeX;
int time, maxTime;
double cdtds;

3

typedef struct Grid Grid,;
/= memory allocation macro */

#define ALLOC_1D(PNTR, NUM, TYPE)
PNTR = (TYPE *)calloc(NUM, sizeof(TYPE));

if IPNTR) {
perror("ALLOC_1D";
fprintf(stderr,
"Allocation failed for " #PNTR ". Terminating...\n");\
exit(-1);
}
/* macros for accessing arrays and such */

#define Hy(MM) g->hy[MM]
#define Ez(MM) g->ez[MM]

#define SizeX g->sizeX
#define Time g->time
#define MaxTime g->maxTime
#define Cdtds g->cdtds

/* function prototypes =*/
void gridlnit2(Gid *g);
voi d updateH2(Gid *g);
voi d updateE2(Gid *qg);

#endif / * matches #ifndef _FDTD2_H */

Program 4.13 shows the contents of thedipelate2.c . The static global variablenpO rep-
resents the characteristic impedance of free space andas3§&.0 in line 6. This variable is never
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changed throughout the program. The magnetic field is ugdaith the functionupdateH2()

which is given between lines 9 and 16. Note that the updatateuusesly() andEz() torefer

to the elements of the field arrays. The macroglid2.h  translate these to the necessary syntax
(which is essentiallg->hy[] andg->ez[] ). The electric field is updated usingdateE2()

which is given between lines 19 and 26.

Program 4.13 update2.c : Source code for the functiongpdateH2() andupdateE2()

/= Functions to update the electric and magnetic fields. */
#include "fdtd2.h"

/ = characteristic impedance of free space */
static double imp0 = 377.0;

[ * update magnetic field *
void updateH2(Grid *q) {
int mm;

for (mm

= 0; mm < SizeX - 1; mm++)
Hy(mm) =

Hy(mm) + (Ez(mm + 1) - Ez(mm)) / impO;

return;

}
[ * update electric field * [
void updateE2(Grid *Q) {

int mm;

for (mm = 1, mm < SizeX - 1; mm++)

Ez(mm) Ez(mm) + (Hy(mm) - Hy(mm - 1)) * impO0;
return;
}
Program 4.14 shows the source code for the fundgrafinit2() . This function is used to

set the value of various elements of @8ed . (For this rather simple simulation, this program is
itself quite simple.) Line 6 sets the size of the G&izeX , to200. Actually, after the preprocessor
has processed the code, this line will be

g->sizeX = 200;

Line 7 sets the duration of the simulation280 time-steps. Line 8 sets the Courant number to
unity. Lines 10 and 11 use th&LLOC1D() macro to allocate the necessary memory for the
electric and magnetic field arrays.
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Program 4.14 gridinit2.c : Source code for the functiagridinit2()

/ = Function to initialize the Grid structure. * [

#include "fdtd2.h"

void gridInit2(Grid *g) {
SizeX = 200; /I set the size of the grid
MaxTime = 250; /I set duration of simulation
Cdtds = 1.0; /I set Courant number
ALLOC _1D(g->ez, SizeX, double); /I allocate memory for Ez
ALLOC 1D(g->hy, SizeX, double); /| allocate memory for Hy
return;

}

Finally, Program 4.15 shows the contents of the di#nc2.c  which contains the code to
implement the functiongzInclinit() andezinc() . The functionezinc() is Gaussian
pulse whose width and delay are parameters that are sslbginit() . The implementation
of this source function is slightly different than in the girial bare-bones code in that here the
user is prompted for the width and delay. Additionally, tlheirce functiorezinc() takes two
arguments, the time and the location, so that this functemm lme used in a TFSF formulation.
Whenezinc() is called frommain() , the location is simply hardwired to zero (ref. line 19 of
Program 4.11).

Program 4.15 ezinc2.c : File for the functiongzInclinit() andezinc() .ezinc() isa
traveling-wave implementation of a Gaussian pulse. Thex¢hmee private static global variables
in this code. These variables, representing the width atay ad the pulse as well as the Courant
number, are determined and set by the initialization fuumogizIncinit() . The Courant num-
ber is taken from th&rid pointer that is passed as an argument while the user is peaitpt
provide the width and delay.

/ * Functions to calculate the source function (i.e., the incid ent
* field). * [

#include "ezinc2.h"

/ = global variables -- but private to this file */
static double delay, width = 0, cdtds;

/= prompt user for source-function width and delay. * [
void ezInclnit(Grid *g){
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cdtds = Cdtds;

printf("Enter delay: ");
scanf(" %lf', &delay);
printf("Enter width: ");
scanf(" %lf", &width);

return;

}

/ = calculate source function at given time and location */
double ezinc(double time, double location) {
if (width <= 0) {
fprintf(stderr,
"ezInc: must call ezinclnit before ezinc.\n"
Width must be positive.\n");
exit(-1);
}
return exp(-pow((time - delay - location / cdtds) / width, 2) );

}

In Program 4.15 the variableidth is used to determine if initialization has been done.
width is initialized to zero when it is declared in line 7. If it is hpositive whenezinc()
is called, an error message is printed and the program tatesnin practice one should check that
all the parameters have been set to reasonable values,rbuvé®nly check the width.

The private variabledtds declared in line 7 is distinct fror@dtds which the preprocessor
expands tg->cdtds . That is to say the Courant numbstds that is an element within the
Grid is different from the private variabltds in this file. But, of course, we want these values
to be the same and line 12 assures this.

The header file to accompanyinc2.c  is shown in Prograrezinc2.h . Aswell as provid-
ing the necessary function prototypes, this file ensuremtiiesion offdtd2.h  (which provides
the description &rid structure).

Program 4.16 ezinc2.h : Header file that accompanieginc2.c  and is also included in the
file that specifiesnain() (i.e., the fileimproved2.c

/ = Header file to accompany ezinc2.c. */

#ifndef _EZINC2_H
#define _EZINC2_H

#include <math.h>
#include <stdio.h>
#include <stdlib.h>
#include "fdtd2.h"
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void ezInclnit(Grid *Q);
double ezinc(double time, double location);

#endif /* matches #ifndef _EZINC2_H * [

4.8 Compiling Modular Code

When a program is divided between multiple files it is typigalbt necessary to recompile every
file if there was a change in only some of them. Each sourcediide compiled individually to an
“object file” or object code. An object file, by itself, is natexutable. (To create executable code,
all the object code must be linked together.) To create agobhije with the GNU C compiler, one
uses thec flag. Thus, for example, to obtain the object file &@inc2.c , one would issue a
command such as

gcc -Wall -O -c ezinc2.c

The flag-Wall means to show all warnings, whit® tells the compiler to optimize the code
(greater optimization can be obtained by instead us®g or -O3—the greater optimization
usually comes at the cost of slower compilation and larggradland executable files). When this
command is issued the compiler will create the objectfdmc2.0

The object files for all the components of the program can bated separately by reissuing
commands similar to the one shown above, e.g.,

gcc -Wall -O -c ezinc2.c
gcec -Wall -O -c improved2.c
gcc -Wall -O -c update2.c
gcc -Wall -O -c gridinit2.c

These commands would create the object fdemc2.0 , improved2.0 , update2.0 , and
gridinit2.o . Alternatively, one can create all the object files at ongéegia command such as

gcc -Wall -O -c ezinc2.c improved2.c update2.c gridinit2.c

No matter how the object files are created, they need to bedim#gether to obtain an exe-
cutable. The command to accomplish this is

gcec ezinc2.0 improved2.0 update2.0 gridinit2.0 -Im -0 impr oved2

The flag-Im tells the compiler to link to the math library (which is nesas/ because of the math
functions used iezinc2.c ). The-o flag allows one to specify the name of the output/executable
file, in this casemproved?2

For small programs there is not much advantage to increremtapilation. However, as the
software increases in size and complexity, there may berdgfis@nt savings in time realized by
recompiling only the code that has changed. For examplenass change was made in the file
gridinit2.c but in no other. Also assume that the object code for eachd#eheviously been
created. To obtain an executable that reflects this changenanely needs to recompile this one
file and then link the resulting object file to the others, i.e.
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gcc -Wall -O -c gridinit2.c
gcc ezinc2.0 improved2.0 update2.0 gridinit2.0 -Im -0 impr oved2

The details of incremental compilations can actually bedkenhby utilities that detect the files
that need to be recompiled and react accordingly. Those wehimterested in an example of such
a utility may be interested in thmake utility which is available on most Unix-based machines.
Another helpful utility, which goes hand-in-hand withake is makedepend which sorts out
the dependence of all the source files on the header fiteske is a rather old utility—going
back to the early days of Unix—and there are alternativesadla such as SCons available from
WWW.SCOoNS.org

4.9 Improvement Number Three

Now let us modularize the program that contained the matébesl layer (Program 3.8). As
shown in Fig. 4.3, we will use separate functions for inigigg the grid, taking snapshots, applying
the TFSF boundary, updating the grid, and applying the ABC.i#aithlly, the calculation of the
incident source function will be handled by a separate fonciThis source function will be called
by the function that implements the TFSF boundary, but nerotBach box in Fig. 4.3 represents a
separate file that contains one or more functions. The ddstesdindicate the inclusion of header
files and the heavy lines indicate function calls from onetélanother.

The source codanproved3.c  which contains thenain() function is shown in Program
4.17. Note that nearly all activities associated with th&B3imulation are now done by separate
functions.main() merely serves to ensure that proper initialization is dareetaen implements
the time-stepping loop in which the various functions aléeda

Program 4.17 improved3.c : Source code containing thmeain() function. Nearly all the
FDTD related activities have been relegated to separatgifuns which are called frommain() .

[+ FDTD simulation where main() is primarily used to call other
* functions that perform the necessary operations. * [

#include "fdtd3.h"

int main()
{
Grid =g;
ALLOC_1D(g, 1, Grid); /I allocate memory for Grid
gridInit3(g); /I initialize the grid
abclnit(g); /I initialize ABC
tfsfinit(g); /I initialize TFSF boundary

snapshotlinit(g); /I initialize snapshots
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ezinc3.h
Y A Y
gridinit3.c tfsf.c ezinc3.c
gridinit3() tfsfinit() ezInclnit()
tfsfUpdate() ezinc()

improved3.c

1 | A

—
— } l

fdtd3.h || main0

update3.c abc.c snapshot.c
updateE3() abclnit() snapshotlinit()
updateH3() abc() snapshot()

Figure 4.3: The files associated with the third improvemédrthe FDTD code. The header file
fdtd3.h is explicitly included in the source files to which it is jomhby a dashed line. (Wherever
ezinc3.h  appears it also ensurédtd3.h  is included.) The fildmproved3.c  contains
themain() function but the initialization of the grid, the applicatiof the absorbing boundary
condition, the calculation of the source function, the updpof the fields, and the taking of the
snapshots is no longer donenmain() . Instead, other functions are called to accomplish these

tasks.
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[+ do time stepping */
for (Time = 0; Time < MaxTime; Time++) {

updateH3(g); /I update magnetic field
tfsfUpdate(q); /I correct field on TFSF boundary
abc(g); /I apply ABC

updateE3(g); /I update electric field
snapshot(g); /I take a snapshot (if appropriate)

} /I end of time-stepping

return O;

We have any number of options in terms of how functions shboeléhitialized or what argu-
ments they should be passed. Thus, one should not consisieotte to be optimum in any way.
Rather this code is being used to illustrate implementatpiions.

As in the previous progranmain() starts by defining &rid pointer and allocating space for
the actual structure. Then, in lines 12-15, four initidii@a functions are calledyridinit3()
initializes theGrid (this will be discussed in more detail shorthgbclinit() handles any ini-
tialization associated with the ABC (as we will see, in thistigalar case there is nothing for this
initialization function to do)tfsfinit() initializes the TFSF boundary whitamapshotinit()
does the necessary snapshot initialization. Followingdhsitialization steps is the time-stepping
loop where the various functions are called that do the actleulations.

The headefdtd3.h  is shown in Program 4.18. Looking justiatproved3.c  you would
be unaware that th&rid structure has changed. However, four pointers have beesdatict
will contain the update-equation coefficients. As can bensedines 8 and 9 of Program 4.18,
these pointers are namedze , cezh , chyh , andchye . Besides this and besides providing the
function prototypes for the new functions, this header §largely the same ddtd2.h

Program 4.18 fdtd3.h : Header file to accomparnmproved3.c . Differences fronfdtd2.h
are shown in bold.

#i f ndef _FDTD3_H
#define FDTD3_H

#include <stdio.h>
#include <stdlib.h>

struct Grid {
double =*ez, +*ceze, *cezh;
double =*hy, =*chyh, xchye;
int sizeX;
int time, maxTime;
double cdtds;
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¥
typedef struct Grid Grid;

/* macros for accessing arrays and such */
#define Hy(MM) g->hy[MM]

#define Chyh(MV) g->chyh[ WM

#defi ne Chye(MV) g->chye[ MW

#define Ez(MM) g->ez[MM]
#define Ceze(MV) g->ceze[W
#define Cezh(MV) g->cezh[ MM

#define SizeX g->sizeX
#define Time g->time
#define MaxTime g->maxTime
#define Cdtds g->cdtds

/= memory allocation macro */
#define ALLOC_1D(PNTR, NUM, TYPE) \
PNTR = (TYPE *)calloc(NUM, sizeof(TYPE)); \
if (IPNTR) { \
perror("ALLOC_1D"); \
fprintf(stderr, \
"Allocation failed for " #PNTR ". Terminating...\n");\
exit(-1); \
}

/ * Function prototypes */
void abclnit(Gid *g);
void abc(Gid *qg);

void gridlnit3(Gid *g);

voi d snapshotlnit(Gid *g);
voi d snapshot (Gid *g);

void tfsflnit(Gid *xq);
void tfsfUpdate(Gid *g);

voi d updat eE3(Gid *g);
voi d updateH3(Gid *g);

#endif / * matches #ifndef FDTD3 H */

The functiongridinit3() is contained in the filgridinit3.c shown in Program 4.19.
Keep in mind that it does not matter what file names are—fileegado not have to match the
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contents of the file in any way, but, of course, it is best to nsmes that are descriptive of the
contents.

The preprocessor directives in lines 5—7 are simply to pl@eonvenient names to the amount
of loss, the starting location of the lossy layer, and thathetly permittivity of the half space.
These parameters are the same as they were in Program 3.8.

Program 4.19 gridinit3.c : ThegridInit3() function to initialize theGrid .

/ = Function initialize Grid structure. * [
#include "fdtd3.h"
#define LOSS 0.02

#define LOSS_LAYER 180 // node at which lossy layer starts
#define EPSR 9.0

void gridInit3(Grid Q) {
double imp0 = 377.0;
int mm;
SizeX = 200; /I size of domain
MaxTime = 450; // duration of simulation
Cdtds = 1.0; /I Courant number

ALLOC_1D(g->ez, SizeX, double);
ALLOC_1D(g->ceze, SizeX, double);
ALLOC_1D(g->cezh, SizeX, double);
ALLOC_1D(g->hy, SizeX - 1, double);
ALLOC_1D(g->chyh, SizeX - 1, double);
ALLOC 1D(g->chye, SizeX - 1, double);

[ = set electric-field update coefficients */
for (mm = 0; mm < SizeX; mm++)
if (mm < 100) {
Ceze(mm) = 1.0;
Cezh(mm) = impO0;
} else if (mm < LOSS_LAYER) {

Ceze(mm) = 1.0;
Cezh(mm) = imp0 / EPSR;
} else {
Ceze(mm) = (1.0 - LOSS) / (1.0 + LOSS);
Cezh(mm) = impO / EPSR / (1.0 + LOSS);
}
/ * set magnetic-field update coefficients */

for (mm = 0; mm < SizeX - 1; mm++)
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if (nm < LOSS_LAYER) {

Chyh(mm) = 1.0;
Chye(mm) = 1.0 / impO;
} else {
Chyh(mm) = (1.0 - LOSS) / (1.0 + LOSS);
Chye(mm) = 1.0 / imp0 / (1.0 + LOSS);
}
return;

}

Lines 13-15 set the size of tla&rid , the duration of the simulation, and the Courant number.
Lines 17-22 allocate the necessary memory for the varioagsarThe coefficient arrays are then
set as they were in Program 3.8.

The functions to update the electric and magnetic fieldspipelateE3() andupdateH3()
are contained in the filapdate3.c . The contents of this file are shown in Program 4.20. The
functions are largely unchanged from those that appear@idgram 4.13. The only significant
differences are the appearance of the coefficient arrayseinpdate equations that start on lines
10 and 21.

Program 4.20 update3.c : Functions to update the electric and magnetic fields.

/ = Functions to update the electric and magnetic fields. */
#include "fdtd3.h"

/ = update magnetic field * |
void updateH3(Grid *q) {
int mm;

for (mm

= 0; mm < SizeX - 1; mm++)
Hy(mm) =

Chyh(mm) * Hy(mm) +
Chye(mm) = (Ez(mm + 1) - Ez(mm));

return;

}

/ = update electric field * [
void updateE3(Grid *q) {
int mm;

for (mm = 1, mm < SizeX - 1; mm++)
Ez(mm) = Ceze(mm) * Ez(mm) +
Cezh(mm) * (Hy(mm) - Hy(mm - 1));
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return;

}

The function to apply the absorbing boundary conditionsiker trivial and is shown in Pro-
gram 4.21. Also shown in Program 4.21 is the initiliztaiondtionabcInit() . Inthis particular
case the ABC is so simple that there is no initializataion tie&tds to be done and hence this func-
tion simply returns. In Chap. 6 we will begin to consider mavplusticated ABC's that do indeed
require some initialization. Thus, this call the initia@tion function is done in anticipation of that.
As was the case in Program 3.8, the ABC is only applied to thesigé of the grid. The right side
of the grid is terminated with a lossy layer.

Program 4.21 abc.c : Absorbing boundary condition used byiproved3.c . For this partic-
ular simple ABC there is nothing for the initialization furat to do and hence it simply returns.

[ * Functions to terminate left side of grid. */
#include "fdtd3.h"

/[ Initialize the ABC -- in this case, there is nothing to do.
void abclnit(Grid *g) {

return;

}

/I Apply the ABC -- in this case, only to the left side of grid.
void abc(Grid *qQ) {

[+ simple ABC for left side of grid */
Ez(0) = Ez(1);

return;

}

The code associated with the TFSF boundary is shown in RBrogtd2. Line 7 declares a
static global variabléfsfBoundary  which specifies the location of the TFSF boundary. This
variable is initialized to zero with the understanding twaen the code is initialized it will be set
to some meaningful (positive) value.

Program 4.22 tfsf.c  : Code to implement the TFSF boundary.

/* Function to implement a 1D FDTD boundary. */
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#include <math.h>
#include "fdtd3.h"
#include "ezinc3.h"
static int tfsfBoundary = O;

void tfsfinit(Grid *0g) {

printf("Enter location of TFSF boundary: "),
scanf(* %d", &tfsfBoundary);

ezinclnit(g); /I initialize source function
return;
}
void tfsfUpdate(Grid *q) {
[+ check if tfsflnit() has been called */
if (tfsfBoundary <= 0) {
fprintf(stderr,
tfstpdate tfsflnit must be called before tfsfUpdate.\n
Boundary location must be set to positive value\n");
exit(-1);
}
/ = correct Hy adjacent to TFSF boundary */
Hy(tfsfBoundary) -= ezlnc(Time, 0.0) *  Chye(tfsfBoundary);
[+ correct Ez adjacent to TFSF boundary */

Ez(tfsfBoundary + 1) += ezinc(Time + 0.5, -0.5);

return;

The initialization functiontfsfinit() begins on line 9. The user is prompted to enter the
location of the TFSF boundary. Then the initialization ftio for the sourcezincinit() is
called to set the parameters that control the shape of tise pul

The code to calculate the source function, i.e., the funstezinclinit() andezinc()
is identical to that shown in Program 4.15. However, theraldibe one slight change to the file:
instead of includingezinc2.h |, line 4 of Program 4.15 would be changed to incledac3.h
We assume this modified program is in the 8#nc3.c  which is not shown. The header file
ezinc3.h  would be nearly identical to the code shown in Program 4.t@gixthe 2" in lines 3,
4, and 9, would be changed t8™(thus ensuring the proper inclusion of the headerftikel3.h
instead offdtd2.h ). Again, since this is such a minor change, the contenezwic3.h are
not shown.

The functiontfsfUpdate() which begins on line 19 is called once every time-step. This



25

4.9. IMPROVEMENT NUMBER THREE 109

function applies the necessary correction to the nodesadlj@o the TFSF boundary. Because of
the implicit timing within this file, this function needs telzalled after the magnetic-field update,
but before the electric-field update. The function first &sgbat the boundary location is positive.

If it is not, an error message is printed and the program teaites, otherwise the fields adjacent to
the boundary are corrected.

Finally, the code associated with taking snapshots of tHd f&eshown in Program 4.23.
snapshotinit() allows the user to specify the time at which snapshots sheiald, the tem-
poral stride between snapshots, the node at which a snagisbokd start, the node at which it
should end, the spatial stride between nodes, and the bameafahe output files. Assuming the
user entered a base nameswh , then, as before, the output files would be nasied0 , sim.1 |,
sim.2 , and so on. If the user said te&artTime  is 105 and theeemporalStride is 10, then
snapshots would be taken at time-stéps§, 115, 125, and so on. Similarly, if the user specified
that thestartNode andendNode are0 and180, respectively, and thgpatialStride is1,
then the value of every node betweeand180, inclusive, would be recorded to the snapshot file.
If the spatialStride were2, every other node would be recorded. If it wekeevery third
node would be recorded. (Because of this,ehdNode only corresponds to the actual last node
in the snapshot file if its offset from treartNode is an even multiple of the spatial stride.)

Program 4.23 snapshot.c : Code for taking snapshots of the electric field.

/* Function to take a snapshot of a 1D grid. */
#include "fdtd3.h"

static int temporalStride = 0, spatialStride, startTime,
startNode, endNode, frame = O;
static char basename[80];

void snapshotinit(Grid *g) {

printf("For the snapshots:\n");
printf("  Duration of simulation is %d steps.\n", MaxTime);
printf("  Enter start time and temporal stride: ");
scanf(" %d %d", &startTime, &temporalStride);
printf("  Grid has %d total nodes (ranging from 0 to %d).\n",
SizeX, SizeX-1);
printf("  Enter first node, last node, and spatial stride: ") ;
scanf(" %d %d %d", &startNode, &endNode, &spatialStride);
printf("  Enter the base name: ");
scanf(" %s", basename);

return;

}

void snapshot(Grid *Q) {
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int mm;
char filename[100];
FILE =snhapshot;

[ * ensure temporal stride set to a reasonable value * [
if (temporalStride <= 0) {
fprintf(stderr,

snapshot snapshotinit must be called before snapshot.\n
Temporal stride must be set to positive value.\n");
exit(-1);
}

[+ get snapshot if temporal conditions met */
if (Time >= startTime &&
(Time - startTime) % temporalStride == 0) {
sprintf(filename, "%s.%d", basename, frame++);
snapshot = fopen(filename, "w");
for (mm = startNode; mm <= endNode; mm += spatialStride)
fprintf(snapshot, "%g\n", Ez(mm));
fclose(snapshot);

}

return;

As shown in line 9snapshotlinit() takes a single argument, a pointer tGad structure.
This function prompts the user to set the appropriate srmamgintrol values. The snapshot files
themselves are created by the functsmapshot()  which starts on line 25. This function starts
by checking that the temporal stride has been set to a relalgoveue. If not, an error message
is printed and the program terminates. The program thenkshétime is greater than or equal
to startTime  and the difference between the current time andstagTime  is a multiple of
temporalStride . If not, the function returns. If those conditions are mbgrn, as we have
seen before, a snapshot file is written and the frame coumtadvanced. However, now there
is some control over which nodes are actually written. Nbtg the functiorsnapshot() is
called every time-step. We could easily have checked imiaa() function if the time-step
was such that a snapshot should be generated and only thed sipshot() . Reasons for
adopting either approach could be made but be aware thatvtérbead for calling a function is
typically small. Thus, the savings realized by callsigapshot()  less often (but still ultimately
generating the same number of snapshots) is likely to baltriVhe approach used here keeps all
the snapshot-related data in the snapshot code itself.

After compiling all this code (and linking it), the execulalwill produce the same results as
were obtained from Program 3.8 (assuming, of course, theargers the same parameters as
were used in Program 3.8). With the new version of the codethiee several improvements we
could potentially use to our advantage. Assume, for ingawe wanted to do simulations of two
different scenarios. We could create t@oid structures, one for scenario. Each grid would have
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its owngridinit() function, but other than that all the code could be used heenrid. The
update functions could be applied, without any modificationany grid. The snapshot function
could be applied to any grid, and so on.
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Chapter 5

Scaling FDTD Simulations to Any
Frequency

5.1 Introduction

The FDTD method requires the discretization of time and sp&amples in time ard,; apart
whereas, in simulations with one spatial dimension, sasiplgspace aré\, apart. It thus appears
that one must specifgy;, andA, in order to perform a simulation. However, as shown in Se&;. 3.
it is possible to write the coefficientd,;/eA, and A,/uA, in terms of the material parameters
and the Courant number (ref. (3.19) and (3.20)). Since theadunumber contains the ratio of
the temporal step to the spatial step, it allows one to avepdi@tly stating a definite temporal
or spatial step—all that matters is their ratio. This chaptmntinues to examine ways in which
FDTD simulations can be treated as generic simulationscrabe scaled to any size/frequency.
As will be shown, the important factors which dictate the debr of the fields in a simulation
are the Courant number and the points per wavelength for aey giequency. We conclude the
chapter by considering how one can obtain the transmissiefficient for a planar interface from
a FDTD simulation.

5.2 Sources

5.2.1 Gaussian Pulse

In the previous chapter the source function, whether haediyadditive, or incorporated in a TFSF
formulation, was always a Gaussian. In the continuous wbitdfunction can be expressed as

fo(t) = () (5.1)

whered, is the temporal delay and, is a pulse-width parameter. The Gaussian has its peak value
att = d, (when the exponent is zero) and has a value ofwhent = d, + w,. Since (5.1) is
only a function of time, i.e., a function @fA; in the discretized world, it again appears as if the
temporal step\; must be given explicitly. However, if one specifies the dedag pulse width in
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terms of temporal steps, the terfyy appears in both the numerator and the denominator of the
exponent. For example, in the last chaptgwas30A, andw, was10A; so the source function
could be written

fyat) = flq) = e () (5.2)

Note thatA, does not appear on the right-hand side.

The discretized version of a functiof{¢qA;) will be written f[q¢], i.e., the temporal step will
be dropped from the argument since it does not appear ekplitthe expression for the function
itself. The key to being able to discarsl from the source function was the fact that the source
parameters were expressed in terms of the number of tengiep.

5.2.2 Harmonic Sources

For a harmonic source, such as
fn(t) = cos(wt), (5.3)

there is no explicit numerator and denominator in the argum&eplacing: with ¢4, it again
appears as if the temporal step must be given explicitly. él@x keep in mind that with electro-
magnetic fields there is an explicit relationship betweeqgdency and wavelength. For a plane
wave propagating in free space, the wavelengémd frequency are related by

fa=e = =% (5.4)

Thus the argumenitt (i.e., 27 ft) can also be written as

2me
t=—1t. 5.5
W=~ (5.5)
For a given frequency, the wavelength is a fixed length. Beieggth, it can be expressed in terms
of the spatial step, i.e.,

A= NA, (5.6)

whereN,, is the number of points per wavelength. This does not need amhnteger.
By relating frequency to wavelength and the wavelengtiV{pthe discretized version of the
harmonic function can be written

B 27me B 21 e\,
fu(qA) = COS( N.A th) = COS( N, A, q) : (5.7)
or, simply,
2SS,
frla) = COS( Xf}\ q) . (5.8)

The expression on the right now contains the Courant numlktrenparametedV,. In this form
one does not need to state an explicit value for the temptapl Rather, one specifies the Courant
numberS,. and the number of spatial steps per wavelenggh Note that/V, we will always be
defined in terms of the number of spatial steps per the wagtiian free space. Furthermore, the
wavelength is the one in the continuous world—we will seerl#tat the wavelength in the FDTD
grid is not always the same.
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The period for a harmonic function is the inverse of the fesgy

oL _A_NA (5.9)
f c
The number of time steps in a period is thus given by
T  NyA, N,
NN (5.10)
A harmonic wave traveling in the positivedirection is given by
k
fr(z,t) = cos(wt — kx) = cos <w (t — ;w)) : (5.11)
Sincek = w, /€€, = wy/1ir€-/c, the argument can be written
w (t — Ex) =w (t — —M:ﬁ) . (5.12)
w C

Expressing all quantities in terms of the discrete valueighvpertain in the FDTD grid yields

w (t Y MT.GT:L’) o 2mc (th . \/IZTETmAm) — 2_7T(ch — MTeTm)' (513)

C N N)\Ax N)\
Therefore the discretized form of (5.11) is given by

frnlm, q| = cos (Z—W (Seq — ,urerm)) ) (5.14)

Ny
This equation could now be used as the source in a totaldtttered-field implementation.
(However, note that when the temporal and spatial indiceszaro this source has a value of
unity. If that is the initial “turn-on” value of the sourcéhdat may cause artifacts which are unde-
sirable. This will be considered further when dispersiotissussed. It is generally better to ramp
the source up gradually. A simple improvement is offered by a sine function instead of a
cosine since sine is initially zero.)

5.2.3 The Ricker Wavelet

One of the features of the FDTD technique is that it allowsrttugleling of a broad range of fre-
guencies using a single simulation. Therefore it is geheaglvantageous to use pulsed sources—
which can introduce a wide spectrum of frequencies—rattaar & harmonic source. The Gaussian
pulse is potentially an acceptable source except that teamma dc component. In fact, for a Gaus-
sian pulse dc is the frequency with the greatest energy. 1@iynene would not use the FDTD
technique to model dc fields. Sources with dc componentshage the possibility of introducing
artifacts which are not physical (e.g., charges which sthengrid). Therefore we consider a dif-
ferent pulsed source which has no dc component and whichaamits most energetic frequency
set to whatever frequency (or discretization) is desired.
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The Ricker wavelet is equivalent to the second derivative @aassian; it is simple to imple-
ment; it has no dc component; and, its spectral content id fiyea single parameter. The Ricker
wavelet is often written

(1) = (1 —2{nfpt— dr]}2> exp<—{ﬁfp = dT]}2> (5.15)

where fp is the “peak frequency” and. is the temporal delay. As will be more clear when the
spectral representation of the function is shown belowpiek frequency is the frequency with
the greatest spectral content.

The delayd, can be set to any desired amount, but it is convenient to sgjiras a multiple of

1/fp, i.e.,
d, = My~ (5.16)
fp

where M, is the delay multiple (which need not be an integer). An FDTiBuation is typically
assumed to start at= 0, but f,.(¢) is not zero fort < 0O—rather f,.(t) asymptotically approaches
zero for large and small values of the argument, but neveraligtreaches zero (other than at
two discrete zero-crossings). However, with a delay,of= 1/fp (i.e., My = 1), | f-(t < 0)] is
bound by0.001, which is small compared to the peak value of unity. Thusiréesient caused by
“switching on” f,(¢) att = 0 is relatively small with this amount of delay. Said anothemyysince
the magnitude of..(¢) is small fort < 0, these values can be approximated by assuming they are
zero. For situations that may demand a smoother transiten & smaller initial turn-on value),
the bound onf,. (¢t < 0)| can be made arbitrarily small by increasifig For example, with a delay
multiple M, of 2, | f,(t < 0)] is bound byl0~1.

The Fourier transform of (5.15) is

2 w \’ 4 w 1?
F.(w) = _fpﬁ (27#]3) exp (—dew — {27Tfpj| > : (5.17)

Note that the delay, only appears as the imaginary part of the exponent. Thugeittafonly the
phase ofF,.(w), not the magnitude.

The functionsf,.(t) and|F,.(w)| are shown in Fig. 5.1. For the sake of illustratigi,is arbi-
trarily chosen to bé Hz and the delay i$ s. Different values of » change the horizontal scale but
they do not change the general shape of the curve. To obtaiamplitude at the peak frequency,
F,.(w) has been scaled bfpe /7 /2.

The peak frequencyr has a corresponding wavelength. This wavelength can be expressed
in terms of the spatial step such that = NpA,, whereNp does not need to be an integer. Thus

c c
fP—E_ NPA.Z’

The Courant numbes. is cA;/A, so the spatial step can be expressedas= cA,/S.. Using
this in (5.18) yields

(5.18)

Se
= _ 5.19
Ip =55 (5.19)
The delay can thus be expressed as
1 NpA
d, = My— = M;—2=t, (5.20)

fP B Sc
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Figure 5.1: Normalized spectrum of the Ricker wavelet with= 1 Hz. The corresponding
temporal formf,(¢) is shown in the inset box where a delaylo$ has been assumed. For other
values offp, the horizontal axis in the time domain is scaledllyr. For example, iff» werel

MHz, the peak would occur dtus rather than at s. In the spectral domain, the horizontal axis is
directly scaled byf» so that if f» werel MHz, the peak would occur atMHz.

Letting timet be¢A, and expressingpr andd, as in (5.19) and (5.20), the discrete form of (5.15)
can be written as

frlal = (1 — on? stff - Md] 2) exp (—wz Lsz - Md} 2) . (5.21)

Note that the parameters that specffyq] are the Courant numbét., the points per wavelength
at the peak frequencyp, and the delay multiplé/,—there is noA; in (5.21). This function
appears to be independent of the temporal and spatial steps,does depend on their ratio via
the Courant numbes..

Equation (5.15) gives the Ricker wavelet as a function of ¢intye. However, as was discussed
in Sec. 3.10, when implementing a total-field/scattereld-fidundary, it is necessary to parame-
terize an incident field in both time and space. As shown in 3d®, one can always obtain a
traveling plane-wave solution to the wave equation simplymeaking the argument of any func-
tion that is twice differentiable. Given the Ricker wavefett), f.(t = x/c) is a solution to the
wave equation whereis the speed of propagation. The plus sign corresponds tve traveling
in the negativer direction and the negative sign corresponds to a wave tnavel the positive
x direction. (Although only 1D propagation will be considéreere, this type of tweaking can
also be done in 2D and 3D.) Therefore, a traveling Ricker veezn be constructed by replacing
the argument in (5.15) witht + = /c. The value of the function now depends on both time and
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location, i.e., it is a function of two variables:
[t £afe) = [i(z,1),
o . 242 z 2 _ 22 z 7
- <1 22 f2 [tic dr} )exp< T2 f2 [tic dr} ) (5.22)
As before, (5.20) and (5.19) can be used to rewtjtand f» in terms of the Courant number, the

points per wavelength at the peak frequency, the tempapl and the delay multiple. Replacing
t with ¢A,, = with mA,, and employing the identity/c = mA,/c = mA,;/S,, yields

frim,q] = (1 — 2r? [Scivj: m_ Md] ) exp <—7r2 {ch tm Md] ) . (5.23)

This gives the value of the Ricker wavelet at temporal inglard spatial index:. Note that when
m is zero (5.23) reduces to (5.21).

5.3 Mapping Frequencies to Discrete Fourier Transforms

Assume the field was recorded during an FDTD simulation aed the recorded field was trans-
formed to the frequency domain via a discrete Fourier tansf The discrete transform will yield
a set of complex numbers that represents the amplitude @edésspectral components. The ques-
tion naturally arises: what is the correspondence betweerntlices of the transformed set and
the actual frequency?

In any simulation, the highest frequengy., that can exist is the inverse of the shortest period
that can exist. In a discrete simulation one must have at te@ssamples per period. Since the
time samples ar@, apart, the shortest possible perio@is;. Therefore

1

Jmax = I, (5.24)

The change in frequency from one discrete frequency to tkeisithe spectral resolutiofA ;. The
spectral resolution is dictated by the total number of sasipthich we will callN; (an integer
value). In generalN; would correspond to the number of time steps in an FDTD sitimrlaThe
spectral resolution is given by £

Ar = :
I~ Ny /2
The factor of two is a consequence of the fact that there dtregmsitive and negative frequencies.
Thus one can think of the entire spectrum as ranging frofy.. t0 fuax, i-€., an interval of
2 fmax Which is then divided byV;. Alternatively, to findA ; we can divide the maximum positive
frequency byNy /2 as done in5.25). Plugging (5.24) into (5.25) yields

(5.25)

1

A= .
= NpA,

(5.26)

In Sec. 5.2.2 it was shown that a given frequerigould be written:/\ = ¢/N, A, whereN,
is the number of points per wavelength (for the free-spacesigagth). After transforming to the
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spectral domain, this frequency would have a corresponduhex given by
S Necdw  Neebr  Nrg (5.27)

Ne — 2L — —
TN, T NA, Ny A, Ny

Thus, the spectral index is dictated by the duration of theution N7, the Courant numbes,,
and the points per wavelengit, .

Note that in practice different software packages may iridexgs differently. The most typical
practice is to have the first element in the spectral arragespond to dc, the next, /2 elements
correspond to the positive frequencies, and then the (7éx{2) — 1 elements correspond to the
negative frequencies (which will always be the complex agajes of the positive frequencies in
any real FDTD simulation). The negative frequencies tylpiGae stored from highest frequency
to lowest (i.e., fastest varying to slowest) so that the Vastie in the array corresponds to the
negative frequency closest to def). Additionally, note that in (5.27) dc corresponds to an
Nieq Of zero (sincelV, is infinity for dc). However when using Matlab the dc term i tarray
obtained using thét() command has an index of one. The first element in the arrayrnas a
index of one—there is no “zero” element in Matlab arrays. @® must understand and keep in
mind the implementation details for a given software paekag

From (5.19), the most energetic frequency in a Ricker wawaletbe written

Se
= ) 2
Ir =5 (5.28)
The spectral index corresponding to this is given by
_Jrp _Nr
Nireq = A, NPSC' (5.29)

This is identical to (5.27) except the generic vaNighas been replaced by which is the points
per wavelength at the peak frequency.

A discrete Fourier transform yields an array of numbers Winterently has integer indices.
The array elements correspond to discrete frequencies léiplasi of A ;. However, Ny, given
in (5.27) need not be thought of as an integer value. As an pkarassume there were 65536
times steps in a simulation in which the Courant number Waéﬁ. Further assume that we are
interested in the frequency which correspond3goints per wavelength\(, = 30). In this case
Ntreq equalss5536/(30v/2) = 1544.6983 - - - . There is no reason why one cannot think in terms of
this particular frequency. However, this frequency is nogatly available from a discrete Fourier
transform of the temporal data since the transform will drdye integer values a¥y.,. For this
simulation anVg., of 1544 correspond80.0136 - - - points per wavelength while aN,., of 1545
correspond9.9941 - - - points per wavelength. One can interpolate between thdsesvd the
need is to measure the spectral output rigt¥0gboints per wavelength.

5.4 Running Discrete Fourier Transform (DFT)

If one calculates the complete Fourier transform of the wnalpdata of lengthV; points, one
obtains information about the signal &t distinct frequencies (if one counts both positive and
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negative frequencies). However, much of that spectrarmétion is of little practical use. Be-
cause of the dispersion error inherent in the FDTD methodoéimer numerical artifacts, one does
not trust results which correspond to frequencies with toarge a discretization. When taking
the complete Fourier transform one often relies upon a a#pabftware package such as Mathe-
matica, Matlab, or perhaps the FFTw routines (a suite of gend C routines to perform discrete
Fourier transforms). However, if one is only interested lmaining spectral information at a few
frequencies, it is quite simple to implement a discrete leouransform (DFT) which can be in-
corporated directly into the FDTD code. The DFT can be peréat as the simulation progresses
and hence the temporal data does not have to be recordedsertian outlines the steps involved
in computing such a “running DFT.”

Let us consider a discrete signa| which is, at least in theory, periodic with a period /&t
so thaty[q] = g[¢+ Nr] (in practice only one period of the signal is of interest drid torresponds
to the data obtained from an FDTD simulation). The discreterier series representation of this
signal is

gla = > ape/tC/NTa (5.30)
k=(Nr)
wherek is an integer index and
1 :
aw =+ Z glqle /N (5.31)
r =(Nr)

The summations are taken ovEy consecutive points—we do not care which ones, but in practic
for our FDTD simulationsz;, would be calculated witly ranging from0 to Ny — 1 (the term
below the summation symbols in (5.30) and (5.31) indicatessummations are done ov&k-
consecutive integers, but the actual start and stop pomtsotl matter). The term; gives the
spectral content at the frequengy= kA, = k/(NrA;). Note thata, is obtained simply by
taking the sum of the sequengg| weighted by an exponential.

The exponential in (5.31) can be written in terms of real andginary parts, i.e.,

Np—1
Rlar] = NLT > gldl COS(%Q) : (5.32)
q=0
Nt
Slar] = — 1_ . > glg]sin (2]3—%) 7 (5.33)
T g T

where$[] indicates the real part andl] indicates the imaginary part. In practiggqg] would be a
particular field component and these calculations woulddsé®opmed concurrently with the time-
stepping. The value dR|a,] would be initialized to zero. Then, at each time sip,] would be
set equal to its previous value plus the current valug@fcos(2rkq/Nr), i.e., we would perform
a running sum. Once the time-stepping has completed, thedstalue ofRt[a;] would be divided
by Nr. A similar procedure is followed fd&|a,| where the only difference is that the value used in
the running sum is-g[q| sin(2wkq/Nr). Note that the factonk /N is a constant for a particular
frequency, i.e., for a particular.

Similar to the example at the end of the previous sectiomudetonsider how we would extract
information at a few specific discretizations. Assume tNat= 8192 and S, = 1/\/5. Further
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assume we want to find the spectral content of a particularfieeldiscretizations ofV, = 20, 30,
40, and50 points per wavelength. Plugging these values into (5.23)igicorresponding spectral
indices (i.e.,Vgeq Or indexk in (5.31)) of

Ny=20 = k=289.631,
Ny=30 = k=193.087,
Ny=40 = k= 144815,
Ny=50 = k=115.852.

The spectral index must be an integer. Therefore, roundtoghe nearest integer and solving for
the corresponding/, we find

k=290 = N, =19.9745,
k=193 = N, =30.0136,
k=145 = N, = 39.9491,

k=116 = N, =49.9364.

Note that these values of, differ slightly from the “desired” values. Assume that we arodeling
an object with some characteristic dimension of twentyscék.,a = 20A,. Given the initial list

of integerN, values, we could say that we were interested in finding theé &efrequencies with
corresponding wavelengths of %a, 2a, andga. However, using the non-integé¥,’s that are
listed above, the values we obtain correspon@ @6877a, 1.500678a, 1.997455a, and2.496818a.

As long as one is aware of what is actually being calculateid, ghould not be a problem. Of
course, as mentioned previously, if we want to get closeneadesired values, we can interpolate
between the two spectral indices which bracket the desmbgby

5.5 Real Signals and DFT’s

In nearly all FDTD simulations we are concerned with reahalg, i.e.g|q] in (5.30) and (5.31) are
real. For a given spectral indéx(which can be thought of as a frequency), the spectral caagific
ar, is as given in (5.31). Now, consider an index/of — k. In this case the value afy,._; is given

by

ANp—k = = NLT g[q]e_j(NT_k)@ﬂ'/NT)q,
q=(Nr)
— NL glgle 72 Cr/NIa,
T g=(Nr)
_ NL glgleiem/vra
T q=(Nz)
aNp—k = A, (5.34)

wherea; is the complex conjugate af.. Thus, for real signals, the calculation of one value,of
actually provides the value of two coefficients: the one fafeixt and the one for indeX — k.
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Another important thing to note is that, similar to the caobus Fourier transform where there
are positive and negative frequencies, with the discretei€otransform there are also pairs of
frequencies that should typically be considered togethet.us assume that indéxgoes from
0to Ny — 1. Thek = 0 frequency is dc. Assuming/r is even,k = Np/2 is the Nyquist
frequency where the spectral basis functiep(;jmq) alternates between positive and negative one
at each successive time-step. Baghanday,. » will be real. All other spectral components can be
complex, but for real signals it will always be true that,_, = a;.

If we are interested in the amplitude of a spectral compoaent frequency of, we really
need to consider the contribution from bdtnd N, — & since the oscillation at both these indices
is at the same frequency. Let us assume we are interestecbimsteucting just thé’th frequency
of a signal. The spectral components would be given in the tiomain by

f[q] = aklejk’(Qw/NT)q + aNT_klej(NT_k,)(Qﬂ/NT)q
— ak,ejk'(QW/NT)q + azxe‘j%e_jkl(%/NT)q

2k'm . [ 2k'm
= 2§R[ak/]cos( N q) — 29 ay] s1n< N q)

T T

. 2k’ _1 %[ak/]
= 2|ap| COS( N, q + tan (%[ak/])) (5.35)

Thus, importantly, the amplitude of this harmonic functisgiven by2|a| (and not merelyay.|).
Let us explore this further by considering theomponent of an electric field at some arbitrary
point that is given by

E[Q] = EJ:O COS[Wk’q + ee]éma
= %[Exoejeeej”k’q]ém
1

_ §[Ez06jww + B e onda,, (5.36)
where
2
Wy = k;N—Z (5.37)
By = Ee’™, (5.38)

and’ is some arbitrary integer constant. Plugging (5.36) intBXpand dropping the unit vector
yields

1 ~ . ~ . .
@ = g O [Baodv 4 Brge iws]e e,
T q=(Nr)
— L B J(wyr—wi)q nes —j(wyr +wi)g
5N [Eoe + Erqe 1,
T q=(Nz)
— L [E’ Oej(k’—k)(QW/NT)q + E*Oe_j(k/+k)(2ﬂ/NT)q], (539)
2Nr v z
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Without loss of generality, let us now assumearies betweefl and Ny — 1 while k£ andk’ are
restricted to be betwednand N, — 1. Noting the following relationship for geometric series

iy 11—V
q=0 -
we can express the sum of the first exponential expressidn30) as
Np—1 ol
o 1 — 6J(k k)2m
Jj(k'—k)(2m/N1)q _
ZO € T 1_ W -R)@r/Nr)” (5.41)
q:

Sincek andk’ are integers, the second term in the numerator on the ridatesip(j (k' — k)27),
equalsl for all values ofk and &’ and thus this numerator is always zero. Provideet £/,
the denominator is non-zero and we conclude thatfef £’ the sum is zero. Fok = £/, the
denominator is also zero and hence the expression on thedogk not provide a convenient way
to determine the value of the sum. However, wier- &’ the terms being summed are simply
1 for all values ofg. Since there aréVr terms, the sum isVy. Given this, we can write the
“orthogonality relationship” for the exponentials

NT—l
Sk 0 kE #k
J(k'=k)(2m/N1)q _
> e T _{ N Kk (5.42)
q=0

Using this orthogonality relationship in (5.39), we findttha the harmonic signal given in (5.36),
one of the non-zero spectral coefficients is

J
ar = 5 Ezo. (5.43)

Conversely, expressing the (complex) amplitude in termb®@&pectral coefficient from the DFT,
we have X
E.o = 2ay. (5.44)
For the sake of completeness, now consider the sum of the @ihglex exponential term in
(5.39). Here the orthogonality relationship is

Np—1
TZ eIk +k)(2m/Nr)g { ]\? z 7 %T N Z: (5.45)
T = T =

q=0
Using this in (5.39) tells us

ANp—k' = 5 ;0' (5.46)

Or, expressing the (complex) amplitude in terms of this 8pécoefficient from the DFT, we have

A

EZ’O - 2a7VT_k;/. (547)
Now, let us consider the calculation of the time-averageghkag vectorP,,, which is given
by
1 (e -
Po., = 5%[]3 x H} (5.48)
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where the carat indicates the phasor representation ofetloe ifie.,

~

E= EA'LBOé'”L‘ + Eyoéy + Ez[)ém
= 2&6’17;@5% + QCLe,y’kéy + ZCLeszgéZ (549)

wherea, ., i IS the kth spectral coefficient for ther component of the electric field withv €
{z,y, z}. Defining things similarly for the magnetic field yields

I:I = ]:—,J:Oéx + f{yOéy + ﬁzOézv
= 2ah7x,kém -+ zah,y,kéy -+ 2ah,z7kéz. (550)

The time-averaged Poynting vector can now be written in $eshithe spectral coefficients as
Pavg =2 §R [ae,y,ka;;;’k - ae,z,ka;y,k] éw + [ae,z,ka;;,m’k - ae,z,kaﬁz,k] é-y +

ey ) — Qe ko) A |- (5.51)

Thus, importantly, when directly using these DFT coeffitsein the calculation of the Poynting
vector, instead of the usual “one-half the real part of E £1idg the correct expression is “two
times the real part of E cross H.”

5.6 Amplitude and Phase from Two Time-Domain Samples

In some applications the FDTD method is used in a quasi-haieneay, meaning the source is
turned on, or ramped up, and then run continuously in a haiagweay until the simulation is ter-
minated. Although this prevents one from obtaining broaectpm output, for applications that
have highly inhomogeneous media and where only a singleisémezy is of interest, the FDTD
method used in a quasi-harmonic way may still be the best roah¢ool to analyze the problem.
The FDTD method is often used in this when in the study of theraction of electromagnetic
fields with the human body. (Tissues in the human body are#giquite dispersive. Imple-
menting dispersive models that accurately describe tlsisedsion over a broad spectrum can be
quite challenging. When using a quasi-harmonic approacicamsimply use constant coefficients
for the material constants, i.e., use the values that peatatihe frequency of interest which also
corresponds to the frequency of the excitation.)

When doing a quasi-harmonic simulation, the simulation teates when the fields have
reached steady state. Steady state can be defined as theeyiorelwhich temporal changes in
the amplitude and phase of the fields are negligibly smallisTbne needs to know the amplitude
and phase of the fields at various points. Fortunately thditude and phase can be calculated
from only two sample points of the time-domain field.

Let us assume the field at some pdinty, z) is varying harmonically as

P2y, 21) = Az, y, 2) cos(wt + 6(z, 9, 2)). (5.52)

where A is the amplitude and is the phase, both of which are initially unknown. We will dro
the explicit argument of space in the following with the ursdending that we are talking about
the field at a fixed point.
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Consider two different samples of the field in time

f(t1) = fi = Acos(wty + ¢), (5.53)
f(ta) = fo = Acos(wty + ). (5.54)

We will assume that the samples are taken roughly a quareecytle apart to ensure the samples
are never simultaneously zero. A quarter of a cycle is giweli bt whereT' is the period. We can
express this in terms of time steps as

T 1 A NMAA

_ 1 _ M
4 4Af  4c

4c A, 48"

(5.55)

Since we only allow an integer number of time-steps betweemdi,, the temporal separation
betweent; andt, would be int N, /4S..) time-steps.

Given these two sampleg, and />, we wish to determinel and¢. Using the trig identity for
the cosine of the sum of two values, we can express these diglds

fi = A(cos(wty) cos(¢) — sin(wty) sin(¢)), (5.56)
fo = A(cos(wtz) cos(¢) — sin(wty) sin(¢)). (5.57)

We are assuming thgt and f, are known and we know the times at which the samples were.taken
Using (5.56) to solve for we obtain

S

A= cos(wty) cos(¢) — sin(wty) sin(¢p) (5.58)
Plugging (5.58) into (5.57) and rearranging terms ultirlyasads to
sin(¢) _ facos(wty) — ficos(wty)
cos(d) tan(¢) = % Sin(wty) — f sin(wty) (5.59)

The time at which we take the first samplg, is almost always arbitrary. We are free to call that
“time zero,” i.e.,t; = 0. By doing this we haveos(wt;) = 1 andsin(wt;) = 0. Using these values
in (5.59) and (5.58) yields

[ cos(wtz) — %
¢ = tan <W> ) (5.60)
and
Ao (5.61)
os(9) |

Note that these equations assume thag 0 and, similarly, that) # +7/2 radians (which is the
same as requiring thabs(¢) # 0).

If f, is identically zero, we can say thatis +7 /2 (where the sign can be determined by the
other sample pointp = —7/2if fo > 0and¢ = +=r/2if fo < 0). If f; is not identically zero, we
can use (5.60) to calculate the phase since the inverserafugetion has no problem with large
arguments. However, if the phase is closetto/2, the amplitude as calculated by (5.61) would
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involve the division of two small numbers which is generaibt a good way to determine a value.
Rather than doing this, we can use (5.57) to express the anpléts

B Ja
A= cos(wty) cos(¢) — sin(wty) sin(¢)

(5.62)

This equation should perform well when the phase is closestg2.
At this point we have the following expressions for the phasd magnitude (the reason for
adding a prime to the phase and magnitude will become evstamntly):

—/2 if fi=0andf, >0
=17 th = hendn =t (569
N cos(wtg)—f—2 ] .
tan | —o™ | otherwise
sin(wta)
and .
s @) if | ] >
A = { cos(¢’) o tl‘qfl’ = ‘fz’ (564)
cos(wta) cos(¢’)—sin(wtz) sin(¢’) otherwise

There is one final step in calculating the magnitude and pHdseinverse-tangent function returns
values between-7/2 and /2. As given by (5.64), the amplitudd’ can be either positive or
negative. Generally we think of phase as varying betweerandr and assume the amplitude is
non-negative. To obtained such values we can obtain theviahaé¢s for the amplitude and phase
as follows

(—A ¢ +m) if A <0and¢ <0

Finally, we have assumed that= 0. Correspondingly, that means thtatcan be expressed as
ta = NyA; whereN, is the (integer) number of time steps between the samfplasd f,. Thus
the argument of the trig functions above can be written as

(A, ) if A’ > 0
(A,0) = (=A",¢/ —7) if A <0and¢’ >0 (5.65)

wty = 21S.— (5.66)

whereN, is the number of points per wavelength of the excitation fa@guency of interest).

5.7 Conductivity

When a material is lossless, the phase constdior a harmonic plane wave is given ly,/je
and the spatial dependence is givenday(+j5z). When the material has a non-zero electri-
cal conductivity & # 0), the material is lossy and the wave experiences expoheigiiay as it
propagates. The spatial dependence is giveexby+~x) where

. .0 .
Y = Jwy [ pe (1—3—) =a+jp (5.67)
we
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where« (the real part ofy) is the attenuation constant afddthe imaginary part of) is the phase
constant. The attenuation and phase constants can be seghiigectly in terms of the material
parameters and the frequency:

1/2 1/2

_ w\/ge ([14_(%)2} / _1> 7 (5.68)
v 12 1/2

3 = \/g ({1+(i>} +1> . (5.69)

When the conductivity is zero, the attenuation constantiis aad the phase constant reduces to
that of the lossless case, i.6.= j3 = jw,/L€.

Assume a wave is propagating in the positiveirection in a material with non-zero electrical
conductivity. The wave amplitude will decay asp(—ax). The skin depthis, is the distance
over which the wave decays an amoup¢. Starting with a reference point af = 0, the fields
would have decayed an amoun whenz is 1/« (so that the exponent is simplyl). Thus,dsin
is given by .

Sskin = —. (5.70)
Since the skin depth is merely a distance, it can be expras¢edns of the spatial step, i.e.,
1
5skin = E = NLAQZ (5-71)

where Ny, is the number of spatial steps in the skin depth (think of thessriptL as standing for
loss). N, does not need to be an integer.
It is possible to use (5.68) to solve for the conductivity énmis of the attenuation constant.

The resulting expression is
202 17 i
0 = we {1+ 5 ] -1 ) (5.72)
w* e

As shown in Sec. 3.12, when the electrical conductivity is-zero the electric-field update equa-
tion contains the termA,/2¢. Multiplying both side of (5.72) by\, /2¢ yields

A, wA 20212\
oA _ W t<{1+ a ] —1> . (5.73)

2¢ 2 w? e

Assume that one wants to obtain a certain skin depth (or detayat a particular frequency which
is discretized withV, points per wavelength, i.eq = 27 f = 27n¢/N,A,. Thus the ternwA, /2
can be rewritten

wl, T e\ T

= = —35.. 74
2 Ny A, N,\SC (®.74)

Similarly, using the same expression foand usingy = 1/N;A,, one can write

2
1
20° 2 (NLAQL.) N
2 B TC 2 B 2 2N2 T T.
wHe <_j\/'2>\Am> popeeoe, 1 LM

(5.75)
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Using (5.74) and (5.75) in (5.73) yields

oA P N2 2 V2

t A

U 14— | 1 . 5.76
%€ NASC([ + } ) (5.76)

Note that neither the temporal nor the spatial steps appeheiright-hand side.

As an example how (5.76) can be used, assume that one wanis degith of20A, for a
wavelength ofl0A,. ThusN; = 20 and N, = 40 and the skin depth is one half of the free-space
wavelength. Further assume the Courant nunthes unity, ¢, = 4, andu, = 1. Plugging these
values into (5.76) yields A, /2e = 0.0253146.

Let us write a program where a TFSF boundary introduces aveave with a frequency that
is discretized ati0 points per wavelength. We will only implement electricaddathe magnetic
conductivity is zero). Snapshots will be taken every tingp<stfter the temporal index is withii
steps from the final time step. The lossy layer starts at n6deTo implement this program, we
can re-use nearly all the code that was described in SecTd.Bnplement this, we merely have
to change thgridinit3() function and the functions associated with the source fancthe
newgridinit3() function is shown in Program 5.1. The harmonic source fonas given by
the code presented in Program 5.2.

Program 5.1 gridinitlossy.c A Grid initialization function for modeling a lossy half
space. Here the conductivity results in a skin depthOotells for an excitation that is discretized
using40 cells per wavelength.

#include "fdtd3.h"

#define LOSS 0.0253146
#define LOSS_LAYER 100
#define EPSR 4.0

void gridInit3(Grid Q) {
double imp0 = 377.0;
int mm;
SizeX = 200; /I size of domain
MaxTime = 450; // duration of simulation
Cdtds = 1.0; /I Courant number
[+ Allocate memory for arrays. */

ALLOC 1D(g->ez, SizeX, double);
ALLOC_1D(g->ceze, SizeX, double);
ALLOC 1D(g->cezh, SizeX, double);
ALLOC_1D(g->hy, SizeX - 1, double);
ALLOC 1D(g->chyh, SizeX - 1, double);
ALLOC_1D(g->chye, SizeX - 1, double);
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/ = set electric-field update coefficients * [
for (mm=0; mm < SizeX; mm++)
if (mm < 100) {

Ceze(mm) = 1.0;
Cezh(mm) = imp0;
} else {
Ceze(mm) = (1.0 - LOSS) / (1.0 + LOSS);
Cezh(mm) = impO / EPSR / (1.0 + LOSS);
}
[+ set magnetic-field update coefficients */

for (mm=0; mm < SizeX - 1; mm++) {
Chyh(mm) = 1.0;
Chye(mm) = 1.0 / impO;

}

return;

Program 5.2 ezincharm.c  Functions to implement a harmonic source. When initialized,
user is prompted to enter the number of points per waveldigthe results to follow it is assumed
the user entet0).

#include "ezinc.h"

/= global variables -- but private to this file * [
static double ppw = 0, cdtds;

[+ prompt user for source-function points per wavelength */
void ezInclnit(Grid *g){

cdtds = Cdtds;
printf("Enter points per wavelength: ");
scanf(" %If", &ppw);

return;

}

/ = calculate source function at given time and location * [
double ezinc(double time, double location) {
if (ppw <= 0) {
fprintf(stderr,
"ezInc: must call ezinclnit before ezinc.\n"
" Points per wavelength must be positive.\n");
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exit(-1);
}

return sin(2.0 * M_Pl / ppw * (cdtds =* time - location));

}

Assuming the user specified that the TFSF boundary shoultri@la50 and there should be
40 points per wavelength for the harmonic source, Fig. 5.2tays the resulting maximum of
the magnitude of the electric field as a function of positiéior each position, all the snapshots
were inspected and the maximum recorded. Figure 5.2(b)shouperposition ofl snapshots
taken one time-step apart. One can see the exponential diegtigg at nodeé00. Between node
50 and nodel00 there is a standing-wave pattern caused by the interfereinttes incident and
reflected waves. From the start of the grid to n6dehe magnitude is flat. This is caused by the
fact that there is only scattered field here—there is nottongterfere with the reflected wave and
we see the constant amplitude associated with a pure tngwehve. The ratio of the amplitude at
nodes120 and100 was found to bé).3644 whereas the ideal value @f e is 0.3679 (thus there is
approximately a one percent error in this simulation).

If one were interested in non-zero magnetic conductiwity the loss term which appears in
the magnetic-field update equationssisA,/2u. This term can be handled in exactly the same
way as the term resulting from electric conductivity.

5.8 Example: Obtaining the Transmission Coefficient for a Pla-
nar Interface

In this last section, we demonstrate how the transmissieffic@nt for a planar dielectric bound-
ary can be obtained from the FDTD method. This serves to igighinany of the points that were
considered in the previous section. We will compare thelteuthe exact solution. The disparity
between the two provides motivation to determine the d&pearrelation in the FDTD (which is
covered in Chap. 7).

The majority of instructional material concerning eleatiagnetics is expressed in terms of
harmonic, or frequency-domain, signals. A temporal depand ofexp(jwt) is understood and
therefore one only has to consider the spatial variationthénfrequency domain, the fields and
guantities such as the propagation constant and the chastictimpedance are represented by
complex numbers. These complex numbers give the magnitudi@laase of the value and will
be functions of frequency. In the following discussion aetghat) will be used to indicate a
complex quantity and one should keep in mind that complexbermare inherently tied to the
frequency domain. Given the frequency-domain representaft the field at a point, the temporal
signal is recovered by multiplying byp(jwt) and taking the real part. Thus a 1D harmonic field
propagating in the-z direction could be written in any of these equivalent forms

E.(x,t) = %[Ej(m, t)} = %[Ej(x)ejm] = %[E&“e‘ﬁwewt] = %[Ea“e_(o‘ﬂﬁ)zejm] , (5.77)

whereR[] indicates the real partZ; (z) is the frequency-domain representation of the field (i.e.,
a phasor that is a function of position),is the propagation constant which has a real paanhd
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Figure 5.2: (a) Maximum electric field magnitude that exatsach point (obtained by obtaining
the maximum value in all the snapshots). The flat line oveffitlse50 nodes corresponds to the
scattered-field region. The reflected field travels withcetay and hence produces the flat line.
The total-field region between nodg&$ and 100 contains a standing-wave pattern caused by the
interference of the incident and scattered fields. Therepsmential decay of the fields beyond
node100 which is where the lossy layer starts. (b) Superpositiofilahdividual snapshots of the
field which illustrates the envelope of the field.
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Figure 5.3: Planar interface between two media. The interfaatr = 0 and a wave is incident
on the interface from the left. When the impedances of the t@dianare not matched, a reflected
wave must exist in order to satisfy the boundary conditions.

an imaginary pargj, and EJ is a complex constant that gives the amplitude of the waves (it
independent of position; the superscript™is merely used to emphasize that we are discussing a
wave propagating in the-x direction). Note that if more than a single frequency is pmesEgr
does not need to be the same for each frequency.

More generallyEgr will be a function of frequency (we could write this expr@mEJ(w) but
the caret implicitly indicates dependence on frequencg)cdnstruct a temporal that consists of a
multiple frequencies, or even a continuous spectrum ofieagies, one must sum the contributions
from each frequency such as is done with a Fourier integral.

In FDTD simulations the time-domain form of the signal isabed directly. However, one
often is interested in the behavior of the fields as a funatibinequency. As has been discussed
in Sec. 5.3, one merely has to take the Fourier transform @jreakto obtain its spectral content.
This transform, by itself, is typically of little use. Onesto normalize the signal in some way.
Knowing what came out of a system is rather meaningless siles knows what went into the
system. Here we will work through a couple of simple exampdaBustrate how a broad range of
spectral information can be obtained from FDTD simulations

5.8.1 Transmission through a Planar Interface (Continuous World)

Consider the planar interface at= 0 between two media as depicted in Fig. 5.3. We restrict
consideration to electric polarization in thalirection and assume the incident field originates in
the first medium. In the frequency domain, the incident, cédéleé, and transmitted fields are given

by

A . A

Ei(z) = Ele™m* incident (5.78)
E'(z) = Ejetm® =TELe™®  reflected (5.79)

El(z) = ELe ™ =TELe™ ™  transmitted (5.80)
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wherel is the reflection coefficien] is the transmission coefficient, arg is the propagation
constant given byw./ i, (1 — jo /wp,)en(1 — jo,/we,) where then indicates the medium and
o™ is the magnetic conductivity. The amplitude of the incidieid E;q is, in general, complex
and a function of frequency. By definitidhand? are

R T E-
poo E@r - (5.81)
R ot Bt
oo @ 02, (5.82)
E;(.I') =0 Eal
The fact that these are definediat= 0 is important.
The magnetic field is related to the electric field by
ri 1 i
Hy(z) = ——FEi(x), (5.83)
m
A 1 nls
Hy(x) = EEZ(:L‘), (5.84)
. 1.
@) = = Bl), (5.85)

where the characteristic impedangegis given by/ s, (1 — jo7 /wp,)/en(1 — jo,/we,). Since
the magnetic and electric fields are purely tangential tgthear interface, the sum of the incident
and reflected field at = 0 must equal the transmitted field at the same point. Matchueg t
boundary condition on the electric field yields

140 =T, (5.86)

while matching the boundary conditions on the magnetic fietatluces

1 . 1 -
m Yp)
Solving these fofl” yields
. 29
T=_r (5.88)
T+ 72
Using this in (5.86) the reflection coefficient is found to be
p=2"mn (5.89)

M2+
5.8.2 Measuring the Transmission Coefficient Using FDTD

Now consider two FDTD simulations. The first simulation Wik used to record the incident
field. In this simulation the computational domain is homuogmus and the material properties
correspond to that of the first medium. The field is recordesbate observation point;. Since
nothing is present to interfere with the incident field, teearded field will be simply the incident
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field at this location, i.eE(z1,t). In the second simulation the second medium. We record the
fields at the same observation point but we ensure the poistclvasen such that it is located
in the second medium (i.e., the interface is to the left ofdbservation point). Performing an
FDTD simulation in this case yields the transmitted fiélt{z;,¢). The goal now is to obtain
the transmission coefficient using the temporal recordwigthe field obtained from these two
simulations.

Notethat in this section we will not distinguish between the waynhich field propagate in
the continuous world and the way in which they propagate @nRBTD grid. In Chap. 7 we will
discuss in some detail how these differ.

One cannot us&’ (xy,t)/E'(z,t) to obtain the transmission coefficient. The transmission
coefficient is inherently a frequency-domain concept andeculy we have time-domain signals.
The division of these temporal signals is essentially meglass (e.g., the result is undefined when
the incident signal is zero).

The incident and transmitted fields must be converted tordwuency domain using a Fourier
transform. Thus one obtains

Ei(w) = F(Bi(a,1), (5.90)
El(wy) = F(Eiw,1)), (5.91)

where F indicates the Fourier transform. The division of these twactionsis meaningful—at
least at all frequencies wher€ () is non-zero. (At frequencies whef (z,) is zero, there is
no incident spectral energy and hence one cannot obtaimahsentitted field at those particular
frequencies. In practice it is relatively easy to introdecergy into an FDTD grid that spans a
broad range of frequencies.)
Since the observation point was not specified to be on thedsoynthe ratio of these field
fields is . . ) .
Bi(m) _ Bt ™ _ Biy i _ potn—nm, (5.92)
FEi(z)) Efieh=  Ef

Solving this forT" yields )
t
T(w) = e(%_%)“M. (5.93)
Ei(z1)

To demonstrate how the transmission coefficient can be stiwarted from FDTD simulations,
let us consider an example where the first medium is free spratt¢he second one has a relative
permittivity e, of 9. In this casey; = jw,/1eo = jfo anddy, = jwy/po9 = j305,. Therefore
(5.93) becomes

~

T(w) — I(8Bo—Po)z1 E:é(ﬂh) — eJ2boz1 EA’E<I1) (5.94)
Ei(z1) Ei(x)
The terms in the exponent can be written
27 4 4
Bow1 \ x1 NA, 1 N, 1 ( )

whereN; is the number of spatial steps between the interface andobereation point at; and,
as was discussed in Chap./8, is the number of spatial steps per a free-space wavelength of
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The continuous-world transmission coefficient can be dated quite easily from (5.88) and
this provides a reference solution. Ideally the FDTD sirmafawould yield this same value for
all frequencies. For this particular example the charatterimpedance of the first medium is
71 = no While for the second medium it i, = 70/3. Thus the transmission coefficients is

A 210/3

exact —

" 1/2. (5.96)
Note that this is a real number and independent of frequeswyh tilde oril” is somewhat mis-
leading).

For the FDTD simulations, let us record the field 80 spatigghstaway from the interface, i.e.,
N; = 80, and run the simulation for 8192 time steps, i/féx, = 8192. The simulation is run at the
Courant limitS. = 1. The source is a Ricker wavelet discretized so that the peadtrsh content
exists at 50 points per wavelengtN£ = 50). From Sec. 5.3, recall the relationship between the
points per wavelengthv, and frequency inde®/y., which is repeated below:

Np
Nirog = —S.. 97
freq N)\ Sc (5 9 )
With a Courant number of unity and 8192 time steps, the poiatswavelength for any given
frequency (or spectral index) is given by

8192
Ny = Nowe (5.98)
Combining this with (5.93) and (5.95) yields
. (4T N1 Nfreq ot
Troto = €3< S0 )EZ(xl), (5.99)

Ei(xl)

Ideally (5.96) and (5.99) will agree at all frequencies. &e # that is the case, Fig. 5.4 shows
three plots related to the incident and transmitted fieldguré 5.4(a) shows the first 500 time
steps of the temporal signals recorded at the observatiom fpath with and without the interface
present (i.e., the transmitted and incident fields, respyg). Figure 5.4(b) shows the magnitude
of the Fourier transforms of the incident and transmitteld $iéor the first 500 frequencies. Since
a Ricker wavelet was used, the spectra are essentially indarome with the discussion of Sec.
5.2.3. There is no spectral energy at dc and the spectratmbexponentially approaches zero at
high frequencies.

Figure 5.4(c) plots the magnitude of the ratio of the trargdiand incident field as a function
of frequency. Ideally this would b/2 for all frequencies. Note the rather small vertical scale of
the plot. Near dc the normalized transmitted field diffetbea significantly from the ideal value,
but this is in a region where the results should not be trusésduse there is not enough incident
energy at these frequencies. At the higher frequencies sgilations are present. The normal-
ized field generally remains within two percent of the ideslre over this range of frequencies.

Figure 5.5(a) provides the same information as Fig. 5.4¢cepet now the result is plotted
versus the discretizatioN,. In this figure dc is off the scale to the right (since in thedeyhas an
infinite number of points per wavelength). As the frequenaggup, the wavelength gets shorter
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Figure 5.4: (a) Time-domain fields at the observation poathhvith and the without the interface
present. The field without the interface is the incident feehdl the one with the interface is the
transmitted field. (b) Magnitude of the Fourier transformishe incident and transmitted fields.
The transforms are plotted versus the frequency indigx. It can be seen that the fields do not
have much spectral content near dc nor at high frequenagMggnitude of the transmitted field
normalized by the incident field versus the frequency indigeally this would bel/2 for all
frequencies. Errors are clearly evident when the speabrgtkent of the incident field is small.
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and hence the number of points per wavelength decreases. hidgiiu frequencies are to the left
and low frequencies are to the right. The highest frequemdlgis plot corresponds to @k, Of
500. In terms of the discretization, this IS, = Np/N., = 16.384. This may not seem like a
particularly coarse discretization, but one needs to kaapind that this is the discretization in
frees pace. Within the dielectric, which here kas= 9, the wavelength is three times smaller
and hence within the dielectric the fields are only discestiat approximately five points per
wavelength (which is considered a very coarse discretizati From this figure it is clear that
the FDTD simulations provide results which are close to theal over a fairly broad range of
frequencies.

Figure 5.5(b) shows the real and imaginary part of the réflectoefficient, i.e.7+prp defined
in (5.99), as a function of the discretization. Ideally theaginary part would be zero and the real
part would bel /2. As can be seen, although the magnitude of the transmisseffigent is nearly
1/2 over the entire spectrum, the phase differs rather significas the discretization decreases
(i.e., the frequency increases).

The Matlab code used to generate Fig. 5.4 is shown in Progranvlile the code which gen-
erated Fig. 5.5 is given in Program 5.4. It is assumed thel@mtifield from the FDTD simulation
is recorded to a file namedc-8192  while the transmitted field, i.e., the field when the dieliectr
is present, is recorded tie-8192 . The code in Program 5.3 has to be run prior to that of 5.4 in
order to load and initialize the data.

Let us now consider the same scenario but let the observatio be four steps away from
the boundary instead 80, i.e., N; = 4. Following the previous steps, the incident and transuhitte
fields are recorded, their transforms and taken, then dividad finally the phase is adjusted to
obtain the transmission coefficient. The result for thisesbation point is shown in Fig. 5.6. The
real and imaginary parts stay closer to the ideal values avarger range of frequencies than
when the observation point was cells from the boundary. The fact that the quality of the ltssu
are frequency sensitive as well as sensitive to the obsenvpoint is a consequence of numeric
dispersion in the FDTD grid, i.e., different frequenciesgagate at different speeds. (This is the
subject of Chap. 7.)

Program 5.3 Matlab session used to generate Fig. 5.4.

incTime = dimread(’inc-8192); % incident field file

dieTime = dimread('die-8192); % transmitted field file

inc = fft(incTime); % take Fourier transforms

die = fft(dieTime);

nSteps = length(incTime); % number of time steps

fregMin = 1; % minimun frequency index of interest

freqMax = 500; % maximum frequency of interest

freqindex = freqMin:freqMax; % range of frequencies of interest

% correct for offset of 1 in matlab’s indexing
freqSlice = fregindex + 1,

courantNumber = 1;

% points per wavelength for fregencies of interest
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(a) Normalized Transmitted Field vs. Discretization
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(a) Real and Imaginary Part of Transmission Coefficient
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Figure 5.5: (a) The magnitude of the normalized transmfitdd as a function of the (free space)
discretizationV,. Ideally this would bel /2 for all discretizations. (b) Real and imaginary part of
the transmission coefficient transformed back to the iaterf = 0 versus discretization. Ideally
the real part would b&/2 and the imaginary part would be zero for all discretizati&ior these
plots the observation point wa$ cells from the interface/{; = 80).
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Figure 5.6: Real and imaginary part of the transmission aoefft transformed back to the inter-
facex = 0 versus discretization. Ideally the real part wouldiie and the imaginary part would
be zero for all discretization. The observation point was fells from the interfaceN; = 4).
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nLambda = nSteps ./ freqindex * courantNumber;
clf

subplot(3, 1, 1)

hold on

plot(incTime(fregSlice), '-.);
plot(dieTime(fregSlice));

legend(Incident field’, 'Transmitted field’);
xlabel(Temporal Index’);

ylabel('{\it E_z}[{\it x}_1,{\it t}]] V/m’);
titte("(@) Temporal Fields’);

subplot(3,1,2)

hold on

plot(freqindex, abs(inc(freqSlice)), -.);
plot(fregindex, abs(die(freqSlice)));
legend(’Incident field’, 'Transmitted field");
xlabel('’Frequency Index’);

ylabel('|{\it E_z}[{\it x}_1,\omega]|’);
titte((b) Transform vs. Frequency Index’);
hold off

subplot(3, 1, 3)
hold on
plot(freqindex, abs(die(freqSlice) ./ inc(freqSlice)))
xlabel(’Frequency Index’);
ylabel(|[{\it E™t_z}[{\it x}_1,\omegal/...
{\it E%i_z}{\it x}_1,\omega]l|);
title("(c) Normalized Transmitted Field vs. Frequency Ind ex’);
hold off

Program 5.4 Matlab session used to generate Fig. 5.5. The commands shoRmogram 5.3
would have to be run prior to these commands in order to readi#tta, generate the Fourier
transforms, etc.

clf

subplot(2, 1, 1)
hold on
plot(nLambda, abs(die(freqSlice) ./ inc(freqSlice)));
xlabel(’Points per Wavelength?;
ylabel([{\it E"t_z}[{\it x}_1,\omegal/...
{\it BT _z}{\it x}_1,\omega]|);
title('(@) Normalized Transmitted Field vs. Discretizati on’);
axis([0 300 0 1))



11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

5.8. TRANSMISSION COEFFICIENT FOR A PLANAR INTERFACE

hold off

% Array obtained from exp() must be transposed to make arrays
% conformal. Simply using ' (a prime) for trasposition will y

% the conjugate transpose. Instead, use .’ (dot-prime) to ge

% transposition without conjugation.

subplot(2, 1, 2)

hold on

plot(nLambda, real(exp(j *pi *freqindex/25.6)." . * L
die(fregSlice) ./ inc(freqSlice)));

plot(nLambda, imag(exp(j *pi *freqindex/25.6)." . * L

die(freqSlice) ./ inc(fregSlice)), ’-.");
xlabel(’Points per Wavelength’;
ylabel('Transmission Coefficient, {\it T}(\omega));
title((b) Real and Imaginary Part of Transmission Coeffic
legend(’'Real part’, 'Imaginary part’);
axis([0 300 -1 1])
grid on
hold off

ient’);

ield

141

Although we have only considered the transmission coeffidgiethis example, the reflection

coefficient could be obtained in a similar fashion. We haveritionally considered a very simple

problem in order to be able to compare easily the FDTD satutiothe exact solution. How-
ever one should keep in mind that the FDTD method could be tsadalyze the reflection or
transmission coefficient for a much more complicated seéenarg., one in which the material

properties varied continuously, and perhaps quite ealiti¢with some discontinuities present),
over the transition from one half-space to the next. Pravi@sufficiently small spatial step-size
was used, the FDTD method can solve this problem with esggntio more effort than was used

to model the abrupt interface. However, to obtain the exalcttion, one may have to work much

harder.
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Chapter 6

Differential-Equation Based Absorbing
Boundary Conditions

6.1 Introduction

A simple absorbing boundary condition (ABC) was used in Chaj. t8tminate the grid. It re-
lied upon the fact that the fields were propagating in one dsize and the speed of propagation
was such that the fields moved one spatial step for every tiege se., the Courant number was
unity. The node on the boundary was updated using the valtieeaddjacent interior node from
the previous time step. However, when a dielectric was éhiced, and the local speed of propa-
gation was no longer equal tothis ABC ceased to work properly. One would also find in higher
dimensions that this simple ABC would not work even in freecgpa his is because the Courant
number cannot be unity in higher dimensions and this ABC doeaccount for fields which may
be obliquely incident on the edge of the grid. The goal now isrtd a more general technique to
terminate the grid.

Although the ABC we will discuss here is not considered stditthe-art, it provides a rela-
tively simple way to terminate the grid that is more than ade¢ in many circumstances. Addi-
tionally, some of the mathematical tools we will develophistchapter can be used in the analysis
of a wide range of FDTD-related topics.

6.2 The Advection Equation

The wave equation that governs the propagation of the eldiid in one dimension is

O*E, O*E,
R 0, (6.1)
o o

The second form represents the equation in terms of an @pedrating orfy, where the operator
is enclosed in parentheses. This operator can be factaiethie product of two operators and is

Lecture notes by John Schneidfsitd-abc.tex
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equivalent to
0 0 0 0
(a—:c B W“a) <a_ " W%) =0 63

Note that it does not matter which operator in (6.3) is wnittiest. They commute and will always
ultimately yield (6.1). If either of these operators actindividually on the field yields zero, the
wave equation is automatically satisfied. Thugd:anhat satisfies either of the following equations
will also be a solution to the wave equation:

OFE, oE,
Y/ (6.4)
OFE, oE,
g + e % 0. (6.5)

These equations are sometimes called advection equabions that a solution to the wave equa-
tion will not simultaneously satisfy both these advectigna&ions (except in trivial cases). It may
satisfy one or the other but not both. In fact, fields may belatiem to the wave equation and yet
satisfy neither of the advection equations.

A solution to (6.4) istu (t +/1i€x), i.e., a wave traveling in the negativedirection. The proof
proceeds along the same lines as the proof given in Sec. Rdl@te the argument withso that

£ =1t+ \Juex. (6.6)
Derivatives of the argument with respect to time or spacegmen by
o o€ _
o =1 and —° =/ (6.7)
Thus,
OE,  OE.0¢ OFE,
ox  0¢ dx Ve oE’ 68)
OE.,  0E.0¢ OF,
ot oc ot aE (69)

Plugging the right-hand sides of (6.8) and (6.9) into (6i4)ds zero and the equation is satisfied.
It is worth mentioning that although. (¢ + /jz€x) is a solution to (6.4), it is not a solution to (6.5).

6.3 Terminating the Grid

Let us now consider how an advection equation can be usedwdpran update equation for a
node at the end of the computational domain. Let the nigtie [0] be the node on the boundary
for which an update equation is sought. Since interior nadesbe updated before the boundary
node, assume that all the adjacent nodes in space-time annkne., F4*1[1], F2[0], and E%[1]
are known. At the left end of the grid, the fields should onlyriageling to the left. Thus the fields
satisfy the advection equation (6.4). The finite-diffeapproximation of this equation provides
the necessary update equation, but the way to discretizecihation is not entirely obvious. A
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time,t ]
A avg. in
space
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o avan / Edy
. z .-y
z space posElon,x

>

kwrite difference equation
about this point

Figure 6.1: Space-time in the neighborhood of the left entthefgrid. Only the electric fields are
shown. The open circles indicated where an electric fieldemsdied for the advection equation.
Since there are none there, averaging is used to approxihetield at those points.

stable ABC will result if the equation is expanded about trecsgtime pointA, /2, (¢+1/2)A,).
This point is shown in Fig. 6.1.

At first it seems like this in an unacceptable point about Wiicexpand the advection equation
since moving forward or backward in time or space a half stegsaot correspond to the location
of an electric field point. To fix this, the electric field wilebaveraged in either time or space
to obtain an estimate of the value at the desired locatiopate-time. For example, to obtain
an approximation of?¢*1[1/2], the averagéF?"'(0] + E2"![1])/2, would be used. Similarly, an
approximation of£'?[1/2] would be(E?[0] + E?[1])/2. Therefore the temporal derivative would
be approximated with the following finite difference:

EST0+EST)  EY0)+EY)

~ \/Jie 2 2 (6.10)

Au/2,(g4+1/2)A, Ay

OF,
vhe ot

Averaging in time is used to obtain the fields at the propeatioas for the spatial finite differ-
ence. The resulting finite difference is

BIT+E] B 0l+EY 0]

~ 2 2 (6.11)
Au/2,(a+1/2)A A,

Combining (6.10) and (6.11) yields the finite-differencenfiasf the advection equation

OF,
ox

BB EZT0]+E0) BI04+ B B0+ B
2

2 _ 2 2 _
A N/ A 0. (6.12)

*As an example, considéy (z,t) = cos(wt) sin(fz) where = w, /€.
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Letting /i€ = \/ir€,/c and solving forE4+1[0] yields

_Se

BT 0] = BY[1] + Ll (ES 1] — E2[0]) (6.13)

Sc z z

A/ Hr€r

wheresS. is the Courant numbetA,/A,. Equation (6.13) provides a first-order absorbing bound-
ary condition that updates the field on the boundary usingahees of past and interior fields. This
is known as a first-order ABC because it was constructed fromstadider differential equation.
Note that whert. /, /i€, is unity, which would be the case of free space and a unit Conan-
ber, (6.13) reduces t&?"'[0] = E?[1] which is the simple grid-termination technique presented
in Sec. 3.9.

At the other end of the grid, i.e., at the right end of the gaidequation that is nearly identical
to (6.13) pertains. Equation (6.5) would be expanded in #ighborhood of the last node of the
grid. Although (6.4) and (6.5) differ in the sign of one tenvhen (6.5) is applied it is “looking”
in the negativer direction. That effectively cancels the sign change. Heheeupdate equation
for the last node in the grid, which is identified herergs! [1/], would be

Se
ESM) = BIM — 1] + Y5 (BM — 1] - BI[M]). (6.14)
Tire +1

Recall that for a lossless medium, the coefficient in the etetield update equation that mul-
tiplied the magnetic fields was, /eA, and this could be expressed®s),/¢,.. On the other hand,
the coefficient in the magnetic-field update equation thdtiplied the electric fields wad, /A,
and this could be expressed®gn,u.-. Therefore, taking the product of these two coefficients and
taking the square root yields

A AN S, (6.15)
Ay, ) e '

Note that this is the term that appears in (6.13) and (6.14ys by knowing the update coefficients
that pertain at the ends of the grid, one can calculate thi@@eats that appear in the ABC.

6.4 Implementation of a First-Order ABC

Program 3.6 modeled two half spaces: free space and a dielethat program was written as
a “monolithic” program with amain() function in which all the calculations were performed.
For that program we did not have a suitable way to terminaeyttd within the dielectric. Let us
re-implement that program but use the modular design thatdigzussed in Chap. 4 and use the
ABC presented in the previous section.

Recalling the modular design used to model a lossy layer thadiscussed in Sec. 4.9, we saw
that the ABC was so simple there was no need to do any inittadiz&f the ABC. Nevertheless,
recalling the code shown in Program 4.17, an ABC initial@atiunction was called, but it merely
returned without doing anything. Now that we wish to implerma first-order ABC, the ABC
initialization function actually needs to perform someccddtions: it will calculate any of the
constants associated with the ABC.
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Naturally, the code associated with the various “blocksbur modular design will need to
change from what was presented in Sec. 4.9. However, thalbframework remains essentially
the same! The arrangement of files associated with our mddellfspace that uses a first-order
ABC is shown in Fig. 6.2. Note that this figure and Fig. 4.3 ararlyethe same. They both have
the same layout. All the functions have the same name, buttplementation of some of those
functions have changed. Note that the file names have chémgie files containing theain()
function, thegridinit() function, and thebc() andabclnit() function.

The code associated with the TFSF boundary, the snapshetyarce function, and the update
equations are all unchanged from that which was describéhap. 4. The grid initialization
function gridinit() constructs a half-space dielectric consistent with Prag8s6. The code
is shown in Program 6.1.

Program 6.1 gridhalfspace.c : Function to initialize thesrid  such that there are two half-
spaces: free space to the left and a dielectric witha 9 to the right.

/ = Function to initialize the Grid structure. * [

#include "fdtd3.h"

#define EPSR 9.0

void gridInit(Grid *g) {
double imp0 = 377.0;
int mm;
SizeX = 200; /I size of domain
MaxTime = 450; /I duration of simulation
Cdtds = 1.0; /[ Courant number

ALLOC_1D(g->ez, SizeX, double);
ALLOC_1D(g->ceze, SizeX, double);
ALLOC 1D(g->cezh, SizeX, double);
ALLOC_1D(g->hy, SizeX - 1, double);
ALLOC 1D(g->chyh, SizeX - 1, double);
ALLOC_1D(g->chye, SizeX - 1, double);

/ = set electric-field update coefficients * [
for (mm = 0; mm < SizeX; mm++)
if (mm < 100) {

Ceze(mm) = 1.0;
Cezh(mm) = imp0;

} else {
Ceze(mm) = 1.0;
Cezh(mm) = imp0 / EPSR;

}
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ezinc3.h
Y A Y
gridhalfspace.c tfsf.c ezinc3.c
gridinit() tfsflnit() ezlnclnit()
tfsfUpdate() ezinc()

ftd3.h || main0

abcdemol.c _‘ T I
I

l l

update3.c abcfirst.c snapshot.c
updateE3() abclnit() snapshotinit()
updateH3() abc() snapshot()

Figure 6.2: Files associated with the modular implemeoatif a simulation of a dielectric half
space. Since a first-order ABC is now being used, some of tHesdlfffer from those of Fig. 4.3.

Nevertheless, the overall structure of the program is umgdd and all the function names are the
same as before.
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/ = set magnetic-field update coefficients * [
for (mm = 0; mm < SizeX - 1; mm++) {
Chyh(mm) = 1.0;
Chye(mm) = 1.0 / impO0;
}
return;

The contents of the filabcdemol.c are shown in Program 6.2. The difference between
abcdemol.c andimproved3.c , whichis givenin Program 4.17, is shown in bold. In fact, the
only change in the code is the location of the call of the ABGtionabc() . Functionabc() is
now called in line 23 which igfterthe updating of the electric fields. Since the ABC relies on the
“future” value of a neighboring interior electric field, ghiield must be updated before the node on
the grid boundary can be updated. (The ABC function presant@idogram 4.17 could, in fact,
have been written in such a way that it would be called afteredectric-field update. After all,
the first-order ABC reduces to the simple ABC when the Couranthauns one and the medium
is free space. Nevertheless, the code in Program 4.17 wdemio be consistent with the way in
which the simple ABC was originally presented in Chap. 3.)

Program 6.2 abcdemol.c : One-dimensional FDTD simulation employing a first-ordeBG\
(although the actual ABC code is contained in the dibefirst.c which is shown in Program
6.3). The difference between this program and Program 4.&@awn in bold.

/= FDTD simulation where main() is primarily used to call other
* functions that perform the necessary operations. */

#include "fdtd3.h"

int main()

{
Grid *g;
ALLOC_1D(g, 1, Grid); /I allocate memory for Grid
gridinit(g); /Il initialize the grid
abclnit(g); /I initialize ABC
tfsfinit(g); /I initialize TFSF boundary
snapshotlnit(g); /I initialize snapshots

/= do time stepping * [
for (Time = 0; Time < MaxTime; Time++) {

updateH3(g); /I update magnetic field
tfsfUpdate(q); /I correct field on TFSF boundary
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updateE3(g); /I update electric field
abc(9g); /I apply ABC -- after E-field update
snapshot(g); /I take a snapshot (if appropriate)
} /* end of time-stepping * [
return O;
}
The code forabclnit() andabc() is contained in the filabcfirst.c which is shown

in Program 6.3. The initialization function calculates tieeefficients that appeared in (6.13) and
(6.14). Recall from (6.15) that these coefficients can beioétbas a function of the electric- and

magnetic-field update-equation coefficients. Since thenatat the left and right side of the grid

may be different, there are separate coefficients for thestdes.

Program 6.3 abcfirst.c . Implementation of a first-order absorbing boundary coodit

/ * Function to implement a first-order ABC. */

#include "fdtd3.h"
#include <math.h>

static int initDone = O;
static double ezOldLeft = 0.0, ezOldRight = 0.0;
static double abcCoeflLeft, abcCoefRight;

/ = Initizalization function for first-order ABC. * [
void abclnit(Grid *g) {
double temp;

initDone = 1;

/ = calculate coefficient on left end of grid */
temp = sqrt(Cezh(0) * Chye(0));
abcCoefLeft = (temp - 1.0) / (temp + 1.0);

[ = calculate coefficient on right end of grid */
temp = sqrt(Cezh(SizeX - 1) * Chye(SizeX - 2));
abcCoefRight = (temp - 1.0) / (temp + 1.0);

return;

}

[ = First-order ABC. * [
void abc(Grid *q) {
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/ = check if abclnit() has been called * [
if (linitDone) {
fprintf(stderr,
"abc: abclnit must be called before abc.\n");
exit(-1);
}
/= ABC for left side of grid */
Ez(0) = ezOldLeft + abcCoeflLeft * (Ez(1) - Ez(0));

ezOldLeft = Ez(1);

/= ABC for right side of grid */
Ez(SizeX - 1) = ezOIdRight +

abcCoefRight  * (Ez(SizeX - 2) - Ez(SizeX - 1));
ezOldRight = Ez(SizeX - 2);

return;

As shown in (6.13) and (6.14), for the first-order ABC both tipast” and the future value
of the interior neighbor nearest to the boundary are needed.ever, once we update the fields,
past values are overwritten. Thus, the functadrc() , which applies the ABC to the two ends
of the grid, locally stores the “past” values of the nodeg #ra adjacent to the ends of the grid.
For the left side of the grid the past neighbor is storecez8IdLeft and on the right it is
stored a®zOIdRight . These are static global variables that are retained fragrimocation of
abc() to the next. Thus, even though the interior fields have beéeateg, these past values will
still be available. (Once the nodes at the ends of the grie lb@en update&zOldLeft and
ezOIldRight are set to the current value of the neighboring nodes as sholires 38 and 43.
Whenabc() is called next, these are indeed the “old” values of thesghtoeirs.)

Figure 6.3 shows the waterfall plot of the snapshots geeéray Program 6.2. One can see
that this is the same as Fig. 3.13 prior to the transmitted &§etountering the right end of the grid.
After that time there is a reflected field evident in Fig. 3.18one is visible here. The ABC has
absorbed the incident field and hence the grid behaves awdré infinite. In reality this ABC
is only approximate and there is some reflected field at the igundary. We will return to this
point in Sec. 6.6

6.5 ABC Expressed Using Operator Notation

Let us define an identity operatdr a forward spatial shift operatat, and a backward temporal
shift operators; '. When they act on a node in the grid their affect is given by

[E™m] = E™[m], (6.16)

s, B8 m] = BT m+1], (6.17)
s;TEm] = EYm]. (6.18)
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Figure 6.3: Waterfall plot of the snapshots generated bgfara 6.2. Comparing this to Fig. 3.13
one sees they are the same until the transmitted field erersuihie right end of the grid. At that
point 3.13 shows there is a reflected field. However, becalideeABC used here, no reflected
field is visible.



6.5. ABC EXPRESSED USING OPERATOR NOTATION 153

Note that these operators all commute, esfJ)s, ' = s; 's.. Furthermore, the identity operator

time another operator is merely that operator, d.¢,,= s. and/7 = I. Using these operators a
spatial average of a node can be represented by

Fat+1 Fat1 1 T 1
z [m]+2z [m+ ] ( —;5:1:) Egﬂ[m], (619)

while a temporal average can be written

E?'m] + Ed[m] (I + 5!
2 o 2

) E™m]. (6.20)

When applying the advection equation, the finite differenasoriginally formulated, needed
electric-field nodes where none were present in space-firherefore, averaging had to be used
to obtain approximations to the fields at the desired loaatioThis required averaging in time
followed by a spatial finite difference or averaging in sptatiewed by a temporal finite difference.
Consider the finite difference approximation to the tempdsivative at the pointA,/2, (¢ +
1/2)A,). Starting from the nod&?+![0], this requires adding the node one spatial step to the right
and then dividing by two. Then, going back one step in times¢hsame two nodes are again
averaged and then subtracted from the previous averageeshkis divided by the temporal step
to obtain the temporal finite difference. Expressed in dperotation this is

OE, _ <I—s;1> (]—I—si) EoH 6.21)

Ot |a/2(a41/2), Ay 2
1 . _
= g =8+ s —ss,) BLV(0) (6.22)
1
= o (BF0) - EXo) + B - BA)). (6.29)
t

The second term in parentheses in (6.21) accomplishes ¢haging while the first term in paren-
theses yields the temporal finite difference. The resutiwshin (6.23), is the same as (6.10) (other
than the factor of /zi€).

A similar approach can be used for the spatial finite diffeeesbout the same point except now
the averaging is done in time

OF, _ (si—[) (I—l—stl) B[] (6.24)

O Ar/2,(q+1/2) Ay A, 2
1
= (=1 + sk — s, +s;"sk) BIT0] (6.25)
2A,
1
= oA (—EZ0] + EZT 1] — E20] + E[1]) . (6.26)

This is exactly the same as (6.11).
From (6.21) and (6.24) we see the finite-difference form @f sldvection equation can be
expressed as

{(siv (H;t_l) Ve (I _Aft_1> <[J;Si> } ETH0] = 0. (6.27)
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Solving this equation fo¢™1[0] yields the update equation (6.13). The term in braces is the
finite-difference equivalent of the first advection operdtat appeared on the left-hand side of
(6.3).

6.6 Second-Order ABC

Equation (6.27) provides an update equation which is, ireg@napproximate. In many circum-
stance the field reflected by a first-order ABC is unacceptadlyel A more accurate update
eguation can be obtained by applying the advection opetatioe. Consider

0 0 0 0
(g - W&) (% - mg) E. =0, (6.28)

Without employing too many mathematical details, assuradiéid £, is not a proper solution to
the advection equation. For example, the speed at whiclpibisagating is not precisely/ , /jze.
If the field is close to a proper solution, the advection oferaperating on the field should yield
a number which is close to zero. However, if the advectiorraipe acts on it again, the result
should be something smaller still—the equation is closénéaruth.

To demonstrate this, consider a wavgt + /') which is traveling in the negativedirection
with a speed’ # c. Following the notation used in Sec. 6.2, the advectionatpeoperating on

this fields yields
1 1)\ 0F,
- _Z _ 2
(c’ c> o (6.29)
If the advection operator again operates on this, the result
1 1\’9°E,
(E - E) e (6.30)

If ¢ andc are close, (6.30) will be smaller than (6.29) for a broad<lafssignals. Hence the
repeated application of the advection operator may stlif be approximately satisfied, but one
anticipates that it will perform better than the first-ordeerator alone.

The finite-difference form of the second-order advectioerapor operating on the nodg (0]

(50 () e (52) (52)
(D () - (52) (5 o - o o

One expands this equation and solvesHér 0] to obtain the second-order ABC. The result is

is

B0 = gy (/5 -2+ 50 (B2 R+ )
+2(81~ 1/8) [B0] + B2 — B[] - B

z

—4(1/S.+ S, EI1]} — B2 2] (6.32)
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whereS, = A,/(\/peA,) = S./\/i-€-. This update equation requires two interior points at time
stepq + 1 as well as the boundary node and these same interior poitilseasteps; andqg — 1.
Typically these past values would not be available to uskerupdate equation and must therefore
be stored in some auxiliary manner such as had to be done grdPno6.3 (there just a single
point on either end of the grid needed to be stored). Bwo2 arrays (one used at either end of
the computational domain) could be used to store the valutbe dhree spatial locations and two
previous time steps required by (6.32). Alternatively,rf@d arrays (two used at either end) of
three points each could also be used to stored the old vgluezay be noted thak'?[0] would not
need to be stored since it would be available when updateddiundary node. However, for the
sake of symmetry when writing the loops which store the bampdalues, it is simplest to store
this value explicitly.)

WhenS. is unity, as would be the case for propagation in free spatteanCourant number of
unity, (6.32) reduces to

ETT0] = 2E9[1] — E971[2]. (6.33)

This may appear odd at first but keep in mind that the field ig tralveling to the left and it moves
one spatial step per time step, thidg1] and £¢~![2] are equal. Therefore this effectively reduces
to £971[0] = E?[1] which is again the original grid termination approach usesiéc. 3.9.

As was the case for first-order, for the right side of the gifi¢, second-order termination is
essentially the same as the one on the left side. One meredyinterior nodes to the left of the
boundary instead of to the right.

To demonstrate the improvement realized by using a secadetr-ABC instead of a first-order
one, consider the same computational domain as was usedgraifr 6.2, i.e., a pulse is incident
from free space to a dielectric half-space with a relativentivity of 9 which begins at nod&)0.
Figure 6.4 shows the electric field in the computational donaatime-step50 (MaxTime was
increased from thd50 shown in Program 6.1). Ideally the transmitted pulse woddgebrfectly
absorbed and the reflected fields should be zero. Howevebotbrthe first- and second-order
ABC'’s there is a reflected field, but it is significantly smallethe case of the second-order ABC.
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Figure 6.4: Plot of the fields at time step 550 when the griceiminated with either a first- or
second-order ABC. This snapshot is taken after the transimii#se has encountered the right
edge of the grid. Hence this shows the field reflected by the ABEally the reflected fields
should be zero.

6.7 Implementation of a Second-Order ABC

In order to implement a second-order ABC, one merely has tofydae functionsabclnit()
andabc() . Thus, none of the code depicted in Fig. 6.2 needs to charggpefor that which
is directly related to the ABC itself. If instead of using thie abcfirst.c , one uses the code
shown in Program 6.4, which we assume is stored in a file calbedecond.c , then a second-
order ABC will be realized.

Program 6.4 abcsecond.c  The abclnit() andabc() functions for implementation of a
second-orde ABC.

/ * Functions to implement a second-order ABC. */

#include "fdtd3.h"
#include <math.h>

static int initDone = O;
static double * ezOldLeft1, * ezOldLeft2,

* ezOIldRight1, * ezOIdRight2;
static double * abcCoeflLeft, * abcCoefRight;

/ = Initizalization function for second-order ABC. * [
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void abclnit(Grid *g) {
double templ, temp2;

initDone = 1;

ALLOC_1D(ezOldLeftl, 3, double);
ALLOC 1D(ezOldLeft2, 3, double);
ALLOC_1D(ezOIldRightl, 3, double);
ALLOC 1D(ezOldRight2, 3, double);

ALLOC_1D(abcCoefLeft, 3, double);
ALLOC_1D(abcCoefRight, 3, double);

/ = calculate coefficients on left end of grid * [
templ = sqrt(Cezh(0) * Chye(0));

temp2 = 1.0 / templ + 2.0 + templ;

abcCoefLeft[0] = -(1.0 / templ - 2.0 + templ) / temp2;
abcCoeflLeft[1] -2.0 * (templ - 1.0 / templ) / temp2;
abcCoefLeft[2] = 4.0 * (templ + 1.0 / templ) / temp2;

/ = calculate coefficients on right end of grid */
templ = sqgrt(Cezh(SizeX - 1) * Chye(SizeX - 2));
temp2 = 1.0 / templ + 2.0 + templ;

abcCoefRight[0] = -(1.0 / templ - 2.0 + templ) / temp2;
abcCoefRight[1] = -2.0 * (templ - 1.0 / templ) / temp2;
abcCoefRight[2] = 4.0 * (templ + 1.0 / templ) / temp2;
return;

}

/ = Second-order ABC. * [
void abc(Grid *q) {

int mm;
[+ check if abclnit() has been called */
if (linitDone) {
fprintf(stderr,
"abc: abclnit must be called before abc.\n");
exit(-1);
}
[+ ABC for left side of grid */
Ez(0) = abcCoeflLeft[0] * (Ez(2) + ezOldLeft2][0])

+ abcCoefLeft[1] * (ezOldLeftl[0] + ezOldLeftl[2] -
Ez(1) - ezOldLeft2[1])
+ abcCoefLeft[2] * ezOldLeftl[1] - ezOldLeft2[2];

157
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/= ABC for right side of grid */
Ez(SizeX-1) =
abcCoefRight[0] * (Ez(SizeX - 3) + ezOIldRight2[0])
+ abcCoefRight[1] * (ezOIdRight1[0] + ezOldRight1[2] -
Ez(SizeX - 2) - ezOldRight2[1])
+ abcCoefRight[2] * ezOIldRight1[1] - ezOIldRight2[2];

/ = update stored fields * [

for (mm = 0; mm < 3; mm++) {
ezOldLeft2[mm] = ezOldLeftl[mm];
ezOldLeftl[mm] = Ez(mm);
ezOIdRight2[mm] = ezOIdRightl[mm];
ezOldRightl[mm] = Ez(SizeX - 1 - mm);

}

return;

Lines 7-9 declare six static, global pointers, each of wiigdhultimately serve as an array of
three points. Four of the arrays will store previous valudb® electric field (two arrays dedicated
to the left side and two to the right). The remaining two asrajore the coefficients used in the
ABC (one array for the left, one for the right). The memory foede arrays is allocated in the
abclnit() function in lines 17-23. That is followed by calculation betcoefficients on the
two side of the grid.

Within the functionabc() , which is called once per time-step, the values of the noddb®
edge of the grid are updated by the statements starting es 54 and 60. Finally, starting on line
67, the stored values are updated. The aeva@ldLeftl represents the field one time-step in
the past whileexOldLeft2  represents the field two time-steps in the past. Similar ngrs
employed on the right.



Chapter 7

Dispersion, Impedance, Reflection, and
Transmission

7.1 Introduction

A dispersion relation gives the relationship between fezgpy and the speed of propagation. This
relationship is rather simple in the continuous world anteisewed in the next section. Unfor-
tunately dispersion in the FDTD is not as simple. Nevertgléd provides a great deal of insight
into the inherent limitations of the FDTD method and hengg itnportant that one have at least a
basic understanding of it.

The tools developed in the analysis of FDTD dispersion can bk used to determine the
characteristic impedance of the grid. Furthermore, asheilbhown, knowing the dispersion rela-
tionship one can obtain exact analytic expressions forefeation and transmission coefficients
in the FDTD grid.

7.2 Dispersion in the Continuous World

Consider a plane wave propagating in the direction in a lossless medium. In time-harmonic
form the temporal and spatial dependence of the wave are diyexp(jlwt — 5z]) wherew is
the frequency angd is the phase constant (wave number). The speed of the wavsedannd by
determining how fast a given point on the wave travels. Is ttuntext “point” is taken to mean
a point of constant phase. The phase is dictatedtby Sx. Setting this equal to a constant and
differentiating with respect to time gives

%(wt_ﬁx) — %(constan), (7.1)
dx
w=po =0 (7.2)

In this expression: is taken to be the position which provides a particular phasghat sense
it is not an independent variable. The locatiomhich yields the desired phase will change as a

fLecture notes by John Schneidfttd-dispersion.tex
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function of time. Thereforefx/dt is the speed of the wave, or, more properly, the phase speed
Solving (7.2) for the phase speed yields

w
= T=5 (7.3)

Cp

This is apparently a function of frequency, but for a planeevine phase constaftis given by
wy/p€. Thus the phase speed is

w 1 c
C, = = =
"ow e \Jlnfloer€s  \/fir€r

wherec is the speed of light in free space. Note that, in the contisweorld for a lossless medium,
the phase speed is independent of frequency and the dspeetationship is

(7.4)

w C
6 = = = , (7.5)
P &) v/ Hr€r
Sincec is a constant, and we are assumingande, contact for the given material, all frequencies
propagate at the same speed. Unfortunately this is not geeinahe discretized FDTD world—
different frequencies have different phase spéeds.

7.3 Harmonic Representation of the FDTD Method

The spatial shift-operatar, and the temporal shift-operatey were introduced in Sec. 6.5. Gen-
eralizing these slightly, let a fractional superscriptresggnt a corresponding fractional step. For
example,

1
s}/zHg[m] = Hg{m—kﬂ, (7.6)
SPES ] = B m), (7.7)
SVPE™ ] = EYm]. (7.8)

Using these shift operators the finite-difference versiohropere’s law (ref. (3.17)) can be written

83/2 B St—1/2 il Si/2 B 8;1/2 ol

Note that both fields have a temporal index;ef 1/2. The index can be changedd¢df the 1/2 is
accounted for by a temporal shift. Thus Ampere’s law can bésaritten

1/2 sl/2 _ g71/2 1/2 5?2 _ g 12

*Later we will consider FDTD models of materials that are drsjve in the continuous world, i.e., materials for
which e or i are functions of frequency. In fact, we have already comeii€lispersive behaviour to some degreee
since lossy materials have phase speeds that are a funtfieqoency.
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Let us define the finite-difference operathras

~ 81/2 . 34_1/2
82‘ = (T) (7.11)

wherei is eitherx or t. Using this notation the Yee version of Ampere’s law can biten
es;*0,E4[m] = stl/Qéng[m} . (7.12)

Rather than obtaining an update equation from this, the gdal determine the phase speed
for a given frequency. To that end, we assume there is a siragl@onic wave propagating such
that

Eifm] = Egeltwahetmas), (7.13)
Hilm] = Hyel@iti=hmas), (7.14)

where/ is the phase constant which exists in the FDTD grid &gchnd H, are constant ampli-
tudes. A tilde will be used to indicate quantities in the FDgiid which will typically (but not
always!) differ from the corresponding value in the contins world. Thus, the phase constant
in the FDTD grid will differ, in general, from the phase caast in the continuous world. As
was done in Sec. 5.8 a caret (hat) will be used to indicateradwc quantity.

We will assume the frequencyis the same in both the FDTD grid and the continuous world.
Note that one has complete control over the frequency oftbigadion—one merely has to ensure
that the phase of the source changes a particular numbediahsaevery time step. However, one
does not have control over the phase constant, i.e., thikfsaguency. The grid dictates what
will be for a given temporal frequency.

The plane-wave space-time dependence which appears B) @hdl (7.14) essentially serves
as an eigenfunction for the FDTD governing equations. Ifgbeerning equations operate on a
function with this dependence, they will yield another ftioe which has the same space-time
dependence, albeit scaled by some value. To illustrate ¢bissider the temporal shift-operator
acting on the electric field

sf1/2Eg m] = Eoej[w(q:tlﬂ)At—BmAx]
eiijt/onej[querAz}
eFIWB2 i [m] (7.15)
Similarly, the spatial shift-operator acting on the eledfield yields
sE2 B m] = Eyelwate=Bm=1/2)Aq]
—  FIBR/2 o pilwgAi—fmAs]
= TR B ) (7.16)

Thus, for a plane wave, one can equate the shift operatohsmuittiplication by an appropriate
term:

i e eHiwb2, (7.17)

s? o eTibA/2, (7.18)
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Carrying this a step further, for plane-wave propagatiorfitiiee-difference operator8, andd,
are equivalent to

ét _ GJFjWAt/zA—teijt/Q _ ]A%Sln (wQAt), (7.19)
5 — ejBAz/QA_:HBAz/? _ A% “in (5?) ' (7.20)
We definel and K, as
Q = Aitsm <W2At), (7.21)
K, = Alxsin <B§x> (7.22)

Note that as the discretization goes to zécapproaches) and K, approaches (and, in fact,
3 would approachs, the phase constant in the continuous world). Using thiatiwt, taking a
finite-difference with respect to time is equivalent to rrplitation by ;2 while a finite difference
with respect to space is equivalent to multiplication-byK ., i.e.,

9 < 40 (7.23)
0y & —jK,. (7.24)

Using (7.17), (7.23), and (7.24) in Ampere’s law (7.12) gl
§eQe A2 B m) = —j K, H[m)] . (7.25)

The temporal shifexp(jwA,/2) is common to both side and hence can be canceled. Using the
assumed form of the electric and magnetic fields from (7.28)(&.14) in (7.25) yields

QEyel@ahe=Pmds) — [ [ ei(wali=fmAs), (7.26)

Canceling the exponential space-time dependence whicmmon to both sides produces
QF, = — K, H,. (7.27)

Solving for the ratio of the electric and magnetic field armyales yields

By _ Ko n() 728
HO - EQ EAQJ SIH(WAt) . ( . )
It appears that (7.28) is the “numeric impedance” sincetttgsratio of the electric field to the
magnetic field. In fact its the numeric impedance, but itis only part of the story. Ad laglshown,
the impedance in the FDTD method is exact. This fact is famfabvious if one only considers
(7.28). Itis also worth considering the corresponding icortus-world quantitys /(ew):

%Z%:L \/_ \/> (7.29)

Thus the fact that the grid numeric impedance is glverf(l;)y (e©2) is consistent with continuous-
world behavior. (The negative sign in (7.28) merely accsuiot the orientation of the fields.)
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7.4 Dispersion in the FDTD Grid

Another equation relating, and H, can be obtained from Faraday’s law. Expressed in terms of
shift operators, the finite-difference form of Faradayis (@ef. (3.14)) is

,lLSi/Qétﬁg[m] = 5120, E9[m) . (7.30)

As before, assuming plane-wave propagation, the shiftadpes can be replaced with multiplica-
tive equivalents. The resulting equation is

que’j”Az/Qﬁ;j[m] = —jK e wR/2 [ [m] . (7.31)
Canceling terms common to both sides and rearranging yields

Ey  pQ  pA, sin(“gt)

R A Sm<%). (7.32)
Equating (7.28) and (7.32) and cross-multiplying gives
e = K2, (7.33)
This is the FDTD dispersion relation. Alternatively, exgarg terms and rearranging slightly
yields i
sin? (szt) = EMAA?% sin? (6?1«) : (7.34)
Taking the square root of both sides of either form of the elisipn relation yields
VieQ = K, (7.35)
or )
sin (wTAt) = \/QtAx Sin(ﬁﬁx) . (7.36)

These equations dictate the relationship betweamd 3. Contrast this to the dispersion relation
(7.5) which pertains to the continuous world. The two apppate dissimilar! However, the two
equations do agree in the limit as the discretization getdlsm

The first term in the Taylor series expansiorsof(¢) is . Thus¢ provides a good approxi-
mation ofsin(§) when¢ is small. Assume that the spatial and temporal steps ard smalgh so
that the arguments of the sine functions in (7.36) are snidkaining the first-order term in the
Taylor-series expansion of the sine functions in (7.36ldge

why Ay BACC

BRI (7.37)

From thisj3 is seen to be

p= w\//ﬁa (7.38)
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which is exactly the same as in the continuous world. Howees is only true when the dis-
cretization goes to zero. For finite discretization, thegghspeed in the FDTD grid and in the
continuous world differ.

In the continuous world the phase speed,is= w/3. In the FDTD world the same relation
holds, i.e.¢, = w/B where the tilde indicates this is the phase speed in theatized world. In
one dimension, a closed form solution fois possible (a similar dispersion relation holds in two
and three dimensions, but there a closed-form solutiontipossible). Bringing the coefficient to
the other side of (7.36) and taking the arc sine yields

ﬁﬁx =sin~! {AxA\/tlﬁ sin(wﬁt)} : (7.39)

As was shown in Sec. 5.2.2 (ref. (5.7) and (5.8)), the faetdyy/2 is equivalent tarS./N, where
Se = ¢A;/A,. Thus (7.39) can be written

BAx R | v HUr€r . 7TSC
5 = sin [ S sin N )| (7.40)

Consider the ratio of the phase speed in the grid to the truseptizeed

: 5 62
G _wib_B_ (7.41)

o w/B B B

2

The phase constant in the continuous world can be written

c 2w 2m
ﬁ = CL)\//E = QWX\/;UOEOHTET = Twurer = M—AVMTET (742)

where N, is the number of points per free-space wavelength. Usirggithihe numerator of the
last term on the right-hand side of (7.41) and using (7.4@édenominator, this ratio becomes
& _ UAVAaAs . (7.43)

C L 71 Hr€r . 7-(-_5(‘
»  N,sin [—VSC Sm(mﬂ

This equation is a function of the material parametersa(d.,.), the Courant numbers(), and
the number of points per wavelengtNy).

For propagation in free space, i.e.,= u, = 1, when there are0 points per wavelength and
the Courant numbe$. is 1/2, the ratio of the numeric to the exact phase speed is appateiyn
0.9969 representing an error 0f31 percent. Thus, for every wavelength of travel, the FDTD wave
will accumulate about.12 degrees of phase errar.(031 x 360). If the discretization is lowered
to 10 points per wavelength, the ratio dropsit®873, or about al.27 percent error. Note that as
the discretization was halved, the error increased by rgumfactor of four. This is as should be
expected for a second-order method.

Consider the case of propagation in free space and a Courabenwfi. In that case the ratio

collapses to

- d ~1. (7.44)
Cp

Ny sin™! [sin (NL)\>:|
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Figure 7.1: Ratio of the FDTD and exact phase speégs:() versus the discretization. Propa-
gation in free space is assumed. Ideally the ratio would I or all discretizations. Courant
numbers ofl /4, 1/2, and3/4 are considered.

Thus the phase speed in the FDTD grid is exactly what it is énctbntinuous world! This is true
for all discretization.

Figure 7.1 shows a plot of the ratio of the FDTD and exact plspseds as a function of
discretization. Three different Courant numbers are usgehlly the ratio would be unity for all
discretizations. As can be seen, the greater the Courantemuthie closer the curve is to ideal.
A large Courant number is thus desirable for two reasonst, Firs larger the Courant number,
the greater the temporal step and hence the more quicklywdation advances (i.e., each update
represents a greater advance in time). Second, the largeCdhrant number, the smaller the
dispersion error. In one dimension a Courant number of usitheé greatest possible and, since
there is no dispersion error with this Courant number, theesponding time step is known as the
magic time-step. Unfortunately a magic time-step does xist & higher dimensions.

Figure 7.2 shows snapshots of Ricker wavelets propagatitigetoight that have been dis-
cretized at eithe20 or 10 points per wavelength at the most energetic frequency (he.param-
eter Np discussed in Sec. 5.2.3 is eith&r or 10). The wavelets are propagating in grids that
have a Courant number of eitheor 0.5. In Figs. 7.2(a) and (b) the discretizations ateand10,
respectively, and the Courant number is unity. Since thisesponds to the magic time-step, the
wavelets propagate without distortion. The discretizegion Figs. 7.2(c) and (b) are al20 and
10, respectively, but now the Courant numbe0.is. The snapshots in (a) and (b) were taken after
100 time-steps while the snapshots in (c) and (d) were taken 2tetime-steps (since the time
step is half as large in (c) and (d) as it is in (a) and (b), tihisuees the snapshots are depicting
the field at the same time). In Fig. 7.2(c) the distortion @& Ricker wavelet is visible in that the



166 CHAPTER 7. DISPERSION, IMPEDANCE, REFLECTION, AND TRANSMISSION

08 08

0.6 [ 0.6 [
04 04

0.2 02

Electric Field [V/m]
Electric Field [V/m]

02 02

041 041

-06 [ q -06 [

I I I I I I I I I I I I I I I I
0 20 40 60 80 100 120 140 160 180 0 20 40 60 80 100 120 140 160 180
spatial index spatial index

(a)Np:2O,SC:1 (b)szlo,Sczl

0.8 [ 0.8 [

06 06
041 041

02 02

Electric Field [V/m]
Electric Field [V/m]

0.4 0.4

-06 — -06

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 0 20 40 60 80 100 120 140 160 180
spatial index spatial index

(€) Np =20, S, = 0.5 (d) Np =10, S, = 0.5

Figure 7.2: Snapshots of Ricker wavelets with different miiszation propagating in grids with
different Courant numbers. (&) points per wavelength at the most energetic frequency, i.e.
Np =20,5.=1,(b) Np =10, 5. =1, (c) Np = 20, S. = 0.5, and (d)Np = 10, S. = 0.5. The
snapshots were taken afté)0 time-steps for (a) and (b), and afti0 time-steps for (c) and (d).

function is no longer symmetric about the peak. In Fig. 7).2{e distortion caused by dispersion
is rather extreme and the function is no longer recognizabla Ricker wavelet. The reason that
Fig. 7.2(d) is so much more distorted than Fig. 7.2(c) is thatspectral energy lies at a coarser
discretization. The more coarsely a harmonic is discrdtitee more dispersion it will suffer—the
higher frequencies propagate more slowly than the lowgukacies. This causes the ringing that
is evident on the trailing side of the pulse.
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Figure 7.3: One-dimensional simulation where the pemitytchanges abruptly at = 0. The in-
terface between the two media coincides with a magnetid-fietle. The permeability is assumed
to be constant throughout the computational domain. Thedigapicts the nodes and the material
values associated with their updates. The field to the lefi@interface is the sum of the incident
and reflected fields. The transmitted field exists to the rgithe boundary.

7.5 Numeric Impedance

Let us return to (7.28) which nominally gave the numeric ingoece and which is repeated below
—=_Z (7.45)

The dispersion relation (7.35) expresdedin terms of(2. Plugging this into (7.45) yields

E, \/pes K
S A e Y SR 7.46
2 e - =7 (7.46)

Thus, despite the inherent approximations in the FDTD negtllee impedance in the grid is
exactly the same as in the continuous world (this also holdiégher dimensions).

7.6 Analytic FDTD Reflection and Transmission Coefficients

Section 5.8.2 discussed the way in which an FDTD simulatearictcbe used to measure the trans-
mission coefficient associated with a planar interfacehiggection, instead of using a simulation
to measure the transmission coefficient, an expressiorbwitlerived that gives the transmission
coefficient for the FDTD grid.

Consider a one-dimensional FDTD simulation as shown in ERy. The permittivity changes
abruptly at the magnetic field which is assumed to coincidih tie interface att = 0. The
permeability is constant throughout the computational @iom

Assume there is an incident unit-amplitude plane wave matdag in the+x direction. Be-
cause of the change in permittivity, a reflected field willstxb the left of the boundary which
propagates in the-x direction. Additionally, there will be a transmitted fielchigh propagates to
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the right of the boundary. The incident, reflected, and tratted electrics fields are given by

Eilm,q] = El[m]e/tdt = e7ihmaeions, (7.47)
E'lm,q] = El[m]etA = fejﬁlmAIej‘“th, (7.48)
E; m,q] = E; [m]ei1h = Te—iBmis giwale (7.49)

wherel’ andT are the FDTD reflection and transmission coefficients, retsmdy. Note that all
fields will have the common temporal phase factop(jwgA;). Therefore this term will not be
explicitly written (its existence is implicit in the factahwe are doing harmonic analysis).

As shown in the previous section, the characteristic impeelan the FDTD grid is exact.
Therefore the magnetic fields can be related to the eleattatsfin the same manner as they are in
the continuous world, i.e.,

o 1 =

Hilm] = —Eeﬂﬁlmﬁw, (7.50)
rrr f iBimA

H'lm| = —e/hmae, (7.51)
Y T

Hilm] = —%eﬂ%mﬁw. (7.52)

The incident and reflected waves exist to the left of the faterand the transmitted field exists
to the right of the interface. The magnetic field at the irsteef, i.e., the node at= 0 is, in a sense,
common to both the left and the right half-spaces. The fietliathode can be described equally
well as the sum of the incident and reflected waves or by tmsinéted wave. This node enforces
the continuity of the magnetic field across the boundary. ddejust as in the continuous world,
the fields are governed by the equation

~ ~

LR = —Z. (7.53)
M ™h 12

In the continuous world enforcing the continuity of the tantial electric and magnetic fields
at a boundary yields two equations. These two equations earséd to solve for the reflection
and transmission coefficients as was shown in Sec. 5.8.1DTDE-however, there are no electric
field nodes that coincide with the interface (at least nohwhis geometry). Therefore continuity
of the electric fields cannot be enforced directly nor is ¢hereadily available second equation
with which to solve for the reflection and transmission caoedfits.

The necessary second equation is obtained by considegngthate equation for the magnetic
field at the interface. This node depends on the electrictivsdither side of the interface and hence
ties the two half-spaces together. Specifically, the haromnm of Faraday’s law which governs
the magnetic-field node at the interface can be used to netéotlowing

ps PO Hgm)| = sP0.E [m)| (7.54)
P 1 o
piQH,ml| = = (s =) Elm] (7.55)
= T =0
jQﬁy[m] = —Z (fe’jﬁ?Az/z — [ejglAﬂ”/Q —i—lﬁ“e’jglAI/Q]). (7.56)
=0 HA,
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In the last form of the equation, we have used the fact thatrdresmitted field is present when
space is shifted a half spatial-step in the direction relative to the boundary. Conversely the field
is the sum of the incident and reflected waves when spacefieghi half spatial-step in thex
direction relative to the boundary.

Equation (7.56) provides the second equation which, wheipled to (7.53), can be used to

solve for the transmission and reflection coefficients. Harewhat is H ,m ]‘ ? Since this

node is on the interface, the expression for either the tnéatesd field or the sum of the incident
and reflected field can be used. Using the transmitted fielal(ated atn = 0), the equation
becomes

A~

i0 _ry_ 1t (f€*j32A1/2 _ [ejﬁlAzﬂ +1:“e*j51Az/2D ' (7.57)
2 ,U/Aa:
Regrouping terms yields
IB1A/2 | To=iPiA/2 _ (e—jﬁzmm I jQ“_Aw) T (7.58)
2

After multiplying through by—n, exp(—j(1A,/2), (7.53) becomes

oiB1A/2 _ TomibiAe/2 I —jh A2 (7.59)
Upi

Adding the left- and right-hand sides of (7.58) and (7.58)ds an expression that does not depend
on the reflection coefficient. Multiplying this expressitmdugh by, yields

- (ejﬁml-/z 4 e—jélAm) _ (me—jﬁlm 4 e Pae/2 | leuAm) T (7.60)

Let us consider the third term in parentheses on the righttHisede. Recall from (7.35) th&t =
K./\/ne. Taking the material and propagation constants that peitaihe second mediurwe
can write

2 SN
— %A—sin (522 ) A, (7.62)
. eiB2B2/2 _ o=iB2a/2
= Jne2 2 : (7.63)

— <ej32Aw/2 _ e—jﬁzAzm) 7 (7.64)
where (7.22) was used to go from (7.61) to (7.62). Pluggimgfthal form into (7.60), employing
Euler’s formula, and solving for the transmission coefii¢igelds

2n, cos(ﬂIA )
= . 7.65
me—018a/2 4 pyeifaia/? ( )

ﬂb

tAs will be more obvious at the end of this derivation, we cdualstead select the material properties that pertain
in the first medium and still obtain the same final result.
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This can be compared to the exact transmission coefficierdhwib given in (5.88). At first it
may appear that these are quite dissimilar. However, if itberetization is sufficiently small, the
cosine and complex exponentials are close to unity (andrbeame as the discretization goes
to zero). Hence the FDTD reflection coefficient reduces toetheect reflection coefficient as the
discretization goes to zero.

The complex exponentials in (7.65) make it appear that thEl-Bansmission coefficient is
complex. This would impart a phase shift to the transmitteldi fihat is not present in the contin-
uous world. However, this is not the case—(7.65) can be diegifurther. The one-dimensional
dispersion relation (7.36) dictates that

sin (&> VA 'n(WAt) . (7.66)

2 A, 2

Now consider the denominator of (7.65)

me P A/2 | p ifele/2

= m (cos<51$m> —jsin<612AI>> + <COS<%> +jsin<ﬁQ2Az>) (7.67)

Using (7.66) to convert the sine terms and employing the dieimof impedance, the denominator
can be written

m cos(BIQA“T) + 12 Cos(BQQAm>
[ EVT () | [V () e

Upon canceling the's, the imaginary parts cancel and hence the denominataréypreal. There-
fore another expression for the FDTD transmission coefftdse

_ 219 COs<61A“> ~ | (7.69)

72 005(522 z) +m cos<512A’>

Combining this with (7.53) yields the reflection coefficient

772COS</62 a:) 771 COS(BI L)
(7.70)
772COS<'32 z) +m (:08(51A )

Because the permeability is assumed to be constant throug¢i®weomputational domain, the
reflection and transmission coefficients can be written as

N

o

N 2\/5(308(%)

T — : 7 (7.71)
ﬁcos(%) + \/_cos< )

f‘ _ \/HCOS<BQQA””> — ﬁcos( 18 > | 7.72)

‘)

\/acos<522AI> + \/_COS<
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Figure 7.4. Reflection coefficient versus discretizationdavave traveling from free space to a
dielectric with a relative permittivity of.0 (i.e.,¢,; = 1.0 ande¢,» = 4.0). The discretizationV,
shown on the horizontal axis is that which pertains to frescep (These values should be halved
to give the discretization pertaining to the dielectric.)

Figure 7.4 shows a plot of the FDTD reflection coefficient usrthe points per wavelength (in
free space) when a wave is incident from free space to a tlieledgth a relative permittivity of
4.0. For these materials the exact reflection coefficient, whighdependent of the discretization
and is also shown in the plot, i5= (1 —2)/(1+2) = —1/3. When the discretization i) points
per wavelength the FDTD reflection coefficient is nearly.42 which corresponds to an error of
approximatel\26 percent. This error is rather large, but one must keep in thatdn the dielectric
the discretization is only five points per wavelength. Thoarse discretization affects the quality
of the results throughout the computational domain, ndtijughe dielectric. Thus, even though
one may ultimately be interested in the fields over only aiporof the computational domain,
nevertheless, one must assure that a proper level of disadreh is maintained throughout the
grid.

7.7 Reflection from a PEC

A perfect electric conductor is realized by setting to zdexteic field nodes. Let us assume that
one wants to continue to define the interface as shown in F3g.i.8., the boundary is assumed
to coincide with a magnetic-field node. The new scenario @swshin Fig. 7.5. The electric-field
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Hy ¢ u m
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Figure 7.5: One-dimensional space with a perfect electnnlactor realized by setting an electric
field node to zero. No fields propagate beyond the zeroed Addereference point = 0 is still
assumed to coincide with a magnetic-field node.

node to the right of the interface is set to zero. We now sedintbthe reflection coefficient for

this case. There is no transmitted field so the transmissiefficient7 must be zero. That might

lead one to think, given (7.53), that the reflection coeffitimust be—1 as it is in the continuous

world for a PEC boundary. However, that is not correct. lgiplh (7.53) is the assumption that
the magnetic field is continuous across the interface. WheB@iP present, this is no longer the
case. In the continuous world the discontinuity in the mégrield is accounted for by a surface
current.

When a PEC is present there is only one unknown, the reflectiefiicient can be obtained
from a single equation since the transmission coefficiekh@vna priori. This equation is pro-
vided, as before, by the update equation of the magnetitfietle at the interface. To this end,
(7.56) is used with the transmission coefficient set to z&teo, instead of using the transmitted
form of the magnetic field at the interface as was done to pl§#ab7), the sum of the incident and
reflected fields is used to obtain:

A

7 <_% i %) - ui (0 [haesz g peibian] ). (7.73)

Solving for the reflection coefficient yields

B JOpA, — et

PO A T e A (7.74)

As was shown in (7.61)—(7.64), the factdtu A, can be expressed in terms of the impedance and a
difference of complex exponentials. Employing such a cosige allows the reflection coefficient
to be written as ) i

fPEC = —€_jﬂlAw. (775)

Note that the magnitude of the reflection coefficient is usdyhat the entire incident field, regard-
less of the frequency, is reflected from the interface.

It appears that the FDTD reflection coefficient for a PEC iihticing a shift that is not present
in the continuous world. However, this is being a bit unfaithe FDTD method. The location
of the PEC boundary really corresponds to the electric-fielde that was set to zero. Thus, one
should really think of the PEC boundary existingrat A, /2.
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Figure 7.6: One-dimensional space with a discontinuityeémittivity. The interface in the con-
tinuous world corresponds to an electric-field node in th& Blrid. The permittivity to the left
of the interface is; and ise; to the right. These values are dictated by those in the cootis

world. The permittivity of the node at the interface:js

In the continuous world, let us consider a scenario wheretigin is located a distanca,, /2
in front of a PEC boundary. In that case the incident and refteields must sum to zero at
x=1»A./2,ie.,

E™(z) + E®(z)| _ , = 0, (7.76)
e IP1B/2 4 PeibiAe/2 ) (7.77)

Thus, in the continuous world the reflection coefficient is
[ = —¢ 018 (7.78)

When first comparing (7.75) and (7.78) it may appare that mdhse the FDTD reflection coeffi-
cient is exact. However the two differ owing to the fact thlahpe constants, and3; are different
in the two domains.

7.8 Interface Aligned with an Electric-Field Node

There are situations which necessitate that a discongimugermittivity be modeled as coinciding
with an electric field node. The permittivity that should lsed to either side of the interface is
unambiguous but the permittivity of the node at the integfidgmpen to question since it is neither in
one half-space nor the other. This scenario was mentiongdan3.11 where it was suggested that
the average permittivity be used for the node at the interfac this section we wish to provide
a more rigorous analysis to justify this permittivity. Faow let the permittivity of the node at
the interface be, as depicted in Fig. 7.6. The goal now is to find the reflectiotramsmission
coefficients for this geometry and find the valuecgfwhich yields the best agreement with the
continuous-world values.

Although the originz = 0 has shifted from that which was assumed in the previousmsgcti
the incident, reflected, and transmitted fields are stiluased to be given by (7.47)—(7.49) and
(7.50)—(7.52). The electric-field node at the interface rmember of both half-spaces, i.e., the
field is the same whether considered to be the sum of the inicadel reflected field or simply to
be the transmitted field. This yields a boundary condition of

~

140 =T (7.79)
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Another equation relating the transmission and reflectaifcients is obtained via the update
equation for the electric-field node at the interface. Arefselaw evaluated at the interface is

A

jean 1 <_£e—jﬁ2ﬁw/2 _ [_lejﬁle/Q + £e—j31Aw/2]> ' (7.80)
Ay \ o m m

Using (7.79ﬁ can be replaced with + I'. Then solving for" yields

A~

n2€jB1Az/2 — nle_jBQAE/Q — jT}lT]2€aQAm

[ . _ . (7.81)
npe~ P 8e/2 4 emiFBe/2 e QA,
The termQ A, can be written as
2 A
0. = & sin(w2 t) A, (7.82)
Am . wAt
= QCcAt sm( 5 ), (7.83)
1 2me A\,
= 2c—si 7.84
CS Sln(NAA 5 > (7.84)
1
= 2z sm( ]@s ) (7.85)

The conversion ab A, /2 to S, /N, was discussed in connection with (5.74). Using this lashfor
of QA,, the third term in the numerator and denominator of (7.8h)mawritten

Jmne€a2A, = j4/ 1/ 20€0€rq— sm( S) (7.86)
€o€r1 | €0€r2 Ny

= j\/mgzanchln(N)\S) (7.87)
€ra 1
= 2uec— 7.
j\/m ,ucS sm(NAS> (7.88)

wheree,, is the relative permittivity of the node at the interface.
Assume that the permeability throughout the computatidoalain is the permeability of free

space so thatc in (7.88) can be writtenuoc = 10/+/1t0€0 = +/1o/€0 = 1mo. The reflection
coefficient (7.81) can now be written as

eiP1Az/2 1 —iB2Be/2 _ i __era
B e e’ Ve o€ ) Jemes 103, Sm( ASC> (7.89)
erznoe ]ﬁlA /2 _-~2Az/2+j /::1a€ T]OS Sln< )\SC>
Multiplying numerator and denominator Qye, €, /1, yields
L e e fepe i e, 2 sin(ﬁSc)
= (7.90)

Jare IBB/2 4 feseibBel? 4 e, 2 Sin(ﬁ&)
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As is often the case, the expression for a quantity in the FI@TiD bears little resemblance to
that in the continuous world. However, as the discretizagjoes to zero (i.eV, goes to infinity),
(7.90) does indeed reduce to the reflection coefficient ircdmtinuous world.

The first two terms in the numerator and denominator of (7d@@end on the material constants
to either side of the interface while the third term depenushe permittivity at the interface, the
Courant number, and the number of points per wavelength @tirasmous-world free space). We
now seek the value of, (or the corresponding relative permittivity,) which minimizes the
difference between the reflection coefficient in the cordusiworld and the one in the FDTD
world. It is important to note that in general the FDTD refiectcoefficient in this case is truly
complex—there will be a phase shift imparted that does nist @xthe continuous world.

Before going further with the analysis, let us consider amgxta with specific parameters and
graphically solve for the optimum value ef. Lete,; = 1, ¢, = 4, and the discretization be
10 points per wavelength. In this case the reflection coeficin the continuous world is1/3
(independent of frequency). Figure 7.7 shows the FDTD riflecoefficient in the complex plane
for various values of,,. The continuous-world result, i.e., the exact result, imgle point on the
negative real axis. As,, varies a curve is obtained in the complex plane which is slogethe
exact value whea,, is 2.5 which is the arithmetic average band4. Thus the optimum value for
the interface permittivity is the average of the permitias to either side. However, these results
are only for a specific discretization and for one set of ptivities. Is the average value the
optimum one for all permittivities and discretizations?

To answer this question, let us return to (7.81) and sep#nateumerator and denominator
into real and imaginary parts. The result is

1o cos(k1) — 1 cos(kz) + j [mesin(ky) + mr sin(kae) — M2, QA,]

= il i : 7.01
g cos(k1) + My cos(ka) — j [m2sin(k1) + m sin(ka) — Mineea LA, ] ( )
where
R = BlAm/za (7-92)
Ko = [al\g)2. (7.93)

The continuous-world reflection coefficient is purely reaflahus any imaginary part is an error.
Furthermore, the imaginary part goes to zero as the digat&th goes to zero. Let us consider just
this imaginary part of the numerator and denominator. $hé<) terms can be related to theé
terms which have been used previously—one merely had taptyuland divide) by2/A,. Thus
the imaginary part can be written

772A—$ Sin(’f1)7+771A—I Sln(’£2)7—771772€aQAx = i (EKI + %f@ - 2€aQ) . (7.94)
From the dispersion relation 7.33 we know tlét = | /ie:Q2 and K, = /uex€2. This allows the
imaginary part of the numerator and denominator of the reflecoefficient to be written

A,
7717727Q (€1 + €2 — 2¢,). (7.95)

Settinge, equal to(e; + €2)/2 will yield zero for this imaginary term. Hence the averagenpie
tivity is the optimum value for all permittivities and digtizations! Using the average permittivity
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Figure 7.7: Curve showing the FDTD reflection coefficient ie tomplex plane as a function
of ¢, ase,, varies between the relative permittivity to the left of tingerface ., = 1) and the
relative permittivity to the right of the interface,( = 4). The value of,, which minimizes the
difference between the FDTD reflection coefficient and thacexalue of—1/3 is the average
permittivity, i.e.,e., = 2.5.
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yields reflection and transmission coefficients of

f“ _ cos(k1) — M COS(/@)’ (7.96)
12 cos(k1) + 11 cos(Kz)
; 21 cos(k1) (7.97)

12 €08(K1) + 1 cO8(K2)

Note that these equations appear almost identical to thbsdhwertained to the case of an abrupt
interface (i.e., when no averaging is done and the resuléfigction and transmission coefficients
are (7.70) and (7.69)). However, these equations diffehenarguments of the cosine terms and,
in fact, it can be shown that the abrupt boundary is slighttyreraccurate than the one which is
implemented with the average permittivity at the interfaldevertheless, when the situation calls
for the interface to coincide with a tangential electricdighe average permittivity is the optimum

one to use.
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Chapter 8

Two-Dimensional FDTD Simulations

8.1 Introduction

One of the truly compelling features of the FDTD method ig tha simplicity the method enjoys
in one dimension is largely maintained in higher dimensiorise complexity of other numerical
techniques often increases substantially as the numbemaingions increases. With the FDTD
method, if you understand the algorithm in one dimension, sleould have no problem under-
standing the basic algorithm in two or three dimensions. exéeless, introducing additional
dimensions has to come at the price of some additional cosityle

This chapter provides details concerning the implemeoriatif two-dimensional simulations
with either the magnetic field or the electric field orthoglaiwathe normal to the plane of propa-
gation, i.e., TM or TE® polarization, respectively. Multidimensional simulatgrequire that we
think in terms of a multidimensional grid and thus we requimgtidimensional arrays to store the
fields. Since we are primarily interested in writing progsam C, we begin with a discussion of
multidimensional arrays in the C language.

8.2 Multidimensional Arrays

Whether an array is one-, two-, or three-dimensional, itndtely is using a block of contiguous
memory where each element has a single address. The dmtibetween the different dimensions
is primarily a question of how we want to think about, and ascearray elements. For higher-
dimensional arrays, we want to specify two, or more, indimedictate the element of interest.
However, regardless of the number of indices, ultimatelingle address dictates which memory
is being accessed. The translation of multiple indices ioglesaddress can be left to the compiler
or that translation is something we can do ourselves.

The code shown in Fragment 8.1 illustrates how one can thiakveork with what is effec-
tively a two-dimensional array even though the memory aliion is essentially the same as was
used with the one-dimensional array considered in Frag@dnt In Fragment 8.1 the user is
prompted to enter the desired number of rows and columnshadme stored imum.rows and
num.columns , respectively. In line 8 the pointesz is set to the start of a block of memory

fLecture notes by John Schneidfgtd-multidimensional.tex
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which can holchumrows x num.columns doubles. Thus sufficient space is available to store
the desired number of rows and columns, but this pointerriefdeenced with a single index (or
offset).

Fragment 8.1 Fragment of code demonstrating the construction of a twiwedsional array.

#define Ez(l, J) ez[(l) * num_columns + (J)]
double *ez;
int num_rows, num_columns, m, n;

printf("Enter the number of row and columns: ");
scanf("%d %d", &num_rows, &num_columns);

ez = calloc(num_rows * num_columns, sizeof(double));
for (m=0; m < num_rows; m++)

for (n=0; n < num_columns; n++)
Ez(m, n) = m * n;

In this code the trick to thinking and working in two dimenssi.e., working with two indices
instead of one, is the macro which is shown in line 1. This mdels the preprocessor that
every time the stringez appears with two arguments—nhere the first argument is ldbetnd the
second argument is labeldd—the compiler should translate thatea[(l) * num.columns
+ (J)] . Note the uppercask in Ez distinguishes this from the pointez. | andJ in the
macro are just dummy arguments. They merely specify how tsieaind second arguments should
be used in the translated code. ThusE#(2, 3) appears in the source code, the macro tells
the preprocessor to translate thaetj(2) * numcolumns + (3)] . In this way we have
specified two indices, but the macro translates those iadite an expression which evaluates
to a single number which represents the offset into a onedsional array (the arragz). Even
thoughEz is technically a macro, we will refer to it as an array. Notatflas seen in line 1Ez’s
indices are enclosed in parentheses, not brackets.

To illustrate this further, assume the user specified thetthrel columns fum.columns is
4) and3 rows. When the row number increments by one, that corresponu®ving4 locations
forward in memory. The following shows the arrangement efttho-dimensional arraiz(m,

n) wheremis used for the row index andis used for the column index.
| n=0 n=1 n=2 n=3

m=0 | Ez(0,0) Ez(0,1) Ez(0,2) Ez(0,3)

m=1| Ez(1,0) Ez(1,1) Ez(1,2) Ez(1,3)

m=2 | Ez(2,0) Ez(2,1) Ez(2,2) Ez(2,3)
TheEz array really corresponds to the one-dimensi@mhbrray. The macro calculates the index
for theez array based on the arguments (i.e., indices) offharray. The following shows the
same table of values, but in terms of & array.
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n=0 n=1 n=2 n=3
m=0 | ez[0] ez[1] ez[2] ez[3]
m=1| ez[4] ez[5] ez[6] ez[7]
m=2 | ez[8] ez[9] ez[10] ez[11]

Again, in this example, when the row is incremented by one attiay index is incremented ldy
(which is the number of columns). This is due to the fact thatane storing the elements by rows.
An entire row of values is stored, then the next row, and sd=aich row containeum.columns
elements.

Instead of storing things by rows, we could have easily eggao‘column-centric storage”
where an entire column is stored contiguously. This woulddmomplished by using the macro

#define Ez(l, J) ez[() + (J) *  NUM_rows]

This would be used instead of line 1 in Fragment 8.1. If thisemesed, each time the row is
incremented by one the index et is incremented by one. If the column is incremented by one,
the index ofez would be incremented bgum.rows . In this case the elements of tbe array
would correspond to elements of the array as shown below:

In=0 n=1 n=2 n=3
m=0 | ez[0] ez[3] ez[6] ez[9]
m=1| ez[1] ez[4] ez[7] ez[10]
m=2 | ez[2] ez[5] ez[8] ez[11]

Note that when the row index is incremented by one, the indegzois also incremented by
one. However, when the column is incremented by one, thexioflez is incremented by,
which is the number of rows. This type of column-centric ag# is used in FORTRAN. However,
multidimensional arrays in C are generally assumed to beedtm row-order. Thus column-
centric storage wilhot be considered further and we will use row-centric macroslaino the
one presented in Fragment 8.1.

When an array is stored by rows, it is most efficient to accesaitiay one row at a time—not
one column at a time. Lines 10 through 12 of Fragment 8.1 dstrate this by using two loops to
set the elements &z to the product of the row and column indices. The inner loapver the row
and the outer loop sets the column. This is more efficient thérese loops were interchanged
(although there is likely to be no difference for small aglayThis is a consequence of the way
memory is stored both on the disk and in the CPU cache.

Memory is accessed in small chunks known as pages. If the Cletsraccess to a certain
variable that is not already in the cache, it will generateagepfault (and servicing a page fault
takes more time than if the variable were already in the gadiMhen the page gets to the cache
it contains more than just the variable the CPU wanted—itaiostother variables which were
stored in memory adjacent to the variable of interest (tlgEepaay contain many variables). If the
subsequent CPU operations involve a variable that is alrgathe cache, that operation can be
done very quickly. It is most likely that that variable wilebn the cache, and the CPU will not
have to generate a page fault, if that variable is adjacemieimory to the one used in the previous
operation. Thus, assuming row-centric storage, workirth asrays row-by-row is the best way to
avoid needless page faults.
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It is important to note that we should not feel constrainedsaalize our arrays in terms of the
standard way in which arrays are displayed! Typically tumehsional arrays are displayed in a
table with the first element in the upper, left-hand cornaheftable. The first index gives the row
number and the second index gives the column number. FDTOIgiions are modeling a physical
space, not a table of numbers. In two dimensions we will beeored with spatial dimensions
andy. Itis convention to give the location as the first argument and thé&cation as the second
argument, i.e.f,(z, y). Itis also often the case that it is convenient to think ofltveer left-hand
corner of some finite rectangular region of space as theroriljiis perfectly acceptable to use
the array mechanics which have been discussed so far butaginenthem corresponding to an
arrangement in space which corresponds to our usual natigariation in ther andy directions.
So, for example, in the case oBady 4 array, one can visualize the nodes as being arranged in the
following way:

n=3| Ez(0,3) Ez(1,3) Ez(2,3) n=3ez[3] ez[7] ez[1ll1]
n=2| Ez(0,2) Ez(1,2) Ez(2,2) n=2ez[2] ez[6] ez[10]
n=1| Ez(0,1) Ez(1,1) Ez(2,1]) <« n=1| ez[1l] ez[5] ez[9]
n=0| Ez(0,0) Ez(1,0) Ez(2,0) n=0ez[0] ez[4] ez[8]

m=0 m=1 m=2 |m=0 m=1 m=2

Nothing has changed in terms of the implementation of therantcrealize this two-dimensional
array—the only difference is the way the elements have besplaged. The depiction here is
natural when thinking in terms of variations:irandy, where the first index correspondsiat@nd
the second index correspondsyto The previous depiction was natural to the way most people
discuss tables of data. Regardless of how we think of the gritag still true that the second index
is the one that should vary most rapidly in the case of nesigpls! (i.e., one should strive to have
consecutive operations access consecutive elements iormpem

As mentioned in Sec. 4.2, it is always best to check that acaition of memory was success-
ful. If calloc() is unable to allocated the requested memory, it will reNWLL After every
allocation we could add code to check that the request wasessful. However, as we did in
one-dimension, a better approach is again offered with sieeofi macros. Fragment 8.2 shows a
macro that can be used to allocate memory for a two-dimeakamay.

Fragment 8.2 Macro for allocating memory for a two-dimensional array.

#define ALLOC_2D(PNTR, NUMX, NUMY, TYPE) \
PNTR = (TYPE *)calloc((NUMX) * (NUMY), sizeof(TYPE)); \

if ('PNTR) { \

perror("ALLOC_2D"); \

fprintf(stderr, \
"Allocation failed for " #PNTR ". Terminating...\n");\
exit(-1); \
}

The macrdALLOC2D() is similar toALLOC1D() , which was presented in Fragment 4.2, except
it takes four arguments instead of three. The first argunseatgointer, the second is the number
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of rows, the third is the number of columns, and the fourthésdata type. As an example of how
this macro could be used, line 8 of Fragment 8.1 could be ceplaith

ALLOC 2D(ez, num_rows, num_columns, double);

8.3 Two Dimensions:; TM Polarization

The one-dimensional problems considered thus far assumaalaero: component of the electric
field and variation only in the direction. This required the existence of a non-zggmmponent
of the magnetic field. Here the field is assumed to vary in boghrtandy directions, but not the
z direction. From the outset we will include the possibilifysomagnetic conductivity,,,. With
these assumptions Faraday’s law becomes

a, a, a,

—amH—pL&—:VXE: 5 & 0 :axa——aya—. (8.1)
ot T T g oy O

Since the right-hand side only has non-zero component&in#mdy directions, the time-varying
components of the magnetic field can only have non-zeandy components (we are not con-
cerned with static fields nor a rather pathological case ks magnetic current, H cancels
the time-varying fieldH/0t). The magnetic field is transverse to thdirection and hence this is
designated the Tkcase. Ampere’s law becomes

A 4y & (o

OE
cE+e——=VxH=| 57 5 0|=a (8.2)
ot H, H, 0 ox dy
The scalar equations obtained from (8.1) and (8.2) are
0H oF
-0 H, — = = £ 8.3
0H, OF,
oF 0OH, OH
E 2 = vy _ T 8.5
Thx € ot ox oy (8.5)

Note that, ignoring the conduction terms for a moment, tinepteral derivative of the magnetic
field is related to the spatial derivative of the electricdiahd vice versa. The only difference
from the one-dimensional case is the additional field corepbH, and the derivatives in thg
direction.

Space-time is now discretized so that (8.3)—(8.5) can beesgpd in terms of finite-differences.
From these difference equations the future fields can beeegpd in terms of past fields. Following
the notation used in Sec. 3.3, the following notation willused:

Hy(z,y,t) = Ho(mAg,ndy, qAy) = Hi[m,n], (8.6)

Hy(z,y,t) = Hy(mAz,ndy, qA) = Hl[m,n], (8.7)
E.(z,y,t) = E.(mA;,nA,, qA) = Elm,n]. (8.8)
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As before, the indexn corresponds to the spatial step in théirection while the index; corre-
sponds to the temporal step. Additionally the indevepresents the spatial step in thdirection.
The spatial step sizes in theandy directions areA\, and A, respectively (these need not be
equal).

In order to obtain the necessary update-equations, eatie dield components must be stag-
gered in space. However, it is not necessary to staggeedield components in time. The electric
field must be offset from the magnetic field, but the magnegiclftomponents do not need to be
staggered relative to each other—all the magnetic field cmmapts can exist at the same time. A
suitable spatial staggering of the electric and magnefi¢ iemponents is shown in Fig. 8.1.

When we say the dimensions of a TMrid is M x N, that corresponds to the dimensions
of the E, array. We will ensure the grid is terminated such that theeeetectric-field nodes on
the edge of the grid. Thus, thé, array would by x (N — 1) while the H, array would be
(M —1) x N.

In the arrangement of nodes shown in Fig. 8.1 we will assuraestictric field nodes fall at
integer spatial steps and the magnetic field nodes are affiself spatial step in either theor y
direction. As with one dimension, the electric field is asedrto exist at integer multiples of the
temporal step while both magnetic fields components aretdihalf time-step from the electric
fields. With this arrangement in mind, the finite differenppr@ximation of (8.3) expanded about
the space-time pointnA,, (n +1/2)A,, g/\;) is

H  Imon+ 1 + H  fmon+ 1] B [myn+ 1] — B Tm,n + 1]
—o,, —u -
2 AW
Eim,n + 1] — E4m,n|
A, '

(8.9)

1
This can be solved for the future vallbé+2[m, n + 3] in terms of the “past” values. The resulting
update equation is

a. At
1 1 — et 1 1 1 A
HI?\mon+ 2| = —2“AH;1 lmyn+ = | — —A—t(Eg[m,n+1] — Elm,n]).
2 1—|—"”21—Mt 2 1+"’5—ut,uAy

(8.10)
As was the case in one dimension, the material parametanslo,,, are those which pertain at the
given evaluation point.
The update equation for thg component of the magnetic field is obtained by the finite-
difference approximation of (8.4) expanded about the spiawe point((m + 1/2)A,, nA,, ¢A).
The resulting equation is

Hq+% _'_ ]. 1 — _UT;MAt Hq_% + ]_ + ]. At (Eq[ + 1 ] Eq[ D
m+—-,n| = ——r m-+ =,n S E— 2 lm ,n| — Lim,n|).
Y 2 1+ omae Y 2 1+ 238 pA,

(8.11)
Again, the material parametersando,, are those which pertain at the given evaluation point.
Note thatH, nodes are offset in space frof, nodes. Hence the ando,, appearing in (8.10)

and (8.11) are not necessarily the same even whandn are the same.
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Figure 8.1: Spatial arrangement of electric- and magrfegid-nodes for TM polarization. The
electric-field nodes are shown as circles and the magnetit+iiodes as squares with a line that
indicates the orientation of the field component. The sona¢wiangularly shaped dashed lines
indicate groupings of nodes that have the same array indicgsexample, in the lower left corner
of the grid all the nodes would have indices in a computer anogof (m = 0,n = 0). In this
case the spatial offset of the fields is implicitly understo®his grouping is repeated throughout
the grid. However, groups at the top of the grid lackfdnnode and groups at the right edge lack
an H, node. The diagram at the bottom left of the figure indicatedesawith their offsets given
explicitly in the spatial arguments whereas the diagrarhebbttom right indicates how the same
nodes would be specified in a computer program where thetefise understood implicitly.
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The electric-field update equation is obtained via the fiditeerence approximation of (8.5)
expanded abouinA,,nA,, (¢+ 1/2)A,):
1

+1 1— g 1 A 0ty 1 a+3
Eg [m,n] = H—JAEE[W,H}—FH—JA I Hy 2 m+§,n —Hy 2 m—§,n
2¢ 2e z

Ay g+ 1 a+3 1
— ——H T m, —| — H; ?|lm,n— = : A2
s a3 }) w12

A uniform grid is one in which the spatial step size is the samal directions. Assuming a
uniform grid such that\, = A, = 9, we define the following quantities

1 _ omA¢
Chan(m,n+1/2) = ﬁ , (8.13)
26 lmAg,(n+1/2)A,
1 A
o M mAg,(n+1/2)A,
1 _ UrgAt
Ohyh(m + 1/2,n) = Ta'muAt s (815)
20 [(m41/2)As,nA,
1 A
Chye(m+ 1/2,”) = W—g 5 (8.16)
2p H (m+1/2)Az,nA,
1 — 28
Cere(m,n) = T i , (8.17)
2¢ ImAznA,
1 A
Cen(m,n) = [T oA = (8.18)
2e mAg,nAy

These quantities appear in the update equations and enmg@dgltowing naming convention: the
first letter identifies the quantity as a constant which dassvary in time (one can also think of
this C' as representing the word coefficient), the next two lettedscate the field being updated,
and the last letter indicates the type of field this quantitjtiplies. For example(’;,, appears in
the update equation fdd, and it multiples the previous value of the magnetic field. Badther
hand,C.., which also appears in the update equationHQr multiplies the electric fields.

To translate these update equations into a form that iskdeitar use in a computer program,
we follow the approach that was used in one dimension: @kpéterences to the time step are
dropped and the spatial offsets are understood. As illiestrim Fig. 8.1, anf{, node is assumed
to be a half spatial step further in thedirection than the correspondirig, node with the same
indices. Similarly, arf{, node is assumed to be a half spatial step further iy tieection than the
corresponding”, node with the same indices. Thus, in C, the update equatiand be written

Hx(m, n) = Chxh(m, n) * Hx(m, n) -
Chxe(m, n) =* (Ez(m, n + 1) - Ez(m, n));

Hy(m, n) = Chyh(m, n) * Hy(m, n) +
Chye(m, n) * (Ez(m + 1, n) - Ez(m, n));
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Ez(m, n) = Ceze(m, n) * Ez(m, n) +
Cezh(m, n) * ((Hy(m, n) - Hy(m - 1, n)) - (Hx(m, n) - Hx(m, n - 1)));

The reason that the “arrays” appearing in these equati@ns\gith an uppercase letter and use
parentheses (instead of two pairs of brackets that wouldskd with traditional two-dimensional

arrays in C) is because these terms are actually macros torisigth the usage described in
Sec. 8.2. In order for these equations to be useful, they teabe contained within loops that

cycle over the spatial indices and these loops must theesblr contained within a time-stepping
loop. Additional considerations are initialization of therays, the introduction of energy, and
termination of the grid. This issues are covered in the ¥alhg sections.

8.4 TM* Example

To illustrate the simplicity of the FDTD method in two dimémss, let us consider a simulation of a
TM~# grid which is101 nodes bys1 nodes and filled with free space. The grid will be terminated o
electric field nodes which will be left at zero (so that the @iation is effectively of a rectangular
resonator with PEC walls). A Ricker wavelet with points per wavelength at its most energetic
frequency is hardwired to the electric-field node at the eeot the grid.

Before we get to the core of the code, we are now at a point whexreaonvenient to split the
main header file into multiple header files: one defining@n& structure, one defining various
macros, one giving the allocation macros, and one provithiegunction prototypes. Not all the
“.c " files need to include each of these header files.

The arrangement of the code is shown in Fig. 8.2. In this fithedeader filekltd-grid1.h ,

fdtd-allocl.h , fdtd-macro-tmz.h , andfdtd-protol.h are shown in a single box
but they exist as four separate files (as will be shown below).
The contents ofdtd-grid1.h are shown in Program 8.3. TH@rid structure, which

begins on line 6, now has elements for any of the possiblérel@r magnetic field components as
well as their associated coefficient arrays. Note that jasabse all the pointers are declared, they
do not have to be used or point to anything useful. Gniel structure shown here could be used
for a 1D simulation—it provides elements for everythingttvas needed to do a 1D simulation—
but most of the pointers would be unused, i.e., those elesribat pertain to anything other than a
1D simulation would be ignored.

The way we will distinguish between what different grids begng used for is by setting the
“type ” field of the grid. Note that line 4 creates@RIDTYPEenumeration. This command
merely serves to set the valueaieDGrid to zero, the value aeZGrid to one, and the value
of tmZGrid to two. (The value othreeDGrid  would be three, but we are not yet concerned
with three-dimensional grids.) &rid will have itstype set to one of these values. Functions
can then check thigpe and act accordingly.

Program 8.3 fdtd-grid1.h Contents of the header file that defines @r&d structure. This
structure now contains pointers for each of the possible figlues. However, not all these pointers
would be used for any particular grid. The pointers that aeammgful would be determined by
the “type ” of the grid. Thetype takes on one of the values of tdRIDTYPEenumeration.
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ezinc.h  Foooo oo
Y Y v
gridtmz.c ricker.c
gridinit() ezInclnit()
ezinc()
: Y
fdtd-grid1.h tmzdemol.c _‘ )
fdtd-allocl.h main()
fdtd-macro-tmz.h
fdtd-protol.h V
updatetmz.c snapshot2d.c
updateE2d() snapshotinit2d()
updateH2d() snapshot2d()

..............................................................

Figure 8.2: The files associated with a simple Téimulation with a hard source at the center of

the grid. The four header files with ddtd- prefix are lumped into a single box. Not all these
files are included in each of the files to which this box is lihké&See the code for the specifics

related to the inclusion of these files.
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#ifndef _FDTD_GRID1_H
#define _FDTD_GRID1_H

enum GRIDTYPE {oneDGrid, teZGrid, tmZGrid, threeDGrid};

struct Grid {
double =*hx, =*chxh, =*chxe;
double =*hy, =chyh, =chye;
double =*hz, =*chzh, =*chze;
double =*ex, =*cexe, =*cexh;
double =*ey, =*ceye, =*ceyh;
double =*ez, =*ceze, =*cezh;
int sizeX, sizeY, sizeZ;
int time, maxTime;
int type;
double cdtds;

3

typedef struct Grid Grid;

#endif

The contents ofidtd-alloc1.h are shown in Program 8.4. This header file merely provides
the memory-allocation macros that have been discussepsdy.

Program 8.4 fdtd-allocl.h Contents of the header file that defines the memory allocation
macros suitable for 1D and 2D arrays.

#ifndef _FDTD_ALLOC1_H
#define _FDTD_ALLOC1_H

#include <stdio.h>
#include <stdlib.h>

/= memory allocation macros */
#define ALLOC_1D(PNTR, NUM, TYPE) \
PNTR = (TYPE *)calloc(NUM, sizeof(TYPE)); \
if (IPNTR) { \
perror("ALLOC_1D"); \
fprintf(stderr, \
"Allocation failed for " #PNTR ". Terminating...\n");\
exit(-1); \

}
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#define ALLOC_2D(PNTR, NUMX, NUMY, TYPE) \
PNTR = (TYPE *)calloc((NUMX) * (NUMY), sizeof(TYPE)); \

if IPNTR) { \

perror("ALLOC_2D"); \

fprintf(stderr, \
"Allocation failed for " #PNTR ". Terminating...\n");\
exit(-1); \
}

#endif

The contents ofdtd-macro-tmz.h are shown in Program 8.5. This file provides the
macros used to access the field arrays and elements of arngoiri€rid structure. Thus far all
the macros we have used assumedGhiel pointer was called). The macros provided in lines
8-35 no longer make this assumption. Instead, one spedifiesame of the pointer as the first
argument. To this point in our code there is no need for thieddlegree of freedom. We only
considered code that has one pointer Brad and we have consistently namedyit However,
as we will see when we discuss the TFSF boundary, it is coeneto have the ability to refer to
different grids.

The macros in lines 39-66 do assume@®@ral pointer is named. These macros are actually
defined in terms of the first set of macros where the first arguilas been set tg. Note that
although we are discussing a 2D Tiroblem, this file still provides macros that can be used for
a 1D array. Again, we will see, when we implement a 2D TFSF bawy) that there are valid
reasons for doing this. Since any function that is usingetmeacros will also need to know about
aGrid structure, line 4 ensures that tfttd-grid1.h header file is also included.

Program 8.5 fdtd-macro-tmz.h Header file providing macros suitable for accessing the el-
ements and arrays of either a 1D or Zid . There are two distinct sets of macros. The first
set takes an argument that speficies the name of the poirtez&rid structure. The second set
assumes the name of the pointegis

#ifndef _FDTD_MACRO_TMZ_H
#define _FDTD_MACRO_TMZ_H

#include "fdtd-grid1.h"

/* macros that permit the "Grid" to be specified */
/ * one-dimensional grid */
#define HylG(G, M) G->hy[M]

#define ChyhlG(G, M) G->chyh[M]
#define ChyelG(G, M) G->chye[M]

#define Ez1G(G, M) G->ez[M]
#define CezelG(G, M) G->ceze[M]
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#define

Cezh1G(G, M) G->cezh[M]

[+ TMz grid =/

#define
#define
#define

#define
#define
#define

#define
#define
#define

#define
#define
#define
#define
#define
#define
#define

/* macros that assume the "Grid" is "g"

HxXG(G, M, N) G->hx[(M)
ChxhG(G, M, N) G->chxh[(M)
ChxeG(G, M, N) G->chxe[(M)

HyG(G, M, N) G->hy[(M)
ChyhG(G, M, N) G->chyh[(M)
ChyeG(G, M, N) G->chye[(M)

EzG(G, M, N) G->ez[(M)
CezeG(G, M, N) G->ceze[(M)
CezhG(G, M, N) G->cezh[(M)

SizeXG(G) G->sizeX
SizeYG(G) G->sizeY
SizeZG(G) G->sizeZ
TimeG(G) G->time
MaxTimeG(G) G->maxTime
CdtdsG(G) G->cdtds
TypeG(G) G->type

/ = one-dimensional grid */
#define Hy1(M) HylG(g, M)
#define Chyh1(M) Chyh1G(g, M)
#define Chyel(M) ChyelG(g, M)
#define Ez1(M) Ez1G(g, M)
#define Cezel(M) CezelG(g, M)
#define Cezhl(M) Cezh1G(g, M)
[+ TMz grid =/

#define Hx(M, N) HxG(g, M, N)
#define Chxh(M, N) ChxhG(g, M, N)
#define Chxe(M, N) ChxeG(g, M, N)
#define Hy(M, N) HyG(g, M, N)
#define Chyh(M, N) ChyhG(g, M, N)
#define Chye(M, N) ChyeG(g, M, N)
#define Ez(M, N) EzG(g, M, N)
#define Ceze(M, N) CezeG(g, M, N)

#define

#define

Cezh(M, N) CezhG(g, M, N)

SizeX SizeXG(g)

(SizeYG(G)-1) + (N)]
(SizeYG(G)-1) + (N)]
(SizeYG(G)-1) + (N)]

SizeYG(G)
SizeYG(G)
SizeYG(G)

SizeYG(G)

SizeYG(G)
SizeYG(G)

*/

+

+ +

+ + +

(N)]
(N)]
(N)]

(N)]
(N)]
(N)]
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#define SizeY SizeYG(Q)
#define SizeZ SizeZG(g)
#define Time TimeG(g)
#define MaxTime MaxTimeG(g)
#define Cdtds CdtdsG(g)
#define Type TypeG(Q)

#endif [ * matches #ifndef FDTD MACRO TMZ H «/

Finally, the contents ofdtd-protol.h are shown in Program 8.6. This file provides the
prototypes for the various functions associated with theuktion. Since a pointer to @rid
appears as an argument to these functions, any file thatdeglthis header will also need to
includefdtd-grid1.h as is doneinline 4.

Program 8.6 fdtd-protol.h Header file providing the function prototypes.

#ifndef _FDTD_PROTO1_H
#define _FDTD_PROTO1_H

#include "fdtd-grid1.h"

/ * Function prototypes */
void gridInit(Grid *Q);

void snapshotinit2d(Grid *0);
void snapshot2d(Grid *0);

void updateE2d(Grid *0);
void updateH2d(Grid *Q);

#endif

The filetmzdemol.c , which contains thenain() function, is shown in Program 8.7. The
program begins with the inclusion of the necessary heads. filNote that only three of the four
fdtd- header files are explicitly included. However, both the leeditesfdtd-macro-tmz.h
andfdtd-protol.h ensure that the “missing” filédtd-grid1.h , IS included.

Fields are introduced into the grid by hardwiring the valfi@m electric-field node as shown
in line 22. Because the source function is usedhan() , the header filezinc.h  had to be
included in this file. Other than those small changes, trogiam looks similar to many of the 1D
programs which we have previously considered.

Program 8.7 tmzdemol.c FDTD implementation of a TMgrid with a Ricker wavelet source
at the center of the grid. No ABC have been implemented so thalation is effectively of a
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resonator.

[+ TMz simulation with Ricker source at center of grid. */

#include "fdtd-allocl.h”
#include "fdtd-macro-tmz.h"
#include "fdtd-protol.h"
#include "ezinc.h"

int main()
{
Grid =g;

ALLOC_1D(g, 1, Grid); /I allocate memory for Grid

gridinit(g); /I initialize the grid
ezinclnit(g);
shapshotlinit2d(g); /[ initialize snapshots

/= do time stepping * [
for (Time = 0; Time < MaxTime; Time++) {

updateH2d(g); /I update magnetic field

updateE2d(Q); /I update electric field

Ez(SizeX / 2, SizeY | 2) = ezInc(Time, 0.0); /I add a source
snapshot2d(g); /I take a snapshot (if appropriate)

} /I end of time-stepping

return O;

The contents ofridtmz.c , which contains the grid initialization functiogridinit() :
is shown in Program 8.8. On line 9 the type of grid is definedis Thfollowed by statements
which set the size of the grid, in both theandy directions, the duration of the simulation, and
the Courant number. Then, on lines 15 through 23, space isasédld for the field arrays and
their associated coefficients array. Note that althoughHharray isSizeX xSizeY , H, is
SizeX x(SizeY —1), andH, is (SizeX — 1)xSizeY . The remainder of the program merely
sets the coefficient arrays. Here there is no need to inchelbdgader filédtd-protol.h since
this function does not call any of the functions listed inttfila.

Program 8.8 gridtmz.c  Grid initialization function for a TM simulation. Here the grid is
simply homogeneous free space.

#include "fdtd-macro-tmz.h"
#include "fdtd-allocl.h"
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#include <math.h>
void gridInit(Grid *g) {
double imp0 = 377.0;
int mm, nn;
Type = tmZGrid;
SizeX = 101, I/l X size of domain
SizeY = 81; /'y size of domain
MaxTime = 300; /I duration of simulation
Cdtds = 1.0 / sqrt(2.0); /[ Courant number
ALLOC_2D(g->hx, SizeX, SizeY - 1, double);
ALLOC_2D(g->chxh, SizeX, SizeY - 1, double);
ALLOC_2D(g->chxe, SizeX, SizeY - 1, double);
ALLOC 2D(g->hy, SizeX - 1, SizeY, double);
ALLOC_2D(g->chyh, SizeX - 1, SizeY, double);
ALLOC 2D(g->chye, SizeX - 1, SizeY, double);
ALLOC_2D(g->ez, SizeX, SizeY, double);
ALLOC 2D(g->ceze, SizeX, SizeY, double);
ALLOC_2D(g->cezh, SizeX, SizeY, double);
/ = set electric-field update coefficients * [
for (mm = 0; mm < SizeX; mm++)
for (nn = 0; nn < SizeY; nn++) {
Ceze(mm, nn) = 1.0;
Cezh(mm, nn) = Cdtds * impO;
}
/ = set magnetic-field update coefficients * [
for (mm = 0; mm < SizeX; mm++)
for (nn = 0; nn < SizeY - 1; nn++) {
Chxh(mm, nn) = 1.0;
Chxe(mm, nn) = Cdtds / impO;
}
for (mm = 0; mm < SizeX - 1; mm++)
for (nn = 0; nn < SizeY; nn++) {
Chyh(mm, nn) = 1.0;
Chye(mm, nn) = Cdtds / imp0;
}
return;
}

CHAPTER 8. TWO-DIMENSIONAL FDTD SIMULATIONS

The functions for updating the fields are contained in theujldatetmz.c

in Program 8.9. In line 7 th&ype is checked (i.e.g->type

which is shown
is checked). If it isoneDGrid
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then only thef,, field is updated and it only has a single spatial index. If thé i§ not a 1D grid,
it is assumed to be a TMgrid. Thus, starting on line 127, and H, are updated and they now
have two spatial indices.

Program 8.9 updatetmz.c  Functions to update the fields. Depending on the type of i,
fields can be treated as either one- or two-dimensional.

#include "fdtd-macro-tmz.h"

/ = update magnetic field * [
void updateH2d(Grid Q) {
int mm, nn;

if (Type == oneDGrid) {
for (mm = 0; mm < SizeX - 1; mm++)
Hyl(mm) = Chyhl(mm) * Hyl(mm)
+ Chyel(mm) » (Ezl(mm + 1) - Ez1l(mm));
} else {
for (mm = 0; mm < SizeX; mm++)
for (nn = 0; nn < SizeY - 1; nn++)
Hx(mm, nn) = Chxh(mm, nn) * Hx(mm, nn)
- Chxe(mm, nn) * (Ez(mm, nn + 1) - Ez(mm, nn));

for (mm = 0; mm < SizeX - 1; mm++)
for (nn = 0; nn < SizeY; nn++)
Hy(mm, nn) = Chyh(mm, nn) * Hy(mm, nn)
+ Chye(mm, nn) * (Ez(mm + 1, nn) - Ez(mm, nn));

}

return;

}

/ = update electric field * [
void updateE2d(Grid Q) {
int mm, nn;

if (Type == oneDGrid) {
for (mm = 1, mm < SizeX - 1; mm++)
Ez1(mm) = Cezel(mm) * Ezl(mm)
+ Cezhl(mm) = (Hyl(mm) - Hyl(mm - 1));
} else {
for (mm = 1, mm < SizeX - 1; mm++)
for (nn = 1; nn < SizeY - 1; nn++)
Ez(mm, nn) = Ceze(mm, nn) * Ez(mm, nn) +
Cezh(mm, nn) =* ((Hy(mm, nn) - Hy(mm - 1, nn)) -
(Hx(mm, nn) - Hx(mm, nn - 1)));
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}

return;

The function for updating the electric fieldpdateE2d() , only is responsible for updating
the E, field. However, as shown in line 30, it still must check theldyipe. If thisis a 1D gridF.
only has a single spatial index and only dependgignlf it is not a 1D grid, it is assumed to be a
TM~ grid andE, now depends on botH, and ,,.

The function to implement the Ricker wavelet is shown in Paogr8.10. The header file
ezinc.h s virtually unchanged from Program 4.16. The one minor geas that instead of in-
cludingfdtd2.h , now the filefdtd-macro-tmz.h isincluded. Thugzinc.h is notshown.
The initialization functiorezincinit() prompts the user to enter the points per wavelength at
which the Ricker wavelet has maximum energy. In line 10 it atsies a local copy of the Courant
number (since th&rid is not passed to thezinc()  function and would not otherwise know
this value).

Program 8.10 ricker.c Function to implement a Ricker wavelet. This is a travelingve
version of the function sezinc() takes arguments of both time and space.

#include "ezinc.h"

static double cdtds, ppw = 0

/ = initialize source-function variables * [
void ezInclnit(Grid * gl
printf("Enter the points per wavelength for Ricker source: ");

scanf(" %lf', &ppw);
cdtds = Cdtds;

return;
}
/ = calculate source function at given time and location * [
double ezinc(double time, double location) {
double arg;
if (ppw <= 0) {
fprintf(stderr,
"ezInc: ezinclnit() must be called before ezinc.\n"
" Points per wavelength must be positive.\n");
exit(-1);
}

arg = M_PI * ((cdtds = time - location) / ppw - 1.0);
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arg = arg * arg;

return (1.0 - 2.0 * arg) * exp(-arg);
}

197

Finally, snapshot2d.c  is shown in Program 8.11. The functi@mapshotinit2d()
obtains information from the user about the output that srdd. The goal is to write the data so

that the electric field can be visualized over the entire 2D @atational domain.

Program 8.11 snapshot2d.c  Function to record the 2D field to a file. The data is stored as

binary data.

#include <stdio.h>

#include <stdlib.h>

#include "fdtd-macro-tmz.h"

static int temporalStride = -2, frame = 0, startTime,
startNodeX, endNodeX, spatialStrideX,
startNodeY, endNodeY, spatialStrideY;

static char basename[80];

void snapshotinit2d(Grid *q) {

int choice;

printf("Do you want 2D snapshots? (1=yes, 0=no) ");
scanf("%d", &choice);
if (choice == 0) {

temporalStride = -1;

return;

}

printf("Duration of simulation is %d steps.\n", MaxTime);
printf("Enter start time and temporal stride: ");
scanf(" %d %d", &startTime, &temporalStride);
printf("In x direction grid has %d total nodes"

" (ranging from 0 to %d).\n", SizeX, SizeX - 1);
printf("Enter first node, last node, and spatial stride: ")
scanf(" %d %d %d", &startNodeX, &endNodeX, &spatialStride
printf("In y direction grid has %d total nodes"

" (ranging from O to %d).\n", SizeY, SizeY - 1);
printf("Enter first node, last node, and spatial stride: ")
scanf(" %d %d %d", &startNodeY, &endNodeY, &spatialStride
printf("Enter the base name: ");
scanf(" %s", basename);

X);

Y);
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}

return;

void snapshot2d(Grid *q) {

}

int mm, nn;
float diml1, dim2, temp;
char filename[100];

FILE =*out;
[+ ensure temporal stride set to a reasonable value * [
if (temporalStride == -1) {
return;
} if (temporalStride < -1) {
fprintf(stderr,
"snapshot2d: snapshotinit2zd must be called before snapsho t\n"
" Temporal stride must be set to positive value.\n");
exit(-1);
}
/ = get snapshot if temporal conditions met * [

if (Time >= startTime &&
(Time - startTime) % temporalStride == 0) {
sprintf(filename, "%s.%d", basename, frame++);
out = fopen(filename, "wb");

[ * write dimensions to output file --

* express dimensions as floats * |

diml = (endNodeX - startNodeX) / spatialStrideX + 1;
dim2 = (endNodeY - startNodeY) / spatialStrideY + 1;
fwrite(&dim1, sizeof(float), 1, out);

fwrite(&dim2, sizeof(float), 1, out);

/= write remaining data * |
for (nn = endNodeY; nn >= startNodeY; nn -= spatialStrideY)
for (mm = startNodeX; mm <= endNodeX; mm += spatialStrideX) {

temp = (float)Ez(mm, nn); /I store data as a float
fwrite(&temp, sizeof(float), 1, out); /[ write the float
}
fclose(out); /I close file
}
return;

Similar to the snapshot code in one dimension, fefield is merely recorded (in binary

CHAPTER 8. TWO-DIMENSIONAL FDTD SIMULATIONS
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format) to a file at the appropriate time-steps. It is up tosather program or software to render
this data in a suitable way. In order to understand what ipé&aing in the two-dimensional grid,

it is extremely helpful to display the fields in a manner tisatdnsistent with the underlying two-
dimensional format. This can potentially be quite a bit abddo deal with it efficiently, it is often
best to store the data directly in binary format, which wd vefer to as “raw” data. In line 58 the
output file is opened as a binary file (hent& Which appears in the second argument of the call
tofopen() ).

The arrays being used to store the fields are doubles. Howsteeing a complete double can
be considered overkill when it comes to generating graphigs certainly do not neeth digits
of precision when viewing the fields. Instead of writing dtas) the output is converted to a float.
(By using floats instead of doubles, the file size is reducedflgtar of two.) Within each output
data file, first the dimensions of the array are written, adglaes shown in lines 64 and 65. After
that, starting in line 68 of Program 8.11, two nested loogsumed to write each element of the
array. Note that the elements are not written in what mightdmesidered a standard way. The
elements are written consistent with how you would read & lo&nglish: from left to right, top
to bottom. As mentioned previously, this is not the most effitway to access arrays, but there
are some image-processing tools which prefer that dataobedsthis way.

Once this data is generated, there are several ways in wiéctdta can be displayed. It is
possible to read the data directly using Matlab and evenesraanimation of the field. Appendix
C presents a Matlab function that can be used to generate g ritomn the data generated by
Program 8.7.

After compiling Program 8.7 in accordance with all the fileswn in Fig. 8.2, let us assume
the executable is naméghzdemol. The following shows a typical session where this program is
run on a UNIX system (where the executable is entered at tien@md-line prompt of2”). The
user’s entries are shown in bold.

> tnezdenol

Enter the points per wavelength for Ricker source: 20
Do you want 2D snapshots? (1=yes, 0=no) 1

Duration of simulation is 300 steps.

Enter start time and temporal stride: 10 10

In x direction grid has 101 total nodes (ranging from O to 100)
Enter first node, last node, and spatial stride: 0 100 1
In y direction grid has 81 total nodes (ranging from 0 to 80).

Enter first node, last node, and spatial stride: 0 801
Enter the base name: sim

In this case the user set the Ricker wavelet to I2Avpoints per wavelength at the most energetic
frequency. Snapshots were generated evértime-steps beginning at th€th time-step. The
snapshots were taken of the entire computational domaae $ire start- and stop-points were the
first and last nodes in the andy directions and the spatial stride was unity. The snapstautsah
common base name sim .

Figure 8.3 shows three snapshots of the electric field tleag@nerated by Program 8.7. These
images are individual frames generated by the code present&ppendix C (the frames are in
color when viewed on a suitable output device). These fratnegspond to snapshots taken at
time-steps30, 70, and110. Logarithmic scaling is used so that the maximum normalizade
of one corresponds to the color identified as zero on the tx@oto the right of each image. A
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normalization value of unity was used for these images. dkecades are displayed so that the
minimum visible normalized field i$0~3. This value is shown with a color corresponding-td
on the color-bar (any values less than the minimum are atggajied using this same color).

At time-step30, the field is seen to be radiating concentrically away froe sburce at the
center of the grid. At time-step0 the field is just starting to reach the top and bottom edges
of the computational domain. Since the electric-field nagleag the edge of the computational
domain are not updated (due to these nodes lacking a neighbmagnetic-field node in their
update equations), these edges behave as PEC boundane tHe field is reflected back from
these walls. The reflection of the field in clearly evidentiatetstep110. As the simulation
progresses, the field bounces back and forth. (The field atem gnoint can be recorded and then
Fourier transformed. The peaks in the transform correspmtige resonant modes of this particular
structure.)

To model an infinite domain, the second-order ABC discussegein 6.6 can be applied to
every electric field node on the boundary. In one dimensielABC needed to be applied to only
two nodes. In two dimensions, there would essentially be lioes of nodes to which the ABC
must be applied: nodes along the left, right, top, and battblowever, in all cases the form of
the ABC is the same. For a second-order ABC, a node on the bouddpands on two interior
nodes as well as the field at the boundary and those same ®vmtodes at two previous time
steps. As before, the old values would have to be stored iplegntary arrays—six old values
for each node on the boundary. This is accomplished faidylyehy extrapolating the 1D case so
that there are now four storage arrays (one for the lefttrigip, and bottom). These would be
three-dimensional arrays. In addition to two indices whinticate displacement from the edge
(i.e., displacement into the interior) and the time stepreéhwould be a third index to indicate
displacemenglongthe edge. So, for example, this third index would specifyghgicular node
along the top or bottom (and hence would vary betweand “SizeX - 1 ") or the node along
the left or right (and hence would vary betwdeand ‘SizeY - 1 7).

For nodes in the corner of the computational domain, thesoimse ambiguity as to which
nodes are the neighboring “interior” nodes which should ety the ABC. However, the corner
nodes never couple back to the interior and hence it does atiemwhat one does with these
nodes. They can be left zero or assumed to contain meansnglesbers and that will not affect
the values in the interior of the grid. The magnetic fieldd dr@ adjacent to corner nodes are
affected by the values of the field in the corners. Howevesémodes themselves are not used be
any other nodes in their updates. The electric fields whietadjacent to these magnetic fields are
updated using the ABC; they ignore the field at the neighboriagmetic-field nodes. Therefore
no special consideration will be given to resolving the esrambiguity.

8.5 The TFSF Boundary for TM* Polarization

For a distant source illuminating a scatterer, it is notifgago discretize the space surrounding
the source, discretize the space between the source anddatiersr, and discretize the space
surrounding the scatterer. Even if a large enough compotdd de obtained that was capable of
storing all that discretized space, one simply would nottwarmuse the FDTD grid to propagate
the field from the source to the scatterer. Such an endeawddwe slow, incredibly inefficient,
and suffer from needless numerical artifacts. Instead sboeld discretize the space surrounding
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Figure 8.3: Display off. field generated by Program 8.7 at time steps3(a)b) 70, and (c)110.
A Ricker source witl20 points per wavelength at its most energetic frequency id-hared to the
E. node at the center of the grid.
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the scatterer and introduce the incident field via a totéd/Seattered-field boundary. When the
source is distant from the scatterer, the incident field &rlgeplanar and thus we will restrict
consideration to incident plane waves.

Section 3.10 showed how the TFSF concept could be implemiémteone-dimensional prob-
lem. The TFSF boundary separated the grid into two regionsatad-field (TF) region and a
scattered-field (SF) region. There were two nodes adjacethig boundary. One was in the SF
region and depended on a node in the TF region. The other whs ifF region and depended on
a node in the SF region. To obtain self-consistent updatatems, when updating nodes in the
TF region, one must use the total field which pertains at tihghtering nodes. Conversely, when
updating nodes in the SF region, one must use the scattetedviiech pertains at neighboring
nodes. In one dimension, the two nodes adjacent to the boumnaast have the incident field
either added to or subtracted from the field which exists eit theighbor on the other side of the
boundary. Thus, in one dimension we required knowledgeeirtbident field at two locations for
every time step.

In two dimensions, the grid is again divided into a TF regio @ SF region. In this case
the boundary between the two regions is no longer a pointwrgig.4 shows a TKMgrid with a
rectangular TFSF boundary. (The boundary does not haversxtengular, but the implementation
details are simplest when the boundary has straight sidéfi@mce we will restrict ourselves to
TFSF boundaries which are rectangular.) In this figure theebfion is enclosed within the TFSF
boundary which is drawn with a dashed line. The SF region ysportion of the grid that is
outside this boundary. Nodes that have a neighbor on the sidhe of the boundary are enclosed
in a solid rectangle with rounded corners. Note that thes&r@ad nodes are tangential to the
TFSF boundary (we consider the field, which points out of the page, to be tangential to the
boundary if we envision the boundary extending into thedtliimension). The fields that are
normal to the boundary, such as thg nodes along the top and bottom of the TFSF boundary,
do not have neighbors which are across the boundary (eveglthibe field could be considered
adjacent to the boundary).

In the implementation used here, the TF region is defined éynitiices of the “first” and “last”
electric-field nodes which are in the TF region. These nodestzown in Fig. 8.4 where the “first”
node is the one in the lower left corner and the “last” one ihmupper right corner. Note that
electric fields and magnetic fields with the same indices atenacessarily on the same side of
the boundary. For example, thie. nodes on the right side of the TF region have one of their
neighboringH, nodes in the SF region. This is true despite the fact thaethigsodes share the
samez-index as ther, nodes.

Further note that in this particular construction of a TF8Erxary, the electric fields tantential
to the TFSF boundary are always in the TF region. These noilldsawe at least one neighboring
magnetic field node that is in the SF region. Thus, the cdoectecessary to obtain a consistent
update of these electric field nodes would involve addingribelent field the neighboring mag-
netic fields on the other side of the TFSF boundary. Convergeymagnetic field nodes that are
tangential to the TFSF boundary are always in the SF regibas@ nodes will have one neighbor-
ing electric field node that is in the TF region. Thus, the edtion necessary to obtain a consistent
update of these magnetic field nodes would involve subtrgdkie incident field from the electric
field node on the other side of the TFSF boundary.

As in the one-dimensional case, to implement the TFSF metrael must know the incident
field at every node which has a neighbor on the other side of BE&F boundary. The incident
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Figure 8.4: Depiction of a total-field/scattered-field bdary in a TM grid. The size of the TF
region is defined by the indices of the first and last electeic fnodes which are within the region.
Note that at the right-hand side of the boundaryhenodes with the same-index (i.e., the same
“m” index) as the “last” node will be in the SF region. Similarat the top of the gridf{, nodes
with the samey-index as the last node will be in the SF region. Thereforeroast pay attention
to the field component as well as the indices to determine ddens in the SF or TF region.
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field must be known at all these points and for every time-steBection 3.10 analytic expres-
sions were used for the incident field, i.e., the expressimaisiescribes propagation of the incident
field in the continuous world. However, the incident field so®t propagate the same way in the
FDTD grid as the continuous world (except in the special cdsene-dimensional propagation
with a Courant number of unity). Therefore, if the continueusld expressions were used for
the incident field, there would be a mismatch between thesfigldhe grid and the fields given
by the continuous-world expressions. This mismatch woaldse fields to leak across the bound-
ary. Another drawback to using the continuous-world exgitess is that they typically involve a
transcendental function (such as a trigonometric funatioan exponential). Calculation of these
functions is somewhat computationally expensive—at leastpared to a few simple algebraic
calculations. If the transcendental functions have to beutaed at numerous points for every
time-step, this can impose a potentially significant corapanal cost. Fortunately, provided the
direction of the incident-field propagation coincides wtie of the axes of the grid, there is a way
to ensure that the incident field exactly matches the way iiclwtine incident field propagates in
the two-dimensional FDTD grid. Additionally, the calcutat of the incident field can be done
efficiently.

The trick to calculating the incident field is to perform arxiiary one-dimensional FDTD
simulation which calculates the incident field. This awi simulation uses the same Courant
number and material parameters as pertain in the two-dimradsyrid but is otherwise completely
separate from the two-dimensional grid. The one-dimermgignd is merely used to find the
incident fields needed to implement the TFSF boundary. (Eachand H, node in the 1D grid
can be thought as providing™ andH;le, respectively, at the appropriate point in space-time as
dictated by the discretization and time-stepping.)

Figure 8.5 shows the auxiliary 1D grid together with the 2 grThe base of the vertical
arrows pointing from the 1D grid to the 2D grid indicate thedas in the 1D grid from which
the nodes in the 2D grid obtain the incident field (only noaethe 2D grid adjacent to the TFSF
boundary require knowledge of the incident field). Sinceitivgdent field propagates in thex
direction, there is no inciderfi,, field. Hence nodes that depend on/pnnode on the other side
of the TFSF boundary do not need to be corrected shige= 0.

Despite the representation in Fig. 8.5, the 1D grid does aetrio be the same width as the
2D grid, but it must be at least as long as necessary to prokeecident field for all the nodes
tangential to the TFSF boundary (i.e., it must be large ehaoo@rovide the values associated with
the base of each of the vertical arrows shown in Fig. 8.5).ithatdhlly, the 1D grid must include
a source on the left and the right side of the grid must be Islyiterminated so that the incident
field does not reflect back. Here we will assume fields aredinired into the 1D grid via a hard
source at the left end.

Using an auxiliary 1D grid, the TFSF boundary could be realias follows. First, outside of
the time-stepping loop, a function would be called to ihig@the TFSF code. This initialization
would allocate arrays of the necessary size for the 1D auyilgrid and set all the necessary
constants. Then, within the time-stepping loop, the foltaysteps would be taken (where we use
the additional subscriptsD and2D to distinguish between arrays associated with the 1D and 2D
grids):

1. Update the magnetic fields in the two-dimensional gridgiiie usual update equations (i.e.,
- b et 3 ot
do not account for the existence of TFSF boundafy};; = H,,; andH,,; = H,,;.
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Figure 8.5: A one-dimensional auxiliary grid is used to a#dée the incident field which is as-
sumed to be propagating in ther direction. The vertical arrows indicate the nodes whoseesl
are needed to implement the TFSF boundary. The incifferiield is zero and hence no correction
is needed in association withi, nodes that have a neighboriif), node on the other side of the
boundary. The 1D grid is driven by a hard source at the left.sithe 1D grid must be suitably
terminated at the right side to model an infinite domain. Tize sf the 1D grid is somewhat
independent of the size of the 2D grid—it must be large endagirovide incident field associ-
ated with each of the vertical arrows shown above but otrssrwiay be larger or smaller than the
overall width of the 2D grid.
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2. Call a function to make all calculations and correctiorspamted with the TFSF boundary:

(a) Correctthe two-dimensional magnetic fields tangerditié TFSF boundary using the
incident electric field from the one-dimensional grid, ,ilesing E'Z, .

(b) Update the magnetic field in the one-dimensional gﬁﬁlz_é = H;IIFD%.
(c) Update the electric field in the one-dimensional giitf;, = Ef5.

(d) Correct the electric field in the two-dimensional gridngsthe incident magnetic field

from the one-dimensional grid, i.e., usirﬂgjfg. (Since there is né1,p in this partic-
ular case with grid-aligned propagation, no correctiondsgssary in association with
E. nodes that have a neighboriif. node on the other side of the TFSF boundary.)

3. Update the electric field in the two-dimensional grid gsine usual update equations (i.e.,
do not account for the existence of TFSF boundaBf)y, = F%f).

8.6 TM* TFSF Boundary Example

Figure 8.6 shows three snapshots of a computational dorainricorporates a TFSF boundary.
The size of the grid i201 nodes wide an@1 nodes high. The incident field is a Ricker wavelet
with 30 points per wavelength at its most energetic frequency. iithees for the first electric-field
node in the TF region ar@, 5) and the indices of the last node in the TF region(afe75). There

is no scatterer present and hence there are no fields visitiie iISF region.

In Fig. 8.6(a) the incident field is seen to have entered thesige of the TF region. There is
an abrupt discontinuity in the field as one cross the TFSF @ayn This discontinuity is visible
to the left of the TF region as well as along a portion of thedagd bottom of the region. In Fig.
8.6(b) the pulse is nearly completely within the TF region.Fig. 8.6(b) the incident pulse has
encountered the right side of the TF region. At this pointitieédent field seemingly disappears!
The corrections to the fields at the right side of the boundagysuch that the incident field does
not escape the TF region.

Figure 8.7 shows three snapshots of a computational doimaimstsimilar to the one shown in
Fig. 8.6. The only difference is that a PEC plate has beempaothe grid. The plate is realized by
setting to zero thé’, nodes along a vertical line. This line of nodes is oft&etells from the left
side of the computational domain and runs vertically frzihcells from the bottom of the domain
to 20 cells from the top. (The way in which one models a PEC in 2Dgwid| be discussed further
in Sec. 8.8.)

Second-order ABC'’s are used to terminate the grid. (In Figti&6&ields were normalized to
1.0. In Fig. 8.7 they have been normalizedto.)

In Fig. 8.7(a) the incident field has just barely reached theep There is no scattering evident
yet and hence no scattered fields are visible in the SF regioiRig. 8.7(b) the interaction of the
field with the plate is obvious. One can see how the fields h#fmcted around the edges of
the plate. As can be seen, the field scattered from the plateddhtime to propagate into the SF
region. Figure 8.7(c) also shows the non-zero field in the&sgfion (together with the total field
throughout the TF region). The ABC’s must absorb the scattgstt] but they do have to contend
with the incident field since, as shown in Fig. 8.6, the inoidéeld never escapes the TF region
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(b)

Figure 8.6: Display of2, field in a computational domain employing a TFSF boundarapShots
are taken at time-steps (&), (b) 100, and (c)170. The pulsed, plane-wave source corresponds to
a Ricker wavelet witt80 points per wavelength at its most energetic frequency.
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Figure 8.7: Display of, field in a computational domain employing a TFSF boundareréhs a
PEC vertical plate which is realized by setting to zero khdield over a lines that ig1 cells high
and20 cells from the left edge of the computational domain. Snafssare taken at time steps (a)
30, (b) 100, and (c)170. A second-order ABC is used to terminate the grid.
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gridtmz.c abctmz.c gridldez.c
gridinit() abclnit() gridinitld()
abc()
_‘ 1 y
tmzdemo2.c
main()
v 1
snapshot2d.c update2d.c tfsftmz.c ricker.c
snapshotlnit2d() updateE2d() < tfsflnit() > ezInclnit()
snapshot2d() updateH2d() - tfsfUpdate() ezinc()

Figure 8.8: Organization of files associated with a“T$¥mulation that employs a TFSF boundary
and a second-order ABC. The header files are not shown.

(but, of course, the scattered field at any point along the edighe computational domain could
be as large or larger than the incident field—it depends onthevgcatterer scatters the field).

The organization of code used to generate the results showigi 8.7 is depicted in Fig.
8.8. The header files are not shown. The contents of theupdatetmz.c , ricker.c , and
snapshot2d.c  are unchanged from the previous section (refer to Progra88.0, and 8.11,
respectively). The filgridtmz.c  has changed only slightly from the code shown in Program
8.8 in that a line of electric-field update coefficients arevrset to zero corresponding to the
location of the PEC. Since this change is so minor, this fileotsonesented here. The header files
fdtd-allocl.h , fdtd-grid1.h andfdtd-macro-tmz.h are also unchanged from the
previous section (refer to Programs 8.4, 8.3, and 8.5).

The contents afimzdemo2.c are shown in Program 8.12. This program differs from Program
8.7 only in the call to the TFSF and ABC functions. Also, a ddig prototype header file is
included. These difference are shown in bold.

Program 8.12 tmzdemo2.c Program to perform a TKsimulation where the field is introduced
via a TFSF boundary and the grid is terminated with a secaddr@\BC. The differences between
this code and Program 8.7 are shown in bold.

[+ TMz simulation with a TFSF boundary and a second-order ABC. */

#include "fdtd-allocl.h"
#include "fdtd-macro-tmz.h"
#i ncl ude "fdtd-proto2. h"

int main()

{
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Grid *g;

ALLOC_1D(g, 1, Grid); /I allocate memory for grid
gridInit(g); /l initialize 2D grid
abclnit(g); I/l initialize ABC

tfsflnit(qg); /[ initialize TFSF boundary
snapshotinit2d(g); /I initialize snapshots

/= do time stepping * [
for (Time = 0; Time < MaxTime; Time++) {

updateH2d(g); /I update magnetic fields
tfsfUpdate(qg); [l apply TFSF boundary
updateE2d(g); /I update electric fields

abc(9); /1 apply ABC

shapshot2d(g); /I take a snapshot (if appropriate)

} /I end of time-stepping

return O;

After initialization of the 2D grid in line 11, the ABC, TFSF, drsnapshot functions are ini-
tialized. Time-stepping begins in line 19. Within the tirsiepping loop, first the magnetic fields
are updated. As already mentioned, the functipdateH2d() is unchanged from before. We
merely pass to it the th&rid pointerg. Next, the functiortfsfUpdate() is used to update
the fields adjacent to the TFSF boundary. This function té#es2D Grid pointer)g as an ar-
gument. As we will see, the TFSF function also keeps trackdwiliary 1D that is completely
hidden frommain() . The electric fields are then updated, the ABC is applied, asrthpshot is
generated (if the time-step is appropriate).

The header filddtd-proto2.h is shown in Program 8.13. The only substantial changes
from Program 8.6 are the addition of the prototypes for th8H,FABC functions, and a function
used to initialize the 1D grid.

Program 8.13 fdtd-proto2.h Header file that now includes the prototypes for the TFSF and
ABC functions. The differences between this file and 8.6 acsvshin bold.

#i f ndef _FDTD PROTC2_H
#define FDTD PROTO2_H

#include "fdtd-grid1.h"
/ * Function prototypes */

void abclnit(Gid *g);
void abc(Gid *qg);
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void gridinitld(Gid *g);
void gridinit(Grid *Q);

void snapshotinit2d(Grid *Q);
void snapshot2d(Grid *0);

void tfsflnit(Gid *xg);
void tfsfUpdate(Gid *g);

void updateE2d(Grid *Q);
void updateH2d(Grid *0);

#endif

The code to implement the TFSF boundary is shown in Progravh 8here are five global
variables in this program. The four declared on lines 7 ant/@ thhe indices of the first and last
points in the TF region. The global varialgé, declared on line 10, is@rid pointer that will be
used for the auxiliary 1D grid.

The functiontfsfinit() starts by allocating space fgiL. Once that space has been allo-
cated we could set the Courant number, the maximum numbemefdteps, and the size of the
grid. However, it is important that these values match, astiéh some ways, the value of the 2D
grid that has already been declared. Thus, in line 15, theeatsof the 2D grid structure are copy
to the 1D grid structure. To accomplish this copying the Ccfiom memcpy() is used. This
function takes three arguments: the destination memorgeaddthe source memory address, and
the amount of memory to be copied. After this copying has loeempleted, there are some things
about thegl which are incorrect. For example, tigoe corresponds to a 2D Thgrid. Also, the
pointers for its arrays are the same as those for the 2D gredd®hot want the 1D grid writing to
the same arrays as the 2D grid! Therefore these values witeiGrid pointergl need to be fix

and this is accomplished with the grid-initialization faieo gridinit1D() called in 16. We
will consider the details of that function soon. Just preoraturning tfsfinit() initializes the
source function by callingzIncinit()

As we saw in themain() function in Program 8.12fsfUpdate() is called once per

time-step, after the magnetic fields have been updated dacklibe electric field is updated. Note
that the fields throughout the grid are not consistent uftgrdhe electric field has been updated
in the 2D grid (i.e., after step three in the algorithm ddssxdi on page 204). This is because just
prior to callingtfsfUpdate() the magnetic fields have not been corrected to account for the
TFSF boundary. Just aftéisfUpdate() has returned the electric field has been corrected in
anticipation of the next update.

Program 8.14 tfsftmz.c Source code to implement a TFSF boundary for a*Tgvid. The
incident field is assumed to propagate alongitlarection and is calculated using an auxiliary 1D
simulation.
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#include <string.h> /I for memcpy
#include "fdtd-macro-tmz.h"

#include "fdtd-proto2.h"

#include “fdtd-allocl.h"

#include "ezinc.h"

static int firstX = 0, firstY, /I indices for first point in TF region
lastX, lastY; /I indices for last point in TF region

static Grid xgl; /I 1D auxilliary grid

void tfsflnit(Grid *g) {
ALLOC_1D(g1, 1, Grid); /I allocate memory for 1D Grid
memcpy(gl, g, sizeof(Grid)); /I copy information from 2D array
gridinitld(gl); /I initialize 1d grid

printf("Grid is %d by %d cell\n", SizeX, SizeY);
printf("Enter indices for first point in TF region: ");
scanf(" %d %d", &firstX, &firstY);

printf("Enter indices for last point in TF region: ");
scanf(" %d %d", &lastX, &lastY);

ezinclnit(g); /I initialize source function
return;

}

void tfsfUpdate(Grid *q) {
int mm, nn;

/I check if tfsflnit() has been called
if (firstX <= 0) {
fprintf(stderr,
"tfsfUpdate: tfsfinit must be called before tfsfUpdate.\n
" Boundary location must be set to positive value.\n");
exit(-1);
}

/I correct Hy along left edge
mm = firstX - 1;
for (nn = firstY; nn <= lastY; nn++)
Hy(mm, nn) -= Chye(mm, nn) * Ez1G(gl, mm + 1),

/I correct Hy along right edge
mm = lastX;
for (nn = firstY; nn <= lastY; nn++)
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Hy(mm, nn) += Chye(mm, nn) * Ez1G(gl, mm);

/Il correct Hx along the bottom
nn = firstY - 1;
for (mm = firstX; mm <= lastX; mm++)
Hx(mm, nn) += Chxe(mm, nn) * Ez1G(gl, mm);

/I correct Hx along the top
nn = lastY;
for (mm = firstX; mm <= lastX; mm++)
Hx(mm, nn) -= Chxe(mm, nn) * Ez1G(gl, mm);

updateH2d(gl); /[ update 1D magnetic field
updateE2d(gl); /I update 1D electric field

Ez1G(gl, 0) = ezInc(TimeG(gl), 0.0); /I set source node
TimeG(gl)++; /I increment time in 1D grid

/= correct Ez adjacent to TFSF boundary */

/I correct Ez field along left edge

mm = firstX;

for (nn = firstY; nn <= lastY; nn++)
Ez(mm, nn) -= Cezh(mm, nn) * HylG(gl, mm - 1);

/I correct Ez field along right edge
mm = lastX;
for (nn = firstY; nn <= lastY; nn++)
Ez(mm, nn) += Cezh(mm, nn) * Hyl1G(gl, mm);

/I no need to correct Ez along top and bottom since
/l incident Hx is zero

return;

The functiontfsfUpdate() , Which is called once per time-step, starts by ensuringttieat
initialization function has been called. It then corregtg along the left and right edges arf,
along the top and bottom edges. Then, in line 60, the magfeitidn the 1D grid is updated, then
the 1D electric field. Then the source is realized by hardngithe first electric-field node in the
1D grid to the source function (in this case a Ricker wavelgt)s is followed by incrementing the
time-step in the 1D grid. Now that the 1D grid has been updateiting in line 67, the electric
fields adjacent to the TFSF boundary are corrected. ThraugfstUpdate() any macro that
pertains tayl must explicitly specify thé&rid as an argument.

The function used to initialize the 1D grid is shown in Pragr@.15. After inclusion of the
appropriate header fileBILOSSis defined to be0. The 1D grid is terminated with a lossy layer
rather than an ABCNLOSSrepresents the number of nodes in this lossy region.
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Program 8.15 gridldez.c Initialization function for the 1D auxilliary grid used bir¢ TFSF
function to calculate the incident field.

#include <math.h>
#include "fdtd-macro-tmz.h"
#include "fdtd-allocl.h"

#define NLOSS 20 /I number of lossy cells at end of 1D grid
#define MAX_LOSS 0.35 // maximum loss factor in lossy layer
void gridInitld(Grid *g) {

double imp0 = 377.0, depthinLayer, lossFactor;

int mm;

SizeX += NLOSS; /I size of domain

Type = oneDGrid; I/l set grid type

ALLOC_1D(g->hy, SizeX - 1, double);
ALLOC 1D(g->chyh, SizeX - 1, double);
ALLOC_1D(g->chye, SizeX - 1, double);
ALLOC 1D(g->ez, SizeX, double);
ALLOC_1D(g->ceze, SizeX, double);
ALLOC_1D(g->cezh, SizeX, double);

/ = set the electric- and magnetic-field update coefficients * [
for (mm = 0; mm < SizeX - 1; mm++) {
if (mm < SizeX - 1 - NLOSS) {
Cezel(mm) = 1.0;

Cezhl(mm) = Cdtds =* impO;

Chyhl(mm) = 1.0;

Chyel(mm) = Cdtds / impO;
} else {

depthinLayer = mm - (SizeX - 1 - NLOSS) + 0.5;
lossFactor = MAX _LOSS * pow(depthinLayer / NLOSS, 2);
Cezel(mm) (1.0 - lossFactor) / (1.0 + lossFactor);
Cezhl(mm) = Cdtds =+ impO / (1.0 + lossFactor);
depthinLayer += 0.5;

lossFactor = MAX_LOSS * pow(depthinLayer / NLOSS, 2);

Chyhl(mm) = (1.0 - lossFactor) / (1.0 + lossFactor);
Chyel(mm) = Cdtds / imp0O / (1.0 + lossFactor);
}
}
return;

}
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Recall that intfsfinit() the values from the 2D grid were copied to the 1D grid (rek lin
15 of Program 8.14). Thus at the start of this function theealfSizeX is set to that of the 2D
grid. (The value ofSizeY is also set to that of the 2D grid, but this value is ignoredhim¢ontext
of a 1D grid.) In line 12 the size is increased by the numbetroafes in the lossy layer. This is the
final size of the 1D grid20 cells greater than the dimension of the 2D grid.

The grid type is specified as beingaeDGrid inline 13. (There is no need to set the Courant
number since that was copied from the 2D grid.) This is fokdvby memory allocation for the
various arrays in lines 15 to 20.

The update-equation coefficients are set by the for-loop likgins on line 23. (The final
electric-field node does not have its coefficient set as itmat be updated.) The region of the
1D grid corresponding to the width of the 2D grid is set to fspace. Recalling the discussion of
Sec. 3.12, the remainder of the grid is set to a lossy layerevie electric and magnetic loss are
matched so that the characteristic impedance remains ftfi@#eospace. However, unlike in Sec.
3.12, here the amount of loss is small at the start of the lagdrgrows towards the end of the
grid: The loss increases quadratically as one approackemth of the grid. The maximum “loss
factor” (which corresponds teA,/2¢ in the electric-field update equations @A, /2u in the
magnetic-field update equations) is set by#define statement on line 6 t0.35. By gradually
ramping up the loss, the reflections associated with havirgbaupt change in material constants
can be greatly reduced. Further note that although the ém$srfassociated with the electric and
magnetic fields are matches, because the electric and nmafakls are spatially offset, the loss
factor that pertains at electric and magnetic field noddsrdi#ven when they have the same spatial
index. The loss factor is based on the variatdpthinLayer  which represents how deep a
particular node is within the lossy layer. The greater thatlllethe greater the loss.

Finally, the fileabctmz.c is shown in Program 8.16. There are four arrays used to dtere t
old values of field needed by the ABC—one array for each sideeftid. For each node along
the edge of the grid, six values must be stored. Thus the satheat store values along the left
and right sides have a total 6k SizeY elements while the arrays that store values along the top
and bottom havé x SizeX elements. Starting on line 17 four macros are defined thatlgym
accessing the elements of these arrays. The macros takeatigtements. One arguments specifies
displacement along the edge of the grid. Another specifesligplacement into the interior. The
third argument specifies the number of steps back in time.

Program 8.16 abctmz.c Function to apply a second-order ABC to a Tiytid.

/ = Second-order ABC for TMz grid. * [
#include <math.h>

#include "fdtd-allocl.h"

#include "fdtd-macro-tmz.h"

[+ Define macros for arrays that store the previous values of th e
* fields. For each one of these arrays the three arguments are a s
* follows:

*

* first argument: spatial displacement from the boundary
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* second argument: displacement back in time
* third argument:. distance from either the bottom (if EzLeft o r
* EzRight) or left (if EzTop or EzBottom) side
* of grid
*/
#define EzLeft(M, Q, N) ezLeft[(N) * 6+ (Q) * 3+ (M)]
#define EzRight(M, Q, N) ezRight[(N) * 6+ (Q) * 3+ (M)
#define EzTop(N, Q, M) ezTop[(M) * 6+ (Q) * 3 + (N)]
#define EzBottom(N, Q, M) ezBottom[(M) * 6+ (Q) » 3 + (N)]
static int initDone = O;
static double coefO, coefl, coef2;
static double xezlLeft, +ezRight, +ezTop, =*ezBottom;
void abclnit(Grid Q) {
double templ, temp2;
initDone = 1;
/ = allocate memory for ABC arrays * [

ALLOC 1D(ezLeft, SizeY * 6, double);
ALLOC_1D(ezRight, SizeY * 6, double);
ALLOC 1D(ezTop, SizeX = 6, double);
ALLOC_1D(ezBottom, SizeX  * 6, double);

/ = calculate ABC coefficients *[
templ = sqrt(Cezh(0, 0) * Chye(0, 0));
temp2 = 1.0 / templ + 2.0 + templ;

coef0 = -(1.0 / templ - 2.0 + templ) / temp2;
coefl = -2.0 * (templ - 1.0 / templ) / temp2,;
coef2 = 40 = (templ + 1.0 / templ) / temp2;
return;

}

void abc(Grid *Q)

{
int mm, nn;
/= ABC at left side of grid * [

for (nn = 0; nn < SizeY; nn++) {
Ez(0, nn) = coef0 * (Ez(2, nn) + EzLeft(0, 1, nn))
+ coefl =+ (EzLeft(0, O, nn) + EzLeft(2, 0, nn)
- Ez(1, nn) - EzLeft(1, 1, nn))
+ coef2 =+ EzlLeft(l, 0, nn) - EzLeft(2, 1, nn);
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8.6. TMF TFSF BOUNDARY EXAMPLE

[/ * memorize old fields * [
for (mm = 0; mm < 3; mm++) {
EzLeft(mm, 1, nn) EzLeft(mm, O, nn);

EzLeft((mm, 0, nn) = Ez(mm, nn);
}
}
/= ABC at right side of grid */
for (nn = 0; nn < SizeY; nn++) {
Ez(SizeX - 1, nn) = coef0 * (Ez(SizeX - 3, nn) + EzRight(0, 1, nn))
+ coefl =+ (EzRight(0, 0, nn) + EzRight(2, 0, nn)
- Ez(SizeX - 2, nn) - EzRight(1, 1, nn))
+ coef2 =+ EzRight(1, 0, nn) - EzRight(2, 1, nn);
/= memorize old fields */
for (mm = 0; mm < 3; mm++) {
EzRight(mm, 1, nn) = EzRight(mm, 0, nn);
EzRight(mm, 0, nn) = Ez(SizeX - 1 - mm, nn);
}
}

[+ ABC at bottom of grid */
for (mm = 0; mm < SizeX; mm++) {
Ez(mm, 0) = coef0 =+ (Ez(mm, 2) + EzBottom(0, 1, mm))
+ coefl * (EzBottom(0, O, mm) + EzBottom(2, 0, mm)
- Ez(mm, 1) - EzBottom(1, 1, mm))
+ coef2 =+ EzBottom(1, 0, mm) - EzBottom(2, 1, mm);

/= memorize old fields */

for (nn = 0; nn < 3; nn++) {
EzBottom(nn, 1, mm) = EzBottom(nn, 0, mm);
EzBottom(nn, 0, mm) Ez(mm, nn);

}

}

/= ABC at top of grid */
for (mm = 0; mm < SizeX; mm++) {
Ez(mm, SizeY - 1) = coef0 * (Ez(mm, SizeY - 3) + EzTop(0, 1, mm))
+ coefl * (EzTop(0, 0, mm) + EzTop(2, 0, mm)
- Ez(mm, SizeY - 2) - EzTop(1, 1, mm))
+ coef2 * EzTop(l, 0, mm) - EzTop(2, 1, mm);

/= memorize old fields */

for (nn = 0; nn < 3; nn++) {
EzTop(nn, 1, mm) = EzTop(nn, 0, mm);
EzTop(nn, 0, mm) = Ez(mm, SizeY - 1 - nn);

}
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}

return;

}

The initialization function starting on line 26 allocatgsase for the arrays and calculates the
coefficients used by the ABC. It is assumed the grid is uniforonglthe edge and the coefficients
are calculated based on the parameters that pertain atdhedde in the grid (as indicated by the
statements starting on line 38).

Theabc() function, which starts on line 47 and is called once per titep,ssystematically
applies the ABC to each node along the edge of the grid. AfeeABC is applied to an edge, the
“old” stored values are updated.

8.7 TE*? Polarization

In TE? polarization the non-zero fields af&, £, andH., i.e., the electric field is transverse to the
z direction. The fields may vary in theandy directions but are invariant in. These fields, and
the corresponding governing equations, are completelgugged from those of TMpolarization.
The governing equations are

oK, OH,
oF, + ¢ o oy (8.19)
0E,  OH,
O'Ey + EW = — o y (820)
OH.  OE, OE,
—owH. —p S = 5 (8.21)

As usual, space-time is discretized so that (8.19)—(8.2h)ke expressed in terms of finite-
differences. From these difference equations the futuldsfiean be expressed in terms of past
fields. The following notation will be used:

Ex(x> Y, t) = Ex<mAxa nAyv th) = Eg [ma TL] ) (822)
Ey(z,y,t) = Ey,(mAg,nAy,qA) = Ellm,n] (8.23)
H,(z,y,t) = H,(mA,,nAy, qA,) = Hlm,n]. (8.24)

As before the indices:, n, andq specify the step in the, y, andt “directions.”

A suitable arrangement of nodes in shown in Fig. 8.9. Thadgudarly shaped dashed lines in
the lower left of the grid enclose nodes which would have #mesindices in a computer program.

Note that the grid is terminated such that there are targjegigctric field nodes adjacent to
the boundary. (When it comes to the application of ABC's, theedlee nodes to which the ABC
would be applied.) When we say a Tgrid has dimensions/ x N, the arrays are dimensioned as
follows: E, is (M —1)x N, E,isM x (N —1),andH, is (M —1) x (N —1). Therefore, although
the grid is described a®/ x NV, no array actually has these dimensions! Each magnetitffade
has four adjacent electric-field nodes that “swirl” about@ne can think of these four nodes as
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Figure 8.9: Spatial arrangement of electric- and magrietid-nodes for TE polarization. The
magnetic-field nodes are shown as squares and the eleetdaibdes are circles with a line that
indicates the orientation of the field component. The sona¢wiangularly shaped dashed lines
indicate groupings of nodes which have the same array isdid@s grouping is repeated through-
out the grid. However, at the top of the grid the “group” onbntains ant, node and on the right
side of the grid the group only contains &) node. The diagram at the bottom left of the figure
indicates nodes with their offsets given explicitly in thEasal arguments whereas the diagram at
the bottom right indicates how the same nodes would be spddifia computer program where
the offsets are understood implicitly.
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Figure 8.10: Superposition of a Tvand TE grid. The symbols used for the nodes is as be-
fore. The dashed boxes encloses nodes which have the saicesindlthough this is nominally
identified as an\/ x N grid, only theFE, array has\/ x N nodes.

defining a square with the magnetic field at the center of tharsg(if the grid is not uniform, the
square becomes a rectangle). Ahx N grid would consist of M — 1) x (N — 1) complete
squares.

The way in which the TEarrays are dimensioned may seem odd but it is done with an eye
toward having a consistent grid in three dimensions. As ditation of where we will ultimately
end up, we can overlay a TMand TE grid as shown in Fig. 8.10. As will be shown in the
discussion of 3D grids, a 3D grid is essentially layers of“Taid TE grids which are offset from
each other in the direction. The update equations of these offset grids vaWehto be modified to
account for variations in the directions. This modification will provide the coupling taeten the
TM~# and TE grids which is lacking in 2D.

Given the governing equations (8.19)—(8.21) and the aeeegt of nodes shown in Fig. 8.9,
the H, update equation is

o1 1 T 11
H;z-i-Q L L _ 2p Hg 2 el -
{m—l—Z,n—l—J —1+U’§_,ft m+2,n—|—2

1 A, 1 1
B (eAI {E?f{m“”*ﬂ ‘Eﬁ{“”*ﬂ}

Ay q 1 q 1
i, {Ex[m + 3" + 1] Ex[m + E,n} }) .(8.25)
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The electric-field update equations are

Eq“{m—kl n} = 1_02_A€tEq{m+1 n}
v 2’ 14 2pe 2’

+ 1+1"2—A;e%ty <H3+§{m+%,n+ﬂ —H§+5{m+%,n—%D, (8.26)
E;j*l[m, n + %} = %Eﬁ {Tm n+ %]

_ﬁ% (Hﬁ {m+%,n+%} gt {m—%mﬂ) (8.27)

Similar to the TM case, we assume a uniform grid and define the following questi

1 _ omAy
Crmlm +1/20+1/2) = g : (8.28)
20 |(m+1/2) A0, (n+1/2)A,
1 A
Choelm +1/2n+1/2) = {—om : (8.29)
L o o
(m+1/2)Ag,(n+1/2)A,
1 — A
Core(m +1/2,n) = =& , (8.30)
L
€ I(m+1/2)Az,nA,
1 A
Com(m+1/2,0) = — o — ; (8.31)
1+ 925t €)
¢ (m+1/2)AznA,
1 — 9B
Ceye(m7n + 1/2) = —JQAE , (832)
L+ %58
€ ImAg,(n+1/2)Ay
1 A
Ceyh<m7n+ 1/2) = —O'At_t (833)
1 -+ o 66
€ mAz,(n+1/2)A,

By discarding the explicit offsets of one-half (but leavihgin as implicitly understood) the update

equations can be written in a form suitable for implemeatain a computer. Because of the
arrangement of the nodes, this “discarding” implies thatsttimes the one-half truly is discarded
and sometimes it should be replaced with unity. The digbncis whether or not the one-half
indicates the nodes on the right side of the update equatewighin the same grouping of cells
as the node on the left side of the equation. If they are, tleehadf is truly discarded. If they are

not, the node on the right side of the update equation mu#t itgwndex reflect which group of

cells it is within relative to the node on the left side of tlgpation. The resulting equations are

Hz(m, n) = Chzh(m, n) * Hz(m, n) +
Chze(m, n) = ((Ex(m, n + 1) - Ex(m, n)) -
(Ey(m + 1, n) - Ey(m, n)));
Ex(m, n) = Cexe(m, n) * Ex(m, n) +
Cexh(m, n) * (Hz(m, n) - Hz(m, n - 1));
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Figure 8.11: TFSF boundary in a THrid. The rounded boxes indicate the nodes that have a
neighboring node on the other side of the boundary and hemeetb have their update equations
corrected.

Ey(m, n) = Ceye(m, n) * Ey(m, n) -
Ceyh(m, n) =+ (Hz(m, n) - Hz(m - 1, n));

A TESF boundary can be incorporated in a*Tggid. Conceptually the implementation is the
same as has been shown in 1D and in the Bkd. Nodes that are tangential to the boundary will
have a neighboring node on the other side of the boundaryintigent field will have to be either
added to or subtracted from that neighboring node to obtamsistent equations. A portion of a
TE? grid showing the TFSF boundary is shown in Fig. 8.11. We wikafy the size of the TF
region as indicated in the figure. Indices that specify thet sif the TF region correspond to the
first £, and £, nodes which are in the TF region. Referring to Figs. 8.4 an@,8Hese indices
would also correspond to the firgt, node in the TF region. The indices which specify the end
of the TF region correspond tB, and £, nodes which are actually in the SF region. These two
nodes, as shown in Fig. 8.10, are not tangential to the TF8Rd#ry and hence do to have to be
corrected. However, note that tih& node in the overlain grid that has these indices does liean th
TF region (and does, when dealing with a 3D or Tfid, have to be corrected to account for the
presence of the boundary).

8.8 PEC'sin TE* and TM~* Simulations

When modeling a PEC in a TMyrid, if an E, node falls within the PEC, it is set to zero. Figure
8.12 shows a portion of a TMgrid that depicts howr, would set to zero. The curved boundary
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Figure 8.12: TM grid with a PEC object. The PEC is assumed to exist below atigetoight of
the curved boundary. The PEC is realized by setting to ze&ré&’tmodes that fall within the PEC.
The nodes that would be set to zero are surrounded by gragboxe

is the surface of the PEC and it is assumed that the PEC extkwds and to the right of this
boundary. TheZ, nodes which would be set to zero are indicated with gray hoik#kough the
goal is to model a continuously varying boundary, the discnature of the FDTD grid gives rise
to a “staircased” approximation of the surface.

When we say a node is “set to zero” this could mean various shikgr example, it may me
that the field is initially zero and then never updated. Itldanean that it is updated, but the
update coefficients are set to zero. Or, it could even medritibdield is updated with non-zero
coefficients, but then additional code is used to set the fteltbro each time-step. The means by
which a field is set to zero is not particularly important tarigdht now.

A thin PEC plate can be modeled in a T\drid by setting to zero nodes along a vertical or
horizontal line. If the physical plate being modeled is nggreed with the grid, one would have
to zero nodes in a manner that approximates the true slofe @fidte. Again, this would yield a
staircased approximate to the true surface. (One may hawetareful to ensure that there are no
“gaps” in the model of a thin PEC that is not aligned with thelgFields should only be able to
get from one side of the PEC to the other by propagating arthénds of the PEC.)

In a TE grid, the realization of a PEC is slightly more complicatédr a PEC object which



224 CHAPTER 8. TWO-DIMENSIONAL FDTD SIMULATIONS

bododofoo) ool
— - -~ o [ e— Te— — & || e— —
bodboada ol llalolall
0—0—0—#—0——0——0——0——
bodboadlolfallallofelo
o— o He/IHe—He—HHe— — e — e—
bodbo WA Mol ofoWeioy
o—o—f.——o——o——o——o——o——
éo b ool ol o d a e o e o
o— LeoeflH{Ho— {06 |{06— |06 - e6— — o— —
Y YR EE R B
o T lof [P ol D le| T le| 7 |6 T fo| Tl |6

Figure 8.13: TE grid with a PEC object. The PEC is assumed to exist below atitetaght of the
curved boundary. The PEC is realized be setting to zero @uyra field which has a neighboring
H_ node within the PEC. The nodes that would be set to zero arewswted by gray rectangles.

has a specified cross section, one should not merely setaattzerelectric-field nodes that fall
within the boundary of the PEC (as was done in thé €&se). Instead, one should consider the
PEC as consisting of a collection of patches of metal. lifamode falls within the PEC, then four
surrounding electric-field nodes should be set to zero. ;Tihar /. node is in the PEC we fill the
square surrounding that node with PEC and this causes thedowunding electric field nodes to
be zero. The TErepresentation of a PEC object is depicted in Fig. 8.13. Thecbis the same
as shown in Fig. 8.12. In both figures the curved boundary mrtgm of a circle that is center on
what would correspond to the location of &l node (regardless of whether or not Bnnode is
actually present). The nodes that are set to zero are eddlogeay rectangles.

A horizontal PEC plate would be implemented by zeroing azomtal line of £, nodes while
a vertical plate would be realized by zeroing a vertical lnie, nodes. A tilted plate would be
realized as a combination of zerogg and £, nodes.

For both TE and TV grids, all the magnetic fields are updated in the usual waygndac
fields are oblivious to the presence of PEC's.
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8.9 TE® Example

In this section we present the computer code to model a er@EC scatterer in a FErid. The
scatterer is illuminated by a pulsed plane wave that is thtced via a TFSF boundary. We will
use a grid that is nominally2 by 82 (keeping in mind that for TEpolarization none of the field
arrays will actually have these dimensions). The code iariegd in essentially the same way as
was the TM code presented in Sec. 8.6.

The PEC scatterer is assumed to have a radiug oélls and be centered on &fh node. The
indices of the center argl5,40). The PEC is realized by checking if dif, node is within the
circle (specifically, if the distance from the center to tluela is less than the radius). As we will
see, if anH,, is within the circle, the four surrounding electric-fielddes are set to zero by setting
the corresponding update coefficients to zero.

Program 8.17 contains tmeain() function. Other than the difference of one header file, this
program is identical to the TRcode presented in Program 8.12. However, despite simitaesa
the functions that are called here differ from those usedrbgifam 8.12—different files are linked
together for the different simulations.

Program 8.17 tezdemo.c Themain() function for a simulation involving a TEgrid.

/* TEz simulation with a TFSF boundary and a second-order ABC. * [

#include "fdtd-allocl.h"
#include "fdtd-macro-tez.h"
#include "fdtd-proto2.h"

int main()

{
Grid *g;
ALLOC_1D(g, 1, Grid); /I allocate memory for grid
gridInit(g); /[ initialize 2D grid
abclnit(g); /[ initialize ABC
tfsflnit(g); /I initialize TFSF boundary
snapshotlinit2d(g); /I initialize snapshots

/= do time stepping * [
for (Time = 0; Time < MaxTime; Time++) {

updateH2d(g); /I update magnetic fields
tfsfUpdate(Q); /Il apply TFSF boundary
updateE2d(g); /I update electric fields

abc(g); /I apply ABC

snapshot2d(g); /I take a snapshot (if appropriate)

} /I end of time-stepping

return O;
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The code to construct the Tigrid is shown in Program 8.18, i.e., the code to set the el&snen
of the Grid pointerg. The simulation is run at the Courant limit ©f+/2 as shown in line 16.
Between lines 31 and 41 the update coefficients for all theratdimld nodes are set to that of free
space. Then, starting at line 49, edéhnode is checked to see if it is within the PEC scatterer. If
it is, the coefficients for the surrounding nodes are setto.Zgtarting at line 71 all the magnetic-
field coefficients are set to that of free space. There is nd t@ehange these coefficients to
account for the PEC—the PEC is realized solely by dictatiregahavior of the electric field.

Program 8.18 gridtezpec.c Function to initialize a TE grid. A circular PEC scatterer is
present.

#include "fdtd-macro-tez.h"
#include "fdtd-allocl.h"
#include <math.h>

void gridInit(Grid *g) {
double imp0 = 377.0;
int mm, nn;
[+ terms for the PEC scatterer * [

double rad, r2, xLocation, yLocation, xCenter, yCenter;

Type = teZGrid;

SizeX = 92; /I size of domain

SizeY = 82;

MaxTime = 300; /I duration of simulation
Cdtds = 1.0 / sgrt(2.0); /I Courant number

ALLOC 2D(g->hz, SizeX - 1, SizeY - 1, double);
ALLOC_2D(g->chzh, SizeX - 1, SizeY - 1, double);
ALLOC 2D(g->chze, SizeX - 1, SizeY - 1, double);

ALLOC 2D(g->ex, SizeX - 1, SizeY, double);
ALLOC_2D(g->cexh, SizeX - 1, SizeY, double);
ALLOC 2D(g->cexe, SizeX - 1, SizeY, double);

ALLOC_2D(g->ey, SizeX, SizeY - 1, double);
ALLOC_2D(g->ceye, SizeX, SizeY - 1, double);
ALLOC_2D(g->ceyh, SizeX, SizeY - 1, double);

/ = set electric-field update coefficients * [
for (mm = 0; mm < SizeX - 1; mm++)
for (nn = 0; nn < SizeY; nn++) {



8.9. TE EXAMPLE

1.0;
Cdtds * impO;

Cexe(mm, nn)
Cexh(mm, nn)

}

for (mm = 0; mm < SizeX; mm++)
for (nn = 0; nn < SizeY - 1; nn++) {
Ceye(mm, nn) = 1.0;
Ceyh(mm, nn) = Cdtds * imp0;
}

[/ * Set to zero nodes associated with PEC scatterer.
*» Circular scatterer assumed centered on Hz node
* at (xCenter, yCenter). If an Hz node is less than

* the radius away from this node, set to zero the

* four electric fields that surround that node.
* [
rad = 12; /I radius of circle
xCenter = SizeX [/ 2;
yCenter = SizeY / 2;
r2 = rad =* rad; /I square of radius
for (mm = 1; mm < SizeX - 1; mm++) {
xLocation = mm - xCenter;
for (nn = 1; nn < SizeY - 1; nn++) {
yLocation = nn - yCenter;
if (xLocation * xLocation + ylLocation
Cexe(mm, nn) = 0.0;
Cexh(mm, nn) = 0.0;
Cexe(mm, nn + 1) = 0.0;
Cexh(mm, nn + 1) = 0.0;
Ceye(mm + 1, nn) = 0.0;
Ceyh(mm + 1, nn) 0.0;
Ceye(mm, nn) = 0.0;
Ceyh(mm, nn) = 0.0;

}
}
}

[ set magnetic-field update coefficients
for (mm = 0; mm < SizeX - 1; mm++)
for (nn = 0; nn < SizeY - 1; nn++) {
Chzh(mm, nn) = 1.0;
Chze(mm, nn) = Cdtds / imp0;
}

return;

* ylocation < r2) {
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The header filédtd-macro-tez.h

the allocation macroddtd-allocl.h

tively).
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that defines the macros used in the*'Binulations is
shown in Program 8.19. The header files that define the funptiototypesfdtd-proto2.h
), and theGrid structure {dtd-grid1.h
changed from before and hence are not repeated here (réfevgoams 8.13, 8.4, and 8.3, respec-

Program 8.19 fdtd-macro-tez.h

Macros used for TEgrids.

#ifndef _FDTD_MACRO_TEZ H
#define _FDTD_MACRO_TEZ_H

#include "fdtd-grid1.h"

/* macros that permit the "Grid" to be specified */

/ * one-dimensional grid

#define Hz1G(G, M)
#define Chzhl1G(G, M)
#define ChzelG(G, M)

#define Eyl1G(G, M)
#define CeyelG(G, M)
#define CeyhlG(G, M)

[+ TEz grid =/
#define HzG(G, M, N)

#define ChzhG(G, M, N)
#define ChzeG(G, M, N)

#define EXG(G, M, N)

#define CexeG(G, M, N)
#define CexhG(G, M, N)

#define EyG(G, M, N)

#define CeyeG(G, M, N)
#define CeyhG(G, M, N)

#define SizeXG(G)
#define SizeYG(G)
#define SizeZG(G)
#define TimeG(G)
#define MaxTimeG(G)
#define CdtdsG(G)
#define TypeG(G)

/* macros that assume the "Grid" is "g"
/ = one-dimensional grid

*/
G->hz[M]
G->chzh[M]
G->chze[M]

G->ey[M]
G->ceye[M]
G->ceyh[M]

G->hz[(M)
G->chzh[(M)
G->chze[(M)

G->ex[(M)
G->cexe[(M)
G->cexh[(M)

G->ey[(M)
G->ceye[(M)
G->ceyh[(M)

G->sizeX
G->sizeY
G->sizeZ
G->time
G->maxTime
G->cdtds
G->type

*/

(SizeYG(G) - 1) + (N)]
(SizeYG(G) - 1) + (N)]
(SizeYG(G) - 1) + (N)]

SizeYG(G) + (N)]
SizeYG(G) + (N)]
SizeYG(G) + (N)]

(SizeYG(G) - 1) + (N)]

(SizeYG(G) - 1) + (N)]
(SizeYG(G) - 1) + (N)]

*/
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#define Hz1(M) Hz1G(g, M)
#define Chzh1(M) Chzhl1G(g, M)
#define Chzel(M) ChzelG(g, M)

#define Ey1(M) Eyl1G(g, M)
#define Ceyel(M) CeyelG(g, M)
#define Ceyh1(M) CeyhlG(g, M)

[+ TEz grid =/

#define Hz(M, N) HzG(g, M, N)
#define Chzh(M, N) ChzhG(g, M, N)
#define Chze(M, N) ChzeG(g, M, N)

#define Ex(M, N) ExG(g, M, N)
#define Cexh(M, N) CexhG(g, M, N)
#define Cexe(M, N) CexeG(g, M, N)

#define Ey(M, N)  EyG(g, M, N)
#define Ceye(M, N) CeyeG(g, M, N)
#define Ceyh(M, N) CeyhG(g, M, N)

#define SizeX SizeXG(Q)
#define SizeY SizeYG(Q)
#define SizeZ SizeZG(g)
#define Time TimeG(g)
#define MaxTime MaxTimeG(g)
#define Cdtds CdtdsG(g)
#define Type TypeG(Q)

#endif [ * matches #ifndef FDTD MACRO TEZ H «/

The functions to update the fields are shown in Program 8.2@esd functions can update
fields in either one- or two-dimensional grid. If the grid ¢y/js oneDGrid , here it is assumed
the non-zero fields ar&, and .. If that is not the case, it is assume the grid is & GEd with
non-zero field¥,, E£,, andH.. As has been the case in the past the electric field updaaesngt
at line 37, update all the nodes except the nodes at the edie gfid. However, since all the
magnetic-field nodes have all their neighbors, as showtirggasn line 15, all the magnetic-field
nodes in the grid are updated.

Program 8.20 updatetez.c  : Functions to update fields in a Tigrid.

#include "fdtd-macro-tez.h"

/ * update magnetic field * [
void updateH2d(Grid *q) {
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}

int mm, nn;
if (Type == oneDGrid) {

for (mm = 0; mm < SizeX - 1; mm++)
Hzl(mm) = Chzhl(mm) * Hzl(mm)
- Chzel(mm) = (Eyl(mm + 1) - Eyl(mm));

} else {

for (mm = 0; mm < SizeX - 1; mm++)
for (nn = 0; nn < SizeY - 1; nn++)
Hz(mm, nn) = Chzh(mm, nn) * Hz(mm, nn) +
Chze(mm, nn) * ((Ex(mm, nn + 1) - Ex(mm, nn))
- (Ey(mm + 1, nn) - Ey(mm, nn)));
}

return;

/ = update electric field * [
void updateE2d(Grid Q) {

}

int mm, nn;
if (Type == oneDGrid) {

for (mm = 1, mm < SizeX - 1; mm++)
Eyl(mm) = Ceyel(mm) * Eyl(mm)
- Ceyhl(mm) =+ (Hzl(mm) - Hzl(mm - 1));

} else {

for (mm = 0; mm < SizeX - 1; mm++)
for (nn = 1; nn < SizeY - 1; nn++)
Ex(mm, nn) = Cexe(mm, nn) * Ex(mm, nn) +
Cexh(mm, nn) = (Hz(mm, nn) - Hz(mm, nn - 1));

for (mm = 1, mm < SizeX - 1; mm++)
for (nn = 0; nn < SizeY - 1; nn++)
Ey(mm, nn) = Ceye(mm, nn) * Ey(mm, nn) -
Ceyh(mm, nn) = (Hz(mm, nn) - Hz(mm - 1, nn));

}

return;

The second-order absorbing boundary condition is realitédthe code in the filabctez.c

CHAPTER 8. TWO-DIMENSIONAL FDTD SIMULATIONS
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which is shown in Program 8.21. Because of the way the gridnstcocted, the ABC is applied
to E, nodes along the left and right side of the computational doraad to £, nodes along the
top and bottom.

Program 8.21 abctez.c : Contents of file that implements the second-order absoitingd-
ary condition for the TEgrid.

/ = Second-order ABC for TEz grid. */
#include <math.h>

#include "fdtd-allocl.h"

#include "fdtd-macro-tez.h"

/ = Define macros for arrays that store the previous values of th e
+ fields. For each one of these arrays the three arguments are a S
* follows:

*

* first argument: spatial displacement from the boundary

* second argument: displacement back in time

* third argument: distance from either the bottom (if EyLeft o r
* EyRight) or left (if ExTop or ExBottom) side

* of grid

*

*/

#define EyLeft(M, Q, N) eyLeft[(N) * 6 + (Q) * 3 + (M)]

#define EyRight(M, Q, N) eyRight[(N) * 6 + (Q) * 3 + (M)]

#define ExTop(N, Q, M) exTop[(M) * 6+ (Q) » 3 + (N)]

#define ExBottom(N, Q, M) exBottom[(M) * 6+ (Q) * 3 + (N)]

static int initDone = O;
static double coefO, coefl, coef?;
static double * eyl eft, * eyRight, *exTop, *exBottom;

void abclnit(Grid *q) {
double templ, temp2;
initDone = 1;
[ = allocate memory for ABC arrays */
ALLOC_1D(eyLeft, (SizeY - 1) * 6, double);
ALLOC 1D(eyRight, (SizeY - 1) * 6, double);

ALLOC_1D(exTop, (SizeX - 1) * 6, double);
ALLOC_1D(exBottom, (SizeX - 1) * 6, double);

[ = calculate ABC coefficients * [
templ = sqrt(Cexh(0, 0) * Chze(0, 0));
temp2 = 1.0 / templ + 2.0 + templ;
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}

coef0 = -(1.0 / templ - 2.0 + templ) / temp2;
coefl = -2.0 * (templ - 1.0 / templ) / temp2;
coef2 = 40 = (templ + 1.0 / templ) / temp2;
return;

void abc(Grid * Q)

{

int mm, nn;

/= ABC at left side of grid * [
for (nn = 0; nn < SizeY - 1; nn++) {
Ey(0, nn) = coef0 * (Ey(2, nn) + EyLeft(0, 1, nn))
+ coefl =+ (EyLeft(0, 0, nn) + EyLeft(2, 0, nn)
- Ey(1, nn) - EyLeft(1, 1, nn))
+ coef2 * EyLeft(1, 0, nn) - EyLeft(2, 1, nn);

/= memorize old fields */
for (mm = 0; mm < 3; mm++) {
EyLefttmm, 1, nn) = EyLeft(mm, 0, nn);

EyLeft(mm, 0, nn) Ey(mm, nn);
}
}
/= ABC at right side of grid */
for (nn = 0; nn < SizeY - 1; nn++) {
Ey(SizeX - 1, nn) = coef0 * (Ey(SizeX - 3, nn) + EyRight(0, 1, nn))
+ coefl =+ (EyRight(O, 0, nn) + EyRight(2, 0, nn)
- Ey(SizeX - 2, nn) - EyRight(1, 1, nn))
+ coef2 =+ EyRight(1, 0, nn) - EyRight(2, 1, nn);
/* memorize old fields */

for (mm = 0; mm < 3; mm++) {
EyRight(mm, 1, nn) EyRight(mm, 0, nn);
EyRight(mm, 0, nn) Ey(SizeX - 1 - mm, nn);

}
}

[+ ABC at bottom of grid */
for (mm = 0; mm < SizeX - 1; mm++) {
Ex(mm, 0) = coef0 = (Ex(mm, 2) + ExBottom(0, 1, mm))
+ coefl =+ (ExBottom(0, 0, mm) + ExBottom(2, 0, mm)
- Ex(mm, 1) - ExBottom(1, 1, mm))
+ coef2 * ExBottom(1, 0O, mm) - ExBottom(2, 1, mm);

/ * memorize old fields * [
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for (nn = 0; nn < 3; nn++) {
ExBottom(nn, 1, mm) = ExBottom(nn, 0, mm);
ExBottom(nn, 0, mm) Ex(mm, nn);
}
}

[+ ABC at top of grid */
for (mm = 0; mm < SizeX - 1; mm++) {
Ex(mm, SizeY - 1) = coef0 * (Ex(mm, SizeY - 3) + ExTop(0, 1, mm))
+ coefl * (ExTop(0, 0, mm) + ExTop(2, 0, mm)
- Ex(mm, SizeY - 2) - ExTop(1, 1, mm))
+ coef2 » ExTop(l, 0, mm) - ExTop(2, 1, mm);

/= memorize old fields */
for (nn = 0; nn < 3; nn++) {
ExTop(nn, 1, mm) = ExTop(nn, 0, mm);
ExTop(nn, 0, mm) = Ex(mm, SizeY - 1-nn);
}
}

return;

}

The contents of the filéfsftez.c are shown in Program 8.22. This closely follows the
TFSF code that was used for the Tigrid. Again, a 1D auxiliary grid is used to describe the
incident field. The 1D grid is available via in tl&rid pointergl which is only visible to the
functions in this file. Space for the structure is allocatedine 16. In the following line the
contents of the 2D structure are copied to the 1D structunés i§ done to set the size of the grid

and the Courant number. Then, in line 18, the funcgadinitld() is called to complete the
initialization of the 1D grid.
The functiontfsfUpdate() , Which starts on line 31, is called once per time-step. After

ensuring that the initialization function has been caltbeé, magnetic fields adjacent to the TFSF
boundary are corrected. Following this, as shown startmine 52, the magnetic field in the 1D
grid is updated, then the 1D electric field is updated, therstiurce function is applied to the first
node in the 1D grid, and finally the time-step of the 1D gridnsremented. Starting on line 58,
the electric fields in the 2D grid adjacent to the TFSF boupdae corrected.

The header filezinctez.h differs fromezinc.h  used in the TM code only in that it in-
cludesfdtd-macro-tez.h instead offdtd-macro-tmz.h . Hence it is not shown here nor
is the code used to realize the source function which is a Rigkgelet (which is also essentially
unchanged from before).

Program 8.22 tfsftez.c . Implementation of a TFSF boundary for a T&rid. The incident
field propagates in the direction and an auxiliary 1D grid is used to compute thedant field.




234 CHAPTER 8. TWO-DIMENSIONAL FDTD SIMULATIONS

/= TFSF implementation for a TEz grid. */

#include <string.h> /[ for memcpy
#include "fdtd-macro-tez.h"

#include "fdtd-proto2.h"

#include "“fdtd-allocl.h"

#include "ezinctez.h"

© ~ (2] (4] s w N =

static int firstX = 0, firstY, /I indices for first point in TF region
lastX, lastY; /I indices for last point in TF region

=
o

[
[

static Grid *gl, // 1D auxilliary grid

[
N

[
w

14 void tfsflnit(Grid *g) {

15

16 ALLOC 1D(gl1, 1, Grid); /I allocate memory for 1D Grid

17 memcpy(gl, g, sizeof(Grid)); /I copy information from 2D array
18 gridinitld(gl); /I initialize 1d grid

[N
©

printf("Grid is %d by %d cell\n", SizeX, SizeY);
printf("Enter indices for first point in TF region: ");
scanf(" %d %d", &firstX, &firstY);

printf("Enter indices for last point in TF region: ");
scanf(" %d %d", &lastX, &lastY);

N
o

N
[y

N
N

N
w

N}
=

N
3]

2 ezlinclnit(g); /Il initialize source function
27

28 return;

29 }

30

a1 void tfsfUpdate(Grid *q) {

) int mm, nn;

33
34 /I check if tfsflnit() has been called
35 if (firstX <= 0) {

36 fprintf(stderr,

37 "tfsfUpdate: tfsflnit must be called before tfsfUpdate.\n )
38 " Boundary location must be set to positive value\n");

39 exit(-1);

40 }

41

a2 /I correct Hz along left edge

43 mm = firstX - 1;

44 for (nn = firstY; nn < lastY; nn++)

45 Hz(mm, nn) += Chze(mm, nn) * Eyl1G(gl, mm + 1);
46

a7 /I correct Hz along right edge
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mm = lastX;
for (nn = firstY; nn < lastY; nn++)

Hz(mm, nn) -= Chze(mm, nn) * EylG(gl, mm);
updateH2d(gl); /[ update 1D magnetic field
updateE2d(gl); /I update 1D electric field

EylG(gl, 0) = ezinc(TimeG(gl), 0.0);
TimeG(gl)++;

/I correct Ex along the bottom
nn = firstY;
for (mm = firstX; mm < lastX; mm++)
Ex(mm, nn) -= Cexh(mm, nn) * Hz1G(gl,

/I correct Ex along the top
nn = lastY;
for (mm =

Ex(mm, nn) += Cexh(mm, nn)

firstX; mm < lastX; mm++)
* Hz1G(g1,

/I correct Ey field along left edge

mm = firstX;

for (nn = firstY; nn < lastY; nn++)
Ey(mm, nn) += Ceyh(mm, nn) * Hz1G(g1,

/I correct Ey field along right edge

mm = lastX;

for (nn = firstY; nn < lastY; nn++)
Ey(mm, nn) -= Ceyh(mm, nn) * Hz1G(g1,

/l no need to correct Ex along top and bottom

/I incident Ex is zero

return;

/I set source node
/I increment time in 1D grid

mm);

mm);

mm - 1);

mm);

since

The function to initialize the 1D auxiliary grid is shown imdgram 8.23. As was the case for
the TMF case, the grid is terminated on the right with a lossy layat i 20 cells wide. The rest
of the grid corresponds to free space. (The first node in tisegthe hard-wired source node and
hence the left side of the grid does not need to be termirated.

Program 8.23 grid1ldhz.c
TFSF boundary.

. Initialization function used for the 1D auxiliary grid fohe TE

1 [+ Create a 1D grid suitable for an auxilliary grid used as part o f

2

* the implementation of a TFSF boundary in a TEz simulations.
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#include <math.h>
#include "fdtd-macro-tez.h"
#include "fdtd-allocl.h"

#define NLOSS 20 /I number of lossy cells at end of 1D grid
#define MAX _LOSS 0.35 // maximum loss factor in lossy layer

void gridinitld(Grid *q) {
double imp0 = 377.0, depthinLayer = 0.0, lossFactor;
int mm;
SizeX += NLOSS; /I size of domain
Type = oneDGrid,; /Il set grid type

}

ALLOC 1D(g->hz, SizeX - 1, double);
ALLOC_1D(g->chzh, SizeX - 1, double);
ALLOC 1D(g->chze, SizeX - 1, double);
ALLOC_1D(g->ey, SizeX, double);
ALLOC 1D(g->ceye, SizeX, double);
ALLOC_1D(g->ceyh, SizeX, double);

/ = set electric-field update coefficients * [
for (mm = 0; mm < SizeX - 1; mm++) {
if (mm < SizeX - 1 - NLOSS) {

Ceyel(mm) = 1.0;

Ceyhl(mm) = Cdtds * impO;

Chzh1(mm) = 1.0;

Chzel(mm) = Cdtds / impO;
} else {

depthinLayer += 0.5;

lossFactor = MAX_LOSS * pow(depthinLayer / NLOSS, 2);
Ceyel(mm) (1.0 - lossFactor) / (1.0 + lossFactor);
Ceyhl(mm) = Cdtds = impO / (1.0 + lossFactor);
depthinLayer += 0.5;

lossFactor = MAX_LOSS * pow(depthinLayer / NLOSS, 2);

Chzhl(mm) = (1.0 - lossFactor) / (1.0 + lossFactor);
Chzel(mm) = Cdtds / imp0O / (1.0 + lossFactor);
}
}
return;

Figure 8.14 shows snapshots of the magnetic field througth@utomputational domain at

three different times. The snapshot in Fig. 8.14(a) wastaleer60 time steps. The leading edge
of the incident pulse has just started to interact with thedtecer. No scattered fields are evident
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in the SF region. The snapshot in Fig. 8.14(b) was taken &ftetime steps. The entire scatterer
is now visible and scattered fields have just started to ¢héeBF region. The final snapshot was
taken afterl 40 time steps.

To obtain these snapshots, the snapshot code of Prograrnas 1d be slightly modified. Since
we are now interested in obtainiig, instead ofE ., the limits of the for-loops starting in 68 of
Program 8.11 would have to be changed to that which pertaineté/, array. Furthermore, one
would have to chang&z(mm, nn) in line 70 toHz(mm, nn) . Because these changes are
minor, the modified version of the program is not shown.
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1 20 30 40 50 60 70 80 a0

(©)

Figure 8.14: Pulsed THllumination of a circular scatter. Display of thé, field at time-steps (a)

60, (b) 100 and (c)140. The field has been normalized by377 (i.e., the characteristic impedance
of free space) and is shown with three decades of logaritboaling. The incident field is a Ricker
wavelet discretized such that there 80gpoints per wavelength at the most energetic frequency.



Chapter 9
Three-Dimensional FDTD

9.1 Introduction

With an understanding of the FDTD implementation of*Td&hd TM grids, the additional steps
needed to implement a three-dimensional (3D) grid are altnegal. A 3D grid can be viewed
as stacked layers of FEand TMF grids which are offset a half spatial step in thdirection. The
update equations for thH, and E. nodes are nearly identical to those which have been given
already—the only difference is an additional index to sfyettie > location. The update equations
for the other field components require slight changes towadctor variations in the: direction
(i.e., in the governing equations the partial derivativéhwespect ta: is no longer zero).

We begin this chapter by discussing the implementation oaBf@ys in C. This is followed
by details concerning the arrangement of nodes in 3D andgbecated update equations. The
chapter concludes with the code for an incremental dipo&ehiomogeneous space.

9.2 3D ArraysinC

For fields in a 3D space, it is, of course, natural to specidication of a node using three indices
representing the displacement in the;, andz directions. However, as was done for 2D grids, we
will use a macro to translate the given indices into an offgeta 1D array. The memory associated
with the 1D array will be allocated dynamically and the amtaefrmemory will be precisely what
is needed to store all the elements of the 3D “array.” (We wfer to the macro as a 3D array
since, other than the cleaner specification of the indidegjse in the code is indistinguishable
from a traditional 3D array.)

For 3D arrays, incrementing the third index by one changesvériable being specified to
the next consecutive variable in memory. Thinking of thedhindex as corresponding to the
direction, this implies that nodes that are adjacent to e#toér in thez direction are also adjacent
to each other in memory. On the other hand, when the first @ngkindex is incremented by one,
that will not correspond to the next variable in memory. When the secorekirslincremented,
one must move forward in memory an amount correspondingeamtimber of variables in the
third dimension. For example, if the array size in the thimhehsion was32 elements, then

Lecture notes by John Schneidfeitd-3d.tex
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E2(0,0.2) "E2(012) “E2(02.2) “E2(032) p=2
Ez(1,02)Ez(1,1,2) ~Ez(1,22) -Ez(13.2)
Ez(2,0,2) “E2(2,1,2) “Ez(2,2,2) “E2(2,3,2)
7 Ez(0,0,Mz(O,l,:D/Ez(O,Z,MZ(O,S,1)/p:l
Ez(1,01)-Ez(1,1,1) ~Ez(1,21) ~Ez(131)
Ez(2,0,1) ~Ez(2,1,1) “Ez(2,2,1) “E2(23,1)
XA/—y’m:o E2(0,0,0)"€2(01,0) “E2(02,0) “E2(030) p=0
m=1~"Ez(1,0,00Ez(1,1,0) ~Ez(1.2,0)~Ez(1,3,00
m=2~E2(2,0,0) “E2(2,1,0) “E2(2,20)“E2(2,3,0)
n=2 n=3

n=0 n=1

Figure 9.1: Depiction of elements of an array with dimensi®r 4 x 3 in thex, y, andz directions,
respectively. The indices:, n, andp, are used to specify the y, andz locations, respectively.
The element at the “origin” has indicé, 0, 0) and is shown in the upper left corner of the bottom
plane.

incrementing the second index by one would require that ffeetoin memory be advanced by
32. This is the same as in the 2D case where we can think of theoSite third dimension as
corresponding to the number of columns (or, said another thaynumber of elements in a row).
When the first index is incremented by one, the offset in memaugt account for the array
size in both the second and third dimension. To illustraig tonsider Fig. 9.1 which shows the
elements of the 3D arrdyz. The array i3 x 4 x 3, corresponding to the dimensions in the; and
z directions. In reality, these elements will map to elemehts1D array calle@z which is shown
in 9.2. Sinceez is a 1D array, it takes a single index (or offset). Note thané holds then andn
indices fixed (corresponding to theandy directions) but increments theindex (corresponding
to a movement in the direction), the index oéz changes by one. However,iit andp are held
fixed andn is incremented by one, the indexe# changed by which correspond to the number
of elements in the directions. Finally, ifn andp are held fixed butn is incremented by one,
the index ofez changed byi2 which is the product of the dimensions in thend = directions.
Three-dimensional arrays can be thought of as a collectidDoarrays. For the way in which
we perform the indexing, the 2D arrays correspond to cohstgtanes. Each of these 2D arrays
must be large enough to hold the product of the number of elesvadong the; andz directions.
The construct we use for 3D arrays largely parallels thattviwas used for 2D arrays. The
allocation macrcALLOC3D() is shown in Fragment 9.1. The only difference between this an
the allocation macros shown previously is the addition afther argument to specify the size of
the array in the third dimension (this is the argumiiMX This dimension is multiplied by the
other two dimensions and used as the first argumecakbdc()
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ez[2] ez[5] ez[8] ez[11]
ez[14] ez[17] ez[20] ez[23]
ez[26] ez[29] ez[32] ez[35]
z ez[1] ez[4] ez[7] ez[10] p=1
ez[13] ez[16] ez[19] ez[22]
ez[25] ez[28] ez[31] ez[34]
X Y m=Q"ez[0] ez[3] ez[6] ez[9] =0
m=1"ez[12] ez[15] ez[18] ez[21]
m=2 " ez[24] ez[27] ez[30] ez[33]
n=0 n=1 n=2 n=3

Figure 9.2: The 1D arragz is used to store the elementsBz. The three indices for each
elements oEz shown in Fig. 9.1 map to the single index shown here.

Fragment 9.1 Macro for allocating memory for a 3D array.

#define ALLOC_3D(PNTR, NUMX, NUMY, NUMZ, TYPE) \
PNTR = (TYPE *)calloc((NUMX) * (NUMY) * (NUMZ), sizeof(TYPE)); \
if ('PNTR) { \
perror("ALLOC_3D"); \
fprintf(stderr, \
"Allocation failed for " #PNTR ". Terminating...\n"); \
exit(-1); \
}

To illustrate the construction and use of a 3D array, the dodéragment 9.2 shows how
one could create & x 7 x 8 array. In this example the array dimensions are sétdefine -
statements in line$-3. Line 5 provides the macr&z() which takes three (dummy) arguments.
The preprocessor will replace all occurrenceknf) with the expression involvingz[] shown
at the right. The pointezz is defined in ling and initially at run-time does not have any memory
associated with it. However, after liflehas executedz will point to a block of memory that is
sufficient to hold all the elements of the array and, at thiatpez can be treated as a 1D array (but
we never usez directly in the code—instead, we use the maérg) to access array elements).
The nested for-loops starting at liné merely set each element equal to the product of the indices
for that element. Note that this order of nesting is the o $ihould be used in practice: the
inner-most loop should be over theindex and the outer-most loop should be over thiedex.
(This order helps minimize page faults and hence maximiz®peance.)
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Fragment 9.2 Demonstration of the construction and manipulation 6ba7 x 8 array.

#define num_rows 8
#define num_columns 7
#define num_planes 6

#define Ez(M, N, P) ez[((M) * num_columns + (N)) * num_rows + (P)]

double ~*ez;
int m, n, p;

ALLOC_3D(ez, num_planes, num_columns, num_rows, double)

for (m = 0; m < num_planes; m++)
for (n = 0; n < num_columns; n++)
for (p = 0; p < num_rows; p++)

Ez(m, n, p) = m * n x p;

9.3 Governing Equations and the 3D Grid

As has been the case previously, Ampere’s and Faraday'sli@ike relevant governing equations
in constructing the FDTD algorithm. These equations are

oH

—onH = ji—s =V x E = v w w | (9.1)
E, E, E.
5B a, a, a,

0B+ o =V xH= 2 2 2. (9.2)

H, H, H.

The components of these equations, when approximated lg-@ifferences at the appropriate
points in space-time, yield the discretized update eqostio

The necessary arrangement of nodes is show in Fig. 9.3. Tbigpipg of six nodes can be
considered the fundamental building block of a 3D grid. Tdlfving notation is used:

H,(z,y,z,1t) H,(mAy,nAy, pA,,qAy) = Hilm,n,p|, (9.3)
Hy(z,y,2,t) = Hy(mAy,nAy,pA;,qA) = Hllm,n,p|, (9.4)
H.(z,y,2,1) = H.(mAg,ndy, pA;,qA) = Hilm,n,p], (9.5)
E (x,y,z,t) = E,(mA;,nA,,pA,, qA;) = Elm,n,pl, (9.6)
Ey(z,y,2,t) = E,(mAgy,nly, pA.,qA) = El[m,n,pl|, (9.7)
E.(z,y,2,t) = E.(mAy,ndy,pA;,qA) = EZlm,n,p|. (9.8)
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z
E,(m,n,p+1/2)
g H,(m,n+1/2 p+1/2)
Hy(rrHr1/2n,p+1|/32l
Ey(m,n+1/2,p%/
E, (m+1/2n,p) é
« H,(m+1/2n+1/2 p)

Figure 9.3: Arrangement of nodes in three dimensions. Inmapter program all these nodes
would have the same, n, andp indices (the one-halves would be discarded from the equstio
the offset would be understood). Electric-field nodes aspldced a half step in the direction in
which they point while magnetic-field nodes are displaceala $tep in the two directions they
do not point. It is also implicitly understood that the etezstand magnetic-field nodes are offset
from each other a half step in time.

In Fig. 9.3 the temporal location of the nodes is not specifikds assumed the electric-field
nodes exist at integer multiples of the time step and the etagfield nodes exists one-half of
a temporal step away from the electric field nodes. As we we#l when we implement the 3D
algorithm in a computer program, the halves are suppressgthase six nodes will all have the
same indices. Note that, for any given set of indices thetradefteld nodes are displaced a half
step in the direction in which they point while magneticdiabdes are displaced a half step in the
two directions they do not point.

Another view of a portion of the 3D grid is shown in Fig. 9.4.iFtype of depiction is typically
call the Yee cube or Yee cell. This cube consists of eledigid-nodes on the edges of the cube
(hence four nodes of each electric-field component) and etagfield nodes on the faces (two
nodes of each magnetic-field component). In a 3D grid one laidirtise origin of this cube so that
magnetic-field nodes are along the edges and electric-faeldsiare on the faces. Although this is
done by some authors, we will use the arrangement shown ir9HEig

With the arrangement of nodes shown in Figs. 9.3 and 9.4,dhmponents of (9.1) and (9.2)
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z
E,(mn+1/2 p+1)
E(m+12np+1) 4 | - P
o—
l E(mn+1,p+1/2)
Efminpr2)) 0 oz ] -
Am+1,n,p+ z /
A
Ve — Y
E,(m+1/2n+1,p)
Ve o
X Ey(m+1,n+1/2p)

Figure 9.4: The nodes in a 3D FDTD grid are often drawn in tmefof a Yee cube or Yee cell. In
this depiction the nodes do not all have the same indicesr@srdhere the cube would consist of
four E, nodes, fourE, nodes, and fouf’, nodes, i.e., the electric fields are along the cube edges.
Magnetic fields are on the cube faces and hence there woulichE t nodes, twaf,, nodes, and
two H, nodes.

expressed at the appropriate evaluation points are

0H, OFE, OFE
o, — O OB OB, . (9)
ot 0y 0% |yminy y=(nt1/2) 0y o=(p+1/2) A =g
OH, OE, OF,
—omH, — p—=* = — , (9.10)
ot 0z Oz r=(m+1/2)Ag,y=nly,z=(p+1/2)Az t=qA¢
0H, oF 0F,
—omH, — - ¥v_ZZ , (9.11)
ot Ox Ay z=(m+1/2)Az,y=(n+1/2)Ay,z=pA; ,t=qA¢
L, H, H
oF, + ea— = 0 — b , (9.12)
ot dy 0z z=(m+1/2)Ag,y=ndy,z=pA, t=(q+1/2)A¢
OF OH, OH,
oB,+e—2 = — , (9.13)
ot 0z Ox T=mAz,y=(n+1/2)Ay,2=pA. t=(q+1/2) A,
E H H
oFE, + 6& = on, — 0, ) (9.14)
ot Ox Y oA ymndsy,e=(p+1/2) A t=(a+1/2)A¢

In these equations, ignoring loss for a moment, the tempan@lative of each field-component is
always given by the spatial derivative of two componentsef‘dther field.” Also, the components
of one field are related to the two orthogonal components efother field. As has been done
previously, the loss term can be approximated by the averbilpe field at two times steps.

Given our experience with 1- and 2D grids, the 3D update egugtan be written simply by
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inspection of the governing equations in the continuouddvdrhe update equations are

Hq+%mn+1 —i—l = _UTS_’LAth_%mn—i—1 +1
z ) 2ap 9 _1+0mAt €z ) 2,]7 9

1
+1+0mAt( { {mn—i— ,p—i—l}—Eﬁ{m,n—i—E,p]}

[m n+1p—|—;] Eg{m,n,val]}), (9.15)

omA
1 1 1 1 — == 1 1
H§+2[m+§,n,p+§} H%Hq Q{m—l—a,n,p%—ﬂ

+1+0mAt( { [m%—lnp%—ﬂ Eg{m,n,pﬂLﬂ}
Se{Elm gnra| - mlus S| 1) a9

1 1o 11
HQ+ L n 11 -
{m—irz n+2,p] 1+0mAt {m+2,n+2,p1
1 A, 1
[ o <MA {Eq{m%—a,n—klp} Eg[m+—,n,p]}
1
_EAI{EQ{m—i—ln—i—?p}—E;{m,n+2,p]}> (9.17)
O'At
Eq+1m+1np i AIm+ =, n,p
2a ) 1+0At 2
1 Ay a+3 q+3 1
z ) 3 HZ : o't T 5
1+"At(6A {H mEpnT P mE TP
A + +1
_eAtz{qu [m—i— ,n,p—i—z}—Hq {m—i—z, —}}), (9.18)
O'At
ENm,n+ =.p 1o qmn+1
277 142k 2
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1 At q+l 1 1 q+l 1 1
+1+U_A€t(E{Hy 2m+§,n,p+§ —Hy 2m—§,n,p+§

Ay a+3 1 1 a+3 1 1
——{Hm {m,n+§,p+§]—Hgg m,n—é,p+§ . (9.20)

The coefficients in the update equations are assumed coifistdime) but may be functions
of position. Consistent with the notation adopted previpasid assuming a uniform grid in which
A, = Ay = A, =6, the magnetic-field update coefficients can be expressed as

1 — om At
Chan(m,n +1/2,p+1/2) = 1% , (9.21)
+ 21 Imé,(n+1/2)6,(p+1/2)6
1 A
Chae(m,n +1/2,p+1/2) = ——— =1 : (9.22)
md,(n+1/2)8,(p+1/2)d
1 — om At
Chyh(m_'_ 1/27nap+ 1/2) = % y (923)
+ 2t {(m+1/2)6,n6,(p+1/2)8
1 Ay
Chye(m + 1/27 n,p+ 1/2) = T, omb: s ) (924)
(m+1/2)6,nd,(p+1/2)8
1 — omA¢
Chran(m +1/2,n+1/2.p) = —— 2 , (9.25)
+ 2t 1(m+1/2)6,(n+1/2)5,p8
1 Ay
Chae(m+1/2,n+1/2,p) = ——F—Fx— (9.26)
(m+1/2)3,(n+1/2)é,p5
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For the electric-field update equations the coefficients are

_ oA
Ce:z:e(m + 1/27 n7p) = UQAE ) (927)
1+ 25
€ 1(m+1/2)6,n0,pd
1 A
Cen(m+1/2,n,p) = = =t , (9.28)
1+ et
€ (m+1/2)6,nd,pd
1 — A
Coeye(m,n +1/2,p) = < : (9.29)
14 %5
€ Imd,(n+1/2)d,pd
1 A
Ceyh<m7 n+ 1/27]7) = ﬁ_t ) (930)
1 + Q—t 66
€ md,(n+1/2)4,p0
1 — 98
Ceze(man) = 1 UQAEt y (931)
e ménd,(p+1/2)6
1 A
Cean(m,n,p+1/2) = X =t (9.32)
1 + Q—t 65
€ md,nd,(p+1/2)6

These coefficients can be related to the Courant numbefs. For a uniform grid in three di-
mensions the Courant limit i/+/3. There are rigorous derivations of this limit but there soah
simple empirical argument. It takes three time-steps tormamcate information across the diag-
onal of a cube in the grid. The distance traveled across thigdal isy/35. To ensure stability we
must have that the distance traveled in the continuous vowedthese three time steps is less than
the distance over which the grid can communicate informatidus, we must have3A, < /38

or, rearrangings. < 1/v/3.

As has been done previously, the explicit reference to temgropped. Additionally, so that
the indexing can be easily handled within a computer progthmspatial offsets of one-half are
dropped explicitly but left implicitly understood. Thud| ane-halves are discarded from the left
side of the update equations. Nodes on the right side of thaten will also have the one-halves
dropped if the node is within the same group of nodes as the beithg updated (where a group of
nodes is as shown in Fig. 9.3). However, if the node on the sigle is contained within a group
that is a neighbor to the group that contains the node beidgted, the one-half is replaced with
a one. To illustrate further the grouping of nodes in threeatisions, Fig. 9.5 shows six groups
of nodes and the corresponding set of indices for each giupupdate-equation coefficients are
evaluated at a point that is collocated with the node beirtatgn. Thus, the 3D update equations
can be written (assuming a suitable collection of macroskwhiill be considered later):

Hx(m, n, p) = Chxh(m, n, p) * Hx(m, n, p) +
Chxe(m! n, p) * ((Ey(m1 n, p + 1) - Ey(m’ n, p)) -
(EZ(m, n + 1! p) - EZ(m, n, p)))!

Hy(m, n, p) = Chyh(m, n, p) * Hy(m, n, p) +
Chye(m, n, p) * (Ez(m + 1, n, p) - Ez(m, n, p)) -
(Ex(m, n, p + 1) - Ex(m, n, p)));

Hz(m, n, p) = Chzh(m, n, p) * Hz(m, n, p) +
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Figure 9.5: Arrangement of six groups of nodes where all efrtbdes within the group have the
same set of indices. The nodes in a group are joined by grag &nd their indices are shown as
an ordered triplet in the center of the group.

Chze(m, n, p) * ((Ex(m, n + 1, p) - Ex(m, n, p)) -
(Ey(m + 1! n, p) - Ey(m! n, p)))!

Ex(m, n, p) = Cexe(m, n, p) * Ex(m, n, p) +
Cexh(m, n, p) * ((Hz(m, n, p) - Hz(m, n - 1, p)) -
(Hy(m1 n, p) - Hy(m! n p - 1)))’

Ey(m, n, p) = Ceye(m, n, p) * Ey(m, n, p) +
Ceyh(m, n, p) * ((Hx(m, n, p) - HX(m, n, p - 1)) -
(Hz(m, n, p) - Hz(m - 1, n, p)));

Ez(m, n, p) = Ceze(m, n, p) * Ez(m, n, p) +
CeZh(m! n, p) * ((Hy(m! n, p) - Hy(m - 1’ n, p)) -
(HX(m, n, p) - HX(m! n - 1! p)))’

In our construction of 3D grids, the faces of the grid will alyg be terminated such that there
are two electric-field components tangential to the facecredmagnetic field normal to it. This is
illustrated in Fig. 9.6. The computational domain showrhis figure is one which we describe as
having dimensions af x 9 x 7 in thez, y, andz directions, respectively. Even though we call this
ab x 9 x 7grid, none of the arrays associated with this computatidoaiain actually have these
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Figure 9.6: Faces of a computational domain which is 9 x 7 in the z, y, and z directions,
respectively. On the constamtface the tangential fields a#€, and E,, on the constang-face
they aref), andE,, and on the constantface they ardv, andE,. There are also magnetic-field
nodes which exist on these faces but their orientation isabto the face.

dimensions! The fields of a computational domain that/isc N x P would have dimensions of

E,: (M—1)xNxP (9.33)
E,: Mx(N—-1)xP (9.34)
E.: MxNx(P—-1) (9.35)
H,: Mx(N-1)x(P-1) (9.36)
H,: (M—-1)xNx(P—-1) (9.37)
H,: M-1)x(N—-1)xP (9.38)

Note that the electric fields have one less element in thetthrein which they point than the
nominal size of this grid. This is because of the inherergldisement of electric-field nodes in the
direction in which they point. Rather than having an adddiamode essentially sticking beyond
the rest of the grid, the array is truncated in this directiétecall that the displacement of the
magnetic-field nodes is in the two directions in which theyndo point. Thus the magnetic-field
arrays are truncated in the two directions they do not parinierms of Yee cubes, all x N x P
grid would consists of M — 1) x (N — 1) x (P — 1) complete cubes.
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9.4 3D Example

Here we provide the code to implement a simple 3D simulatiowhich a short dipole source is
embedded in a homogeneous domain. The dipole is merely ativadsburce applied to af,
node in the center of the grid. First-order ABC’s are used toitggite the grid. Since there are
two tangential electric fields on each face of the computatidomain, the ABC must be applied
to two fields per face.

Themain() function is shown in Program 9.3. The overall structuretitelichanged from
previous simulations. The ABC, the grid, the source funct@on] the snapshot code are initialized
by calling initialization functions outside of the timeegiping loop. Within the time-stepping loop
the magnetic fields are updated, the electric fields are efddtte source function is applied to the
E, node at the center of the grid, the ABC is applied, and themynaiss) it is the appropriate time
step, a snapshot is taken. Actually, as we will see, two iiffesnapshots are taken. There are
many ways one might choose to display these 3D vector fieldswilV merely record one field
component over a 2D plane (or perhaps multiple planes).

Program 9.3 3ddemo.c 3D simulation of an electric dipole realized with an additisource
applied to an¥, node.

/* 3D simulation with dipole source at center of grid. * [

#include "fdtd-alloc.h"

#include "fdtd-macro.h"
#include "fdtd-proto.h"

#include "ezinc.h"

int main()
{
Grid =g;
ALLOC 1D(g, 1, Grid); // allocate memory for grid structure
gridinit(g); /I initialize 3D grid
abclnit(g); /I initialize ABC
ezinclnit(g);
snapshot3dinit(g); /I initialize snapshots

[+ do time stepping */
for (Time = 0; Time < MaxTime; Time++) {

updateH(g); /I update magnetic fields

updateE(g); /I update electric fields

Ex((SizeX - 1) / 2, SizeY [ 2, SizeZ | 2) += ezInc(Time, 0.0);
abc(Qg); /I apply ABC

snapshot3d(g); /I take a snapshot (if appropriate)

} /I end of time-stepping
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return O;

}

The code used to realize the source function, i.e., the Rivkeelet, is unchanged from be-
fore and hence not shown (ref. Program 8.10). The hefadalloc.h merely provides the
three allocation macro8LLOC1D() , ALLOC2D() , andALLOC3D() and hence is not shown
here. Similarly, the headédtd-grid1.h , Which defines the elements of tkeid structure,
is unchanged from before and thus not shown (ref. Prograin 813 headefdtd-proto.h
provides the prototypes for the various functions. Sin@s¢hprototypes simply show that each
function takes a single argument (i.e., a pointer @ral structure), that header file is also not
shown.

The headefdtd-macro.h shown in Program 9.4 provides macros for all the types ofsgrid
we have considered so far. In this particular program we oebd the macros for the 3D arrays,
but having created this collection of macros we are well @reg to use it, unchanged, to tackle
a wide variety of FDTD problems. As was done in the previousptér, there are macros which
assume that th&rid structure is named while there is another set of macros that allows the
name of theGrid to be specified explicitly.

Program 9.4 fdtd-macro.h Header that provides the macros to access the elements of any
the arrays that have been considered thus far. One set cbsassumes the name of @Ged is
g. Another set allows the name of tl&id to be specified as an additional argument.

#ifndef _FDTD_MACRO_H
#define _FDTD_MACRO_H

#include "fdtd-grid1.h"

/* macros that permit the "Grid" to be specified */
/ = one-dimensional grid * [
#define HylG(G, M) G->hy[M]

#define ChyhlG(G, M)  G->chyh[M]
#define ChyelG(G, M) G->chye[M]

#define Ez1G(G, M) G->ez[M]
#define CezelG(G, M) G->ceze[M]
#define CezhlG(G, M) G->cezh[M]

[+ TMz grid =/

#define Hx2G(G, M, N)  G->hx[(M) * (SizeYG(G) - 1) + N]
#define Chxh2G(G, M, N) G->chxh[(M) * (SizeYG(G) - 1) + N]
#define Chxe2G(G, M, N) G->chxe[(M) * (SizeYG(G) - 1) + N]
#define Hy2G(G, M, N)  G->hy[(M) * SizeYG(G) + N]

#define Chyh2G(G, M, N) G->chyh[(M) * SizeYG(G) + N]
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#define Chye2G(G, M, N) G->chye[(M)
#define Ez2G(G, M, N)

#define Ceze2G(G, M, N)
#define Cezh2G(G, M, N)

G->ez[(M)
G->ceze[(M)
G->cezh[(M)

[+ TEz grid =*/

#define Ex2G(G, M, N)
#define Cexe2G(G, M, N)
#define Cexh2G(G, M, N)

G->ex[(M)
G->cexe[(M)
G->cexh[(M)

#define Ey2G(G, M, N)
#define Ceye2G(G, M, N)
#define Ceyh2G(G, M, N)

G->ey[(M)
G->ceye[(M)
G->ceyh[(M)

#define Hz2G(G, M, N)
#define Chzh2G(G, M, N)
#define Chze2G(G, M, N)

G->hz[(M)
G->chzh[(M)
G->chze[(M)

[+ 3D grid =/

#define HXG(G, M, N, P)
#define ChxhG(G, M, N, P)
#define ChxeG(G, M, N, P)

G->hx[((M)
G->chxh[((M)
G->chxe[((M)

#define
#define
#define

HyG(G, M, N, P)
ChyhG(G, M, N, P)
ChyeG(G, M, N, P)

G->hy[((M)
G->chyh[((M)
G->chye[((M)

#define
#define
#define

HzG(G, M, N, P)
ChzhG(G, M, N, P)
ChzeG(G, M, N, P)

G->hz[((M)
G->chzh[((M)
G->chze[((M)

#define
#define
#define

ExG(G, M, N, P)
CexeG(G, M, N, P)
CexhG(G, M, N, P)

G->ex[((M)
G->cexe[((M)
G->cexh[((M)

#define
#define
#define

EyG(G, M, N, P)
CeyeG(G, M, N, P)
CeyhG(G, M, N, P)

G->ey[((M)
G->ceye[((M)
G->ceyh[((M)

#define
#define
#define

EzG(G, M, N, P)
CezeG(G, M, N, P)
CezhG(G, M, N, P)

G->ez[((M)
G->ceze[(M)
G->cezh[((M)

G->sizeX
G->sizeY
G->sizeZ

#define
#define
#define

SizeXG(G)
SizeYG(G)
SizeZG(G)

*

*

*

*

CHAPTER 9. THREE-DIMENSIONAL FDTD

* SizeYG(G)

SizeYG(G) +
* SizeYG(G)
* SizeYG(G)

SizeYG(G) +
* SizeYG(G)
*+ SizeYG(G)

(SizeYG(G) -
* (SizeYG(G) - 1)
* (SizeYG(G) - 1)

(SizeYG(G) - 1) +
* (SizeYG(G) - 1)
* (SizeYG(G) - 1)

*

+ N]

N]
+ N]
+ N]

N]
+ N]
+ N]
1) + N]
+ N]
+ N]

N]
+ N]
+ N]

(SizeYG(G) - 1) + N)
* (SizeYG(G) - 1) + N)
* (SizeYG(G) - 1) + N)

* (SizeZG(G) - 1) + P]
* (SizeZG(G) - 1) + P]
* (SizeZG(G) - 1) + P]

SizeYG(G) + N)
* SizeYG(G) + N)
* SizeYG(G) + N)

* (SizeZG(G) - 1) + P]
* (SizeZG(G) - 1) + P]
* (SizeZG(G) - 1) + P]

(SizeYG(G) - 1) + N)
* (SizeYG(G) - 1) + N)
* (SizeYG(G) - 1) + N)

* SizeZG(G) + P]
* SizeZG(G) + P]
* SizeZG(G) + P]

SizeYG(G) + N)
* SizeYG(G) + N)
* SizeYG(G) + N)

* SizeZG(G) + P]
* SizeZG(G) + P]
* SizeZG(G) + P]

(SizeYG(G) - 1) + N)
* (SizeYG(G) - 1) + N)
* (SizeYG(G) - 1) + N)

* SizeZG(G) + P]
* SizeZG(G) + P]
* SizeZG(G) + P]

SizeYG(G) + N)
* SizeYG(G) + N)
* SizeYG(G) + N)

* (SizeZG(G) - 1) + P]
* (SizeZG(G) - 1) + P]
* (SizeZG(G) - 1) + P]
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#define TimeG(G) G->time
#define MaxTimeG(G) G->maxTime
#define CdtdsG(G) G->cdtds
#define TypeG(G) G->type

/* macros that assume the "Grid" is "g"

/ * one-dimensional grid */
#define Hy1(M) Hy1G(g, M)
#define Chyh1(M)  Chyh1G(g, M)
#define Chyel(M) ChyelG(g, M)
#define Ez1(M) Ez1G(g, M)
#define Cezel(M) CezelG(g, M)
#define Cezhl(M) Cezh1G(g, M)

[+ TMz grid =*/

#define Hx2(M, N) Hx2G(g, M, N)
#define Chxh2(M, N) Chxh2G(g, M, N)
#define Chxe2(M, N) Chxe2G(g, M, N)
#define Hy2(M, N)  Hy2G(g, M, N)
#define Chyh2(M, N) Chyh2G(g, M, N)
#define Chye2(M, N) Chye2G(g, M, N)
#define Ez2(M, N) Ez2G(g, M, N)
#define Ceze2(M, N) Ceze2G(g, M, N)
#define Cezh2(M, N) Cezh2G(g, M, N)
[+ TEz grid =*/

#define Hz2(M, N) Hz2G(g, M, N)
#define Chzh2(M, N) Chzh2G(g, M, N)
#define Chze2(M, N) Chze2G(g, M, N)
#define Ex2(M, N) Ex2G(g, M, N)
#define Cexe2(M, N) Cexe2G(g, M, N)
#define Cexh2(M, N) Cexh2G(g, M, N)
#define Ey2(M, N)  Ey2G(g, M, N)
#define Ceye2(M, N) Ceye2G(g, M, N)
#define Ceyh2(M, N) Ceyh2G(g, M, N)
[+ 3D grid =/

#define Hx(M, N, P) HxG(g, M, N, P)
#define Chxh(M, N, P) ChxhG(g, M, N, P)

#define

#define

Chxe(M, N, P) ChxeG(g, M, N, P)

Hy(M, N, P)

HyG(g, M, N, P)
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#define Chyh(M, N, P) ChyhG(g, M, N, P)
#define Chye(M, N, P) ChyeG(g, M, N, P)

#define Hz(M, N, P) HzG(g, M, N, P)
#define Chzh(M, N, P) ChzhG(g, M, N, P)
#define Chze(M, N, P) ChzeG(g, M, N, P)

#define Ex(M, N, P) ExG(g, M, N, P)
#define Cexe(M, N, P) CexeG(g, M, N, P)
#define Cexh(M, N, P) CexhG(g, M, N, P)

#define Ey(M, N, P) EyG(g, M, N, P)
#define Ceye(M, N, P) CeyeG(g, M, N, P)
#define Ceyh(M, N, P) CeyhG(g, M, N, P)

#define Ez(M, N, P) EzG(g, M, N, P)
#define Ceze(M, N, P) CezeG(g, M, N, P)
#define Cezh(M, N, P) CezhG(g, M, N, P)

#define SizeX SizeXG(g)
#define SizeY SizeYG(Q)
#define SizeZ SizeZG(q)
#define Time TimeG(g)
#define MaxTime MaxTimeG(q)
#define Cdtds CdtdsG(g)
#define Type TypeG(g)
#endif

The file update3d.c is shown in Program 9.5. WhaupdateE() or updateH() are
called they begin by checking thig/pe of the grid. These same functions can be called whether
updating a 1D, 2D, or 3D grid. However, for the 1D grid therthisassumption that one is dealing
with a z-polarized wave and for 2D propagation one has either-Tot TE*-polarization. (A
rotation of coordinate systems can be used to map any 1D atimailto one that is-polarized or
any 2D simulation to one that is either 3or TM?*-polarized.)

Program 9.5 update3d.c  Function that can be used to update any of the grids.

#include "fdtd-macro.h"
#include <stdio.h>

/ * update magnetic field * [
void updateH(Grid *q) {
int mm, nn, pp;
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if (Type == oneDGrid) {

for (mm = 0; mm < SizeX - 1; mm++)
Hyl(mm) = Chyhl(mm) =* Hyl(mm)
+ Chyel(mm) * (Ezl(mm + 1) - Ez1l(mm));

} else if (Type == tmZGrid) {

for (mm = 0; mm < SizeX; mm++)
for (nn = 0; nn < SizeY - 1; nn++)
Hx2(mm, nn) = Chxh2(mm, nn) * Hx2(mm, nn)
- Chxe2(mm, nn) * (Ez2(mm, nn + 1) - Ez2(mm, nn));

for (mm = 0; mm < SizeX - 1; mm++)
for (nn = 0; nn < SizeY; nn++)
Hy2(mm, nn) = Chyh2(mm, nn) * Hy2(mm, nn)
+ Chye2(mm, nn) = (Ez2(mm + 1, nn) - Ez2(mm, nn));

} else if (Type == teZGrid) {

for(mm = 0; mm < SizeX - 1; mm++)
for(nn = 0; nn < SizeY - 1; nn++)
Hz2(mm, nn) = Chzh2(mm, nn) * Hz2(mm, nn) -
Chze2(mm, nn) =+ ((Ey2(mm + 1, nn) - Ey2(mm, nn)) -
(Ex2(mm, nn + 1) - Ex2(mm, nn)));

} else if (Type == threeDGrid) {

for (mm = 0; mm < SizeX; mm++)
for (nn = 0; nn < SizeY - 1; nn++)
for (pp = 0; pp < SizeZ - 1; pp++)
Hx(mm, nn, pp) = Chxh(mm, nn, pp) * Hx(mm, nn, pp) +
Chxe(mm, nn, pp) * ((Ey(mm, nn, pp + 1) - Ey(mm, nn, pp)) -
(Ez(mm, nn + 1, pp) - Ez(mm, nn, pp)));

for (mm = 0; mm < SizeX - 1; mm++)
for (nn = 0; nn < SizeY; nn++)
for (pp = 0; pp < SizeZ - 1; pp++)
Hy(mm, nn, pp) = Chyh(mm, nn, pp) * Hy(mm, nn, pp) +
Chye(mm, nn, pp) * ((Ez(mm + 1, nn, pp) - Ez(mm, nn, pp)) -
(Ex(mm, nn, pp + 1) - Ex(mm, nn, pp)));

for (mm = 0; mm < SizeX - 1; mm++)
for (nn = 0; nn < SizeY - 1; nn++)
for (pp = O0; pp < SizeZ; pp++)
Hz(mm, nn, pp) = Chzh(mm, nn, pp) * Hz(mm, nn, pp) +
Chze(mm, nn, pp) * ((Ex(mm, nn + 1, pp) - Ex(mm, nn, pp)) -
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(Ey(mm + 1, nn, pp) - Ey(mm, nn, pp)));

fprintf(stderr, "updateH: Unknown grid type. Terminating .An");

}

return;
} [/* end updateH() */

[ * update electric field */

void updateE(Grid *0) {
int mm, nn, pp;

if (Type == oneDGrid) {

for (mm = 1; mm < SizeX - 1; mm++)
Ez1(mm) = Cezel(mm) = Ezl(mm)
+ Cezhl(mm) * (Hyl(mm) - Hyl(mm - 1));

} else if (Type == tmZGrid) {

for (mm = 1; mm < SizeX - 1; mm++)
for (nn = 1; nn < SizeY - 1; nn++)
Ez2(mm, nn) = Ceze2(mm, nn) * Ez2(mm, nn) +
Cezh2(mm, nn) = ((Hy2(mm, nn) - Hy2(mm - 1, nn)) -

} else if (Type == teZGrid) {

(Hx2(mm, nn) - Hx2(mm, nn - 1)));

forlmm = 1; mm < SizeX - 1, mm++)
for(nn = 1; nn < SizeY - 1; nn++)
Ex2(mm, nn) = Cexe2(mm, nn) * Ex2(mm, nn) +
Cexh2(mm, nn) =* (Hz2(mm, nn) - Hz2(mm, nn - 1));

for(mm = 1; mm < SizeX - 1; mm++)
for(hn = 1; nn < SizeY - 1; nn++)
Ey2(mm, nn) = Ceye2(mm, nn) * Ey2(mm, nn) -
Ceyh2(mm, nn) * (Hz2(mm, nn) - Hz2(mm - 1, nn));

} else if (Type == threeDGrid) {

for (mm = 0; mm < SizeX - 1; mm++)
for (nn = 1; nn < SizeY - 1; nn++)
for (pp = 1; pp < SizeZ - 1; pp++)
Ex(mm, nn, pp) = Cexe(mm, nn, pp) * Ex(mm, nn, pp) +

Cexh(mm, nn, pp)

* ((Hz(mm, nn, pp) - Hz(mm, nn - 1, pp)) -
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(Hy(mm, nn, pp) - Hy(mm, nn, pp - 1)));

for (mm = 1; mm < SizeX - 1; mm++)
for (nn = 0; nn < SizeY - 1; nn++)
for (pp = 1; pp < SizeZ - 1; pp++)
Ey(mm, nn, pp) = Ceye(mm, nn, pp) * Ey(mm, nn, pp) +
Ceyh(mm, nn, pp) * ((Hx(mm, nn, pp) - Hx(mm, nn, pp - 1)) -
(Hz(mm, nn, pp) - Hz(mm - 1, nn, pp)));

for (mm = 1; mm < SizeX - 1; mm++)
for (nn = 1; nn < SizeY - 1; nn++)
for (pp = 0; pp < SizeZ - 1; pp++)
Ez(mm, nn, pp) = Ceze(mm, nn, pp) * Ez(mm, nn, pp) +
Cezh(mm, nn, pp) * ((Hy(mm, nn, pp) - Hy(mm - 1, nn, pp)) -
(Hx(mm, nn, pp) - Hx(mm, nn - 1, pp)));

} else {
fprintf(stderr, "updateE: Unknown grid type. Terminating LAn");

}

return;
} [+ end updateE() */

The code to realize the first-order ABC is shown in Program 8.@rst-order ABC requires
that a single “old” value be recorded for each electric fiblakt is tangential to a face of the grid.
There are two tangential components per face. For exantites & = 0” face, £, andE, are the
tangential components. These fields are stored in arraysaayxO(n, p) andEzx0(n, p)

The “x0” part of the name specifies that these values are at the $tihwet grid in thez-direction.
Since these old fields are recorded over a constdate, only the indices corresponding to the
y andz directions are specified (hence these arrays only take tdiods). The arrajgyx1(n,

p) andEzx1(n, p) correspond to the tangential field at the end of the grid inztagrection.
There are similarly named arrays for the other two direction

Program 9.6 abc3dfirst.c The code used to implement a first-order ABC on each face of
the 3D domain.

#include "fdtd-alloc.h"
#include "fdtd-macro.h"

/* Macros to access stored "old" value * [
#define EyxO(N, P) eyxO[(N) * (Sizez) + (P)]
#define EzxO(N, P) ezxO[(N) * (Sizez - 1) + (P)]
#define Eyx1(N, P) eyx1[(N) * (Sizez) + (P)]

#define Ezx1(N, P) ezx1[(N) * (Sizez - 1) + (P)]
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10 #define ExyO(M, P) exyO[(M) * (Sizez) + (P)]

u #define EzyO(M, P) ezyO[(M) * (SizeZ - 1) + (P)]
1 #define Exyl(M, P) exyl[(M) * (Sizez) + (P)]

13 #define Ezyl(M, P) ezyl[(M) * (Sizez - 1) + (P)]
14

15 #define ExzO(M, N) exzO[(M) * (SizeY) + (N)]

16 #define EyzO(M, N) eyzO[(M) * (SizeY - 1) + (N)]
17 #define Exz1(M, N) exzl[(M) * (SizeY) + (N)]

18 #define Eyz1(M, N) eyzl[(M) * (SizeY - 1) + (N)]
19

20 [ * global variables not visible outside of this package */
21 static double abccoef = 0.0;

22 Static double *exy0, =*exyl, =*exz0, =*exzl,

23 xeyx0, =+eyxl, =*eyz0, =*eyzl,
24 *ezx0, +*ezx1l, =+ezy0, =+ezyl;

26 [ * initialization function * [
2z void abclnit(Grid * Q)
3 |

30 abccoef = (Cdtds - 1.0) / (Cdtds + 1.0);

32 / = allocate memory for ABC arrays * |
33 ALLOC 2D(eyx0, SizeY - 1, SizeZ, double);
34 ALLOC_2D(ezx0, SizeY, SizeZ - 1, double);
35 ALLOC 2D(eyx1, SizeY - 1, SizeZ, double);
36 ALLOC 2D(ezx1, SizeY, SizeZ - 1, double);

38 ALLOC 2D(exy0, SizeX - 1, SizeZ, double);
39 ALLOC_2D(ezyO, SizeX, SizeZ - 1, double);
40 ALLOC 2D(exyl, SizeX - 1, SizeZ, double);
a ALLOC_2D(ezyl, SizeX, SizeZ - 1, double);

a3 ALLOC_2D(exz0, SizeX - 1, SizeY, double);
a ALLOC 2D(eyz0, SizeX, SizeY - 1, double);
a5 ALLOC_2D(exzl1, SizeX - 1, SizeY, double);
46 ALLOC 2D(eyzl, SizeX, SizeY - 1, double);

48 return;
w9 } [+ end abclnit() */

ss [+ function that applies ABC -- called once per time step */
s2 void abc(Grid * Q)

53 {

54 int mm, nn, pp;

56 if (abccoef == 0.0) {
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fprintf(stderr,
"abc: abclnit must be called before abc. Terminating...\n"
exit(-1);
}
/= ABC at "x0" =/
mm = O;

for (nn = 0; nn < SizeY - 1; nn++)
for (pp = 0; pp < SizeZ; pp++) {
Ey(mm, nn, pp) = Eyx0(nhn, pp) +
abccoef =+ (Ey(mm + 1, nn, pp) - Ey(mm, nn, pp));
Eyx0(nn, pp) = Ey(mm + 1, nn, pp);
}
for (nn = 0; nn < SizeY; nn++)
for (pp = 0; pp < SizeZ - 1; pp++) {
Ez(mm, nn, pp) = Ezx0(nhn, pp) +
abccoef * (Ez(mm + 1, nn, pp) - Ez(mm, nn, pp));
Ezx0(nn, pp) = Ez(mm + 1, nn, pp);
}

/= ABC at "x1" =/
mm = SizeX - 1;
for (nn = 0; nn < SizeY - 1; nn++)
for (pp = O; pp < SizeZ; pp++) {
Ey(mm, nn, pp) = Eyxl(nn, pp) +
abccoef =+ (Ey(mm - 1, nn, pp) - Ey(mm, nn, pp));
Eyx1(nn, pp) = Ey(mm - 1, nn, pp);
}
for (nn = 0; nn < SizeY; nn++)
for (pp = O0; pp < SizeZ - 1; pp++) {
Ez(mm, nn, pp) = Ezx1(nn, pp) +
abccoef * (Ez(mm - 1, nn, pp) - Ez(mm, nn, pp));
Ezx1(nn, pp) = Ez(mm - 1, nn, pp);
}

/= ABC at "y0" =/
nn = 0;
for (mm = 0; mm < SizeX - 1; mm++)
for (pp = 0; pp < SizeZ; pp++) {
Ex(mm, nn, pp) = Exy0O(mm, pp) +
abccoef * (Ex(mm, nn + 1, pp) - Ex(mm, nn, pp));
ExyO(mm, pp) = Ex(mm, nn + 1, pp);
}
for (mm = 0; mm < SizeX; mm++)
for (pp = 0; pp < SizeZ - 1; pp++) {
Ez(mm, nn, pp) = EzyO(mm, pp) +
abccoef * (Ez(mm, nn + 1, pp) - Ez(mm, nn, pp));

259



104

105

106

107

108

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

260 CHAPTER 9. THREE-DIMENSIONAL FDTD

EzyO(mm, pp) = Ez(mm, nn + 1, pp);
}

/= ABC at "y1" =/
nn = SizeY - 1;
for (mm = 0; mm < SizeX - 1; mm++)
for (pp = 0; pp < SizeZ; pp++) {
Ex(mm, nn, pp) = Exyl(mm, pp) +
abccoef * (Ex(mm, nn - 1, pp) - Ex(mm, nn, pp));
Exyl(mm, pp) = Ex(mm, nn - 1, pp);
}
for (mm = 0; mm < SizeX; mm++)
for (pp = 0; pp < SizeZ - 1; pp++) {
Ez(mm, nn, pp) = Ezyl(mm, pp) +
abccoef =+ (Ez(mm, nn - 1, pp) - Ez(mm, nn, pp));
Ezyl(mm, pp) = Ez(mm, nn - 1, pp);
}

/= ABC at "z0" (bottom) */
pp = 0;
for (mm = 0; mm < SizeX - 1; mm++)
for (nn = 0; nn < SizeY; nn++) {
Ex(mm, nn, pp) = ExzO(mm, nn) +
abccoef =+ (Ex(mm, nn, pp + 1) - Ex(mm, nn, pp));
ExzO(mm, nn) = Ex(mm, nn, pp + 1);
}
for (mm = 0; mm < SizeX; mm++)
for (nn = 0; nn < SizeY - 1; nn++) {
Ey(mm, nn, pp) = EyzO(mm, nn) +
abccoef * (Ey(mm, nn, pp + 1) - Ey(mm, nn, pp));
EyzO(mm, nn) = Ey(mm, nn, pp + 1);
}

/= ABC at "z1" (top) * [
pp = SizeZ - 1,
for (mm = 0; mm < SizeX - 1; mm++)
for (nn = 0; nn < SizeY; nn++) {
Ex(mm, nn, pp) = Exzl(mm, nn) +
abccoef * (Ex(mm, nn, pp - 1) - Ex(mm, nn, pp));
Exz1l(mm, nn) = Ex(mm, nn, pp - 1);
}
for (mm = 0; mm < SizeX; mm++)
for (nn = 0; nn < SizeY - 1; nn++) {
Ey(mm, nn, pp) = Eyzl(mm, nn) +
abccoef * (Ey(mm, nn, pp - 1) - Ey(mm, nn, pp));
Eyzl(mm, nn) = Ey(mm, nn, pp - 1);
}
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return;
} [/* end abc() =/

The function to initialize the 3D grid is shown in Program.SHére the grid is simply homoge-
neous free space. The function starts by setting variowpeters of the grid, such as the size and
the number of time steps, in lines 9-14. The function theocalies space for the various arrays
(lines 17-35). Finally, the function initializes the vatuef the coefficient arrays to correspond to
free space (lines 38-79).

Program 9.7 grid3dhomo.c  Function to initialize a homogeneous 3D grid.

#include "fdtd-macro.h"
#include "fdtd-alloc.h"
#include <math.h>

void gridInit(Grid *g) {
double imp0 = 377.0;
int mm, nn, pp;

Type = threeDGrid;

SizeX = 32; /| size of domain

SizeY = 31;

SizeZ = 31;

MaxTime = 300; // duration of simulation

Cdtds = 1.0 / sqgrt(3.0); /[ Courant number
[+ memory allocation */

ALLOC_3D(g->hx, SizeX, SizeY - 1, SizeZ - 1, double);
ALLOC_3D(g->chxh, SizeX, SizeY - 1, SizeZ - 1, double);
ALLOC 3D(g->chxe, SizeX, SizeY - 1, SizeZ - 1, double);
ALLOC_3D(g->hy, SizeX - 1, SizeY, SizeZ - 1, double);
ALLOC 3D(g->chyh, SizeX - 1, SizeY, SizeZ - 1, double);
ALLOC_3D(g->chye, SizeX - 1, SizeY, SizeZ - 1, double);
ALLOC 3D(g->hz, SizeX - 1, SizeY - 1, SizeZ, double);
ALLOC_3D(g->chzh, SizeX - 1, SizeY - 1, SizeZ, double);
ALLOC 3D(g->chze, SizeX - 1, SizeY - 1, SizeZ, double);

ALLOC_3D(g->ex, SizeX - 1, SizeY, SizeZ, double);
ALLOC_3D(g->cexe, SizeX - 1, SizeY, SizeZ, double);
ALLOC_3D(g->cexh, SizeX - 1, SizeY, SizeZ, double);
ALLOC 3D(g->ey, SizeX, SizeY - 1, SizeZ, double);
ALLOC_3D(g->ceye, SizeX, SizeY - 1, SizeZ, double);
ALLOC 3D(g->ceyh, SizeX, SizeY - 1, SizeZ, double);
ALLOC_3D(g->ez, SizeX, SizeY, SizeZ - 1, double);
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ALLOC_3D(g->ceze, SizeX, SizeY, SizeZ - 1, double);
ALLOC_3D(g->cezh, SizeX, SizeY, SizeZ - 1, double);

/ = set electric-field update coefficients

for (mm = 0; mm <
for (nn = 0; nn <
for (pp = O; pp
Cexe(mm, nn,
Cexh(mm, nn,

}

for (mm = 0; mm <
for (nn = 0; nn <
for (pp = O; pp
Ceye(mm, nn,
Ceyh(mm, nn,

}

for (mm = 0; mm <
for (nn = 0; nn <
for (pp = O; pp
Ceze(mm, nn,
Cezh(mm, nn,

}

/ = set magnetic-field
for (mm = 0; mm <
for (nn = 0; nn <
for (pp = O0; pp
Chxh(mm, nn,
Chxe(mm, nn,

}

for (mm = 0; mm <
for (nn = 0; nn <
for (pp = 0; pp
Chyh(mm, nn,
Chye(mm, nn,

}

for (mm = 0; mm <
for (nn = 0; nn <
for (pp = 0; pp
Chzh(mm, nn,
Chze(mm, nn,

}

*/
SizeX - 1; mm++)
SizeY; nn++)
< SizeZ; pp++) {
pp) = 1.0;
pp) = Cdtds * impO;
SizeX; mm++)
SizeY - 1; nn++)
< SizeZ; pp++) {
pp) = 1.0;
pp) = Cdtds * impO;
SizeX; mm++)
SizeY; nn++)
< SizeZ - 1; pp++) {
pp) = 1.0;
pp) = Cdtds * impO;
update coefficients * [

SizeX; mm++)

SizeY - 1; nn++)

< SizeZ - 1; pp++) {
pp) = 1.0;

pp) Cdtds / imp0;

SizeX - 1; mm++)
SizeY; nn++)

< SizeZ - 1; pp++) {
pp) = 1.0;
pp) = Cdtds / impO;

SizeX - 1; mm++)
SizeY - 1; nn++)
< Sizez; pp++) {

pp) = 1.0;
pp) Cdtds / impO;
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return;
} /+ end gridinit() * [

As mentioned, there are many ways one might display 3D velettar. Here we merely record
the E,, field over a constant-and a constang-plane. In this way, the core of the snapshot code is
quite similar to that which was used in the 2D simulationse $hapshot code to accomplish this
is shown in Program 9.8.

Program 9.8 snapshot3d.c  Functions used to record 2D snapshots of Hefield. At the
appropriate time steps, two snapshots are taken: one overstantz plane and another over a
constanty plane. These snapshots are written to separate files.

#include <stdio.h>
#include <stdlib.h>
#include "fdtd-macro.h"

static int temporalStride = -2, frameX = 0, frameY = 0, startT ime;
static char basename[80];

void snhapshot3dInit(Grid *q) {
int choice;
printf("Do you want 2D snhapshots of the 3D grid? (1=yes, 0=no ) "),

scanf("%d", &choice);

if (choice == 0) {
temporalStride = -1;
return;

}

printf("Duration of simulation is %d steps.\n", MaxTime);
printf("Enter start time and temporal stride: ");

scanf(" %d %d", &startTime, &temporalStride);
printf("Enter the base name: ");

scanf(" %s", basename);

return;
} /* end snapshot3dinit() */

void snapshot3d(Grid *q) {
int mm, nn, pp;
float dim1, dim2, temp;
char filename[100];
FILE =out;
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[+ ensure temporal stride set to a reasonable value * [
if (temporalStride == -1) {
return;
} if (temporalStride < -1) {
fprintf(stderr,
"snapshot2d: snapshotinit2zd must be called before snapsho
" Temporal stride must be set to positive value.\n");
exit(-1);
}

/ = get snapshot if temporal conditions met * [
if (Time >= startTime &&
(Time - startTime) % temporalStride == 0) {

[ Fxdkkrkknin write the constant-x slice ok ko koo /
sprintf(filename, "%s-x.%d", basename, frameX++);
out = fopen(filename, "wb");

[ * write dimensions to output file * [
diml = SizeY; /I express dimensions as floats
dim2 = SizeZ; /I express dimensions as floats
fwrite(&dim1, sizeof(float), 1, out);

fwrite(&dim2, sizeof(float), 1, out);

/ * write remaining data * |

mm = (SizeX - 1) / 2;

for (pp = SizeZ - 1; pp >= 0; pp--)
for (nn = 0; nn < SizeY; nn++) {

temp = (float)Ex(mm, nn, pp); /I store data as a float
fwrite(&temp, sizeof(float), 1, out); /I write the float
}
fclose(out); /I close file
| Fkkkkkkkrxx write the constant-y slice Fkkkkkhkkkk /

sprintf(filename, "%s-y.%d", basename, frameY++);
out = fopen(filename, "wb");

[ * write dimensions to output file * [

diml = SizeX - 1; /I express dimensions as floats
dim2 = SizeZ; [/l express dimensions as floats
fwrite(&dim1, sizeof(float), 1, out);

fwrite(&dim2, sizeof(float), 1, out);

[ * write remaining data */
nn = SizeY / 2;
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for (pp = SizeZ - 1; pp >= 0; pp--)
for (mm = 0; mm < SizeX - 1; mm++) {

temp = (float)Ex(mm, nn, pp); /I store data as a float
fwrite(&temp, sizeof(float), 1, out); /I write the float
}
fclose(out); /I close file
}
return;

} [/ * end snapshot3d() */

Figure 9.7 shows snapshots Bf taken over two different planes at time st#p The Ricker
wavelet is such that there aré points per wavelength at the most energetic frequency. B fi
has been normalized )3 and three decades of scaling are used. In Fig. 9.7(a), takemao
constantz plane, the field is seen to radiate isotropically away froedipole source—the dipole
is normal to the plane. In Fig. 9.7(b), taken over a consiguiane, the source is contained in the
plane and oriented horizontally. Therefore the radiatdd f&estronger above and below the dipole
than along the line of the dipole.

9.5 TFSF Boundary

A total-field scattered-field boundary can be used in 3D gidsitroduce the incident field. Al-
though we have only considered using the TFSF boundary toduate plane waves, it is worth
noting that in principle any field could be introduced oves ioundary. So, for example, if the
incident field were due to a dipole source which was locateaiphlly outside of the grid, the
field due to that source could be introduced over the TFSF deryn But, whatever the type of
incident field, one should be careful to ensure that the gegum of the incident field over the
boundary matches the way the field actually behaves in tlde §imply using the expression for
the incident field in the continuous world will invariablyse some leakage across the boundary
(the amount of leakage can always be reduced by using a fisenmetization and may be accept-
ably small for various applications). Here we will restiecinsideration to an incident plane wave
and a one-dimensional auxiliary grid will be used to detemrthe incident field. Furthermore, we
will assume the direction of wave propagation is along orghefgrid axes.

Figure 9.8 shows a 3D computational domain in which a TFSHbaty exists. The TFSF
boundary can be any shape, but we will restrict considerdabahe cuboid shape shown in the
figure. The boundary has six faces. Each face has two eldigidoccomponents and two magnetic-
field components tangential to the boundary. These are tlas tigat must have their values cor-
rected to account for the presence of the TFSF boundary gegewill have at least one neighbor
on the opposite side of the boundary.

To illustrate the dependence of nodes across the boundaslj&s are taken through a com-
putational domain with nominal dimensiofisx 7 x 8. Figure 9.9 shows the orientation of two
constantz slices. These slices are separated by a half spatial-stiye indirection. The fields
contained in these slices are shown in Fig. 9.10. The TFSRdawy is shown as a dashed line and
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Figure 9.7: Color map of th&), field at time-stepl0. (a) Field over a constantplane that passes
through the source node. (b) Field over a consiaptane that passes through the source node.
The field has been normalize Ioy3 and three decades of scaling are used. These images were
generated using the Matlab commands in Appendix C. The imawje be interpolated to smooth

the obvious pixelization but that is not done here in ordemiphasizes the inherent discrete nature
of the simulation.
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Y

oo

Figure 9.8: Three-dimensional computational domain wkmhtains a TFSF boundary.

nodes that must be corrected owing to the existence of alpeigim the other side of the boundary
are enclosed in a “box” with rounded edges. Figure 9.10(ayslthe plane that contairis,, £,
andH, while Fig. 9.10(b) contain&,,, H,, andH,. These two slices can be overlain to show the
view seen looking along the axis. The TFSF boundary would be specified by the first and last
node associated with the boundary, i.e., two ordered taplEhe correspondence of these nodes to
the boundary dimensions are indicated by the nodes enclysadlashed line and labeled “First”
and “Last.” In the example shown here, the indices of the ficgte would bg2, 2, 2) and the in-
dices of the last node would i§&, 4, 5). (However, from just these two slices we cannot determine
the extent of the TF region in thedirection. Instead, that will be shown in subsequent figlires

Note that along the “bottom” and “top” of the TFSF boundaryFig. 9.10(a) there are two
pairs of nodes that must be corrected while in Fig. 9.10(b)etfare three pairs of nodes that must
be corrected. Similarly, there are different numbers ofgpalong the two sides. The construction
of the TFSF boundary used here is such that corrections &epplied to electric fields within
the total-field region and are only applied to magnetic fighdbie scattered-field region.

Figure 9.11 shows the orientation of two constarsices and Fig. 9.12 shows the fields over
these two slices. The slices are separated by a half sg&@in they direction. As before, these
slices can be overlain to see the view looking along the amigh(s case the axis). From this
view one can see that the first and last indices imtl@ection are2 and6, respectively.

Figure 9.13 shows the orientation of two constarsiices and Fig. 9.14 shows the fields over
these two slices. The slices are separated by a half sgédjalin thez direction. These slices
correspond to the TEand TM¢ grids which were studied in Chap. 8.

Figures 9.10, 9.12, and 9.14 show all the possible depereseacross the TFSF boundary.
However, in some applications not all these dependencigdmeelevant. For example, consider
the case when the incident electric field is polarized intlirection and propagating in the
direction. In this case there are only two non-zero comptmnefthe incident field:£, and H,,.
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Figure 9.9: Constant-slices of the computational domain used to illustrationréiationship of
nodes across the TFSF boundary. The slices are separatdthlfyspatial-step in the direction.

Thus, not all of the fields tangential to the TFSF boundary ldidwave to be corrected. Only
those fields that depend on @i or H, node on the other side of the boundary would need to be
corrected.

Continuing with the assumption of an incident field whose armdn-zero components are.
and H,, one sees from Fig. 9.10(a) thAt, nodes on the constaptfaces would have to be cor-
rected since they depend @i nodes on the other side of the boundary (these are the names al
the left and right side of the TFSF boundary in Fig. 9.10(Hpwever, the corresponding. nodes
would not have to be corrected because there is no incidgtield. From Fig. 9.10(b) it is seen
that £, nodes on the constantfaces would have to be be corrected since they depend,on
on the other side of the boundary. But, the correspondipgodes do not have to be corrected
because there is no incideht field.

Figure 9.12(a) shows thdf, must be corrected over constanfaces (the top and bottom of
the TFSF boundary in the figure). (This agrees with the canatudrawn from inspection of Fig.
9.10(a). There is redundant information in these figuregure 9.12(a) also shows that bath
and H, must be corrected on constanfaces. Inspection of Fig. 9.12(b) shows that there is no
need to correcty,, H,, or H, over constant: or constantz faces since there is no incident field at
the nodes that neighbor these components.

Figure 9.14(a) indicates, for the assumed incident fielekeths no need to corredt,, E,, or
H, over constant: and constany faces. Figure 9.14(b) shows th&t, must be corrected over
constanty faces. This is the same conclusion one draws from inspeofiéiig. 9.10(a). It also
shows, as was seen in Fig. 9.12(a), that kotland /7, must be corrected over constantaces.
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Figure 9.10: Fields over the constanslices depicted in Fig. 9.9. (a) Slice containifig, £, and
H,. (b) Slice containingz,, H,, andH..
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Figure 9.11: Constanj-slices of the computational domain used to illustrationrdiationship of
nodes across the TFSF boundary. The slices are separatdthlfyspatial-step in the direction.

9.6 TFSF Demonstration

To demonstrate the implementation of a 3D TFSF boundary, iNenedel an incident field that
is polarized in the: direction and propagating in thedirection. This corresponds to the scenario
described in the previous section. Because of the givenipataon and direction of propagation,
many of the dependencies shown in Figs. 9.10-9.14 will reptire any coding.

The grid will be35 x 35 x 35. A Courant number equal to the limit &f /3 will be used. Two
simulations will be performed. In one there will be no sa&itend in the other a spherical PEC
scatterer will be present. In 3D, the simplest way to modella £EC is to test if the center of a
given Yee cube is within the PEC. If it is, as will be shown belthe 12 electric-field nodes on
the edges of the cube are set to zero.

Program 9.9 shows the main body of the program. This progsaessentially the same as
the 2D program that contained a TFSF boundary (ref. Progrd®).8 As shown in line 14, the
TFSF code is initialized by calling an initialization furman outside of the time-stepping loop. The
corrections to the TFSF boundary are applied by the fundtgi()  which, as shown in line 21,
is called once per time-step. To work properly, this functioust be called after the magnetic-field
update, but before the electric-field update. After the netigrfields are updated, the function
tfsf() applies the necessary correction to the fields tangentihletd FSF boundary. Immedi-
ately after returning from this function, the electric figldre not in a consistent state in that the
correction has been applied to the electric fields in ardgtogm of the impending update. This is
the same as the case for the 2D implementation of a TFSF bouddaussed in Sec. 8.6.

Program 9.9 3d-tfsf-demo.c Main body of a program to implement a TFSF boundary in
3D.
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Figure 9.13: Constanislices of the computational domain used to illustrationreiationship of
nodes across the TFSF boundary. The slices are separatdthlfyspatial-step in the direction.

/= 3D simulation with a TFSF boundary. */

#include "fdtd-alloc.h"
#include "fdtd-macro.h"
#include "fdtd-proto.h"

int main()
{
Grid *g;
ALLOC_1D(g, 1, Grid); /I allocate memory for grid structure
gridInit(g); /[ initialize 3D grid
tfsfinit(g); /[ initialize TFSF boundary
abclnit(g); /I initialize ABC
snapshot3dinit(g); /I initialize snapshots

/= do time stepping * [
for (Time = 0; Time < MaxTime; Time++) {

updateH(g); /I update magnetic fields

tfsf(g); /I apply correction to TFSF boundary
updateE(g); /I update electric fields

abc(g); /I apply ABC

snapshot3d(g); /I take a snapshot (if appropriate)

} /I end of time-stepping
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return O;

}

Program 9.10 provides the code for the TFSF functions. Thetion tfsfinit() take a
singleGrid argument, i.e., the 3D grid. There are seven static locaabkes in this program.
Six of those specify the first and last points in the totaldfiedgion. The seventh is th@rid
pointergl that is used for the 1D auxiliary grid that represents thelert field. The initialization
functiontfsfinit() starts by allocating memory fgl and then copying the values from the
3D grid to the 1D grid. As discussed in connection with the ZE5F boundary, this is done to
ensure the duration and Courant number are the same in bd# ghen, in line 21, the function
gridInitlD() is called to complete the initialization of the 1D grid. Thisiction is unchanged
from that shown in Program 8.15. Starting in 23fInit() prompts the user for indices for
the first and last points in the total-field region. Finallg tsource function initialization is called
(line 29). In the results to be shown, the source functionav@gker wavelet discretized such that
there were( points per wavelength at the most energetic frequency.

Program 9.10 tfsf-3d-ez.c Three-dimensional TFSF implementation that assumes ¢ae el
tric field is polarized in the direction and propagation is in thedirection.

/= TFSF boundary for a 3D grid. A 1D auxiliary grid is used to
* calculate the incident field which is assumed to be propagat ing in
* the x direction and polarized in the z direction. */

#include <string.h> /I for memcpy
#include "fdtd-macro.h"

#include "fdtd-proto.h"

#include "fdtd-alloc.h"

#include "ezinc.h"

static int
firstX = 0, firstY, firstZ, I/l indices for first point in TF region
lastX, lastY, lastZ; /I indices for last point in TF region

static Grid xgl; // 1D auxilliary grid

void tfsfInit(Grid *g) {
ALLOC_1D(g1, 1, Grid); /I allocate memory for 1D Grid
memcpy(gl, g, sizeof(Grid)); /I copy information from 3D array
gridinitld(gl); /I initialize 1d grid

printf("Grid is %d by %d by %d.\n", SizeX, SizeY, SizeZ);
printf("Enter indices for first point in TF region: ");
scanf(" %d %d %d", &firstX, &firstY, &firstz);
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printf("Enter indices for last point in TF region: ");
scanf(" %d %d %d", &lastX, &lastY, &last?);

ezlnclnit(g); /I initialize source function
return;

} /+ end tfsflnit() * [

void tfsf(Grid *Q) {

int mm, nn, pp;

/I check if tfsfinit() has been called
if (firstX <= 0) {
fprintf(stderr,
"tfsf: tfsflnit must be called before tfsfUpdate.\n"
" Boundary location must be set to positive value.\n");
exit(-1);
}

s constant x faces -- scattered-field nodes xukkkx

/I correct Hy at firstX-1/2 by subtracting Ez_inc
mm = firstX;
for (nn = firstY; nn <= lastY; nn++)
for (pp = firstZ; pp < lastZ; pp++)
Hy(mm - 1, nn, pp) -= Chye(mm, nn, pp) * Ez1G(gl, mm);

/I correct Hy at lastX + 1/2 by adding Ez_inc
mm = lastX;
for (nn = firstY; nn <= lastY; nn++)
for (pp = firstZ; pp < lastZ; pp++)
Hy(mm, nn, pp) += Chye(mm, nn, pp) * Ez1G(gl, mm);

[+« constant y faces -- scattered-field nodes *rwk

/I correct Hx at firstY-1/2 by adding Ez_inc
nn = firstY;
for (mm = firstX; mm <= lastX; mm++)
for (pp = firstZ; pp < lastZ; pp++)
Hx(mm, nn - 1, pp) += Chxe(mm, nn - 1, pp) * Ez1G(gl, mm);

/I correct Hx at lastY+1/2 by subtracting Ez_inc
nn = lastY;
for (mm = firstX; mm <= lastX; mm++)
for (pp = firstZ; pp < lastZ; pp++)
Hx(mm, nn, pp) -= Chxe(mm, nn, pp) * Ez1G(gl, mm);
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}

[ =%+ constant z faces -- scattered-field nodes *kxk [

/I nothing to correct on this face

[ ==+ update the fields in the auxiliary 1D grid *rxk [
updateH(gl); /I update 1D magnetic field

updateE(gl); /I update 1D electric field

Ez1G(gl, 0) = ezinc(TimeG(gl), 0.0); /I set source node
TimeG(gl)++; /I increment time in 1D grid

| =+« constant x faces -- total-field nodes i

/I correct Ez at firstX face by subtracting Hy_inc
mm = firstX;
for (nn = firstY; nn <= lastY; nn++)
for (pp = firstZ; pp < lastZ; pp++)
Ez(mm, nn, pp) -= Cezh(mm, nn, pp) * HylG(gl, mm - 1);

/I correct Ez at lastX face by adding Hy_inc
mm = lastX;
for (nn = firstY; nn <= lastY; nn++)
for (pp = firstZ; pp < lastZ; pp++)
Ez(mm, nn, pp) += Cezh(mm, nn, pp) * HylG(gl, mm);

[ =+ constant y faces -- total-field nodes *hrk [
/I nothing to correct on this face
[ ==+ constant z faces -- total-field nodes i

Il correct Ex at firstZ face by adding Hy_inc
pp = firstZ;
for (mm = firstX; mm < lastX; mm++)
for (nn = firstY; nn <= lastY; nn++)
Ex(mm, nn, pp) += Cexh(mm, nn, pp) * Hyl1G(gl, mm);

/I correct Ex at lastZ face by subtracting Hy inc
pp = lastz;
for (mm = firstX; mm < lastX; mm++)
for (nn = firstY; nn <= lastY; nn++)
Ex(mm, nn, pp) -= Cexh(mm, nn, pp) * HylG(gl, mm);

return;
[+ end tfsf() * |

The functiontfsf() begins on line 35. This function, which is called once peretistep,

CHAPTER 9. THREE-DIMENSIONAL FDTD
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applies the corrections to the various faces of the TFSF demynas described in the previous
section.

The code to implement the 3D grid is shown in Program 9.11s Thide is almost identical
to the code for the homogeneous grid that was given in Pro@am The the only significant
difference is the possible inclusion of the PEC sphere. Tr@bles associated with the sphere
are listed in lines 10 and 11. The users is queried if the spisepresent. If it is, the variable
isSpherePresent is set to one. Otherwise it is set to zero. The radius of thergplwhich
is stored inradius , is set to8 cells while the indices for the center of the sphere are set to
(17,17,17). The grid is initially set to uniform free space. Howeverhié sphere is present, as
shown starting at line 67, the center of each Yee cube is édeck it is within a distance of
radius cells from the center of the sphere, &l electric-field nodes on the edges of the cube
are set to zero. (In the for-loops associated with this chibeksquared values of the distances are
used so as to avoid having to calculate square roots.) Thet@ipdefficients for the magnetic field
are uneffected by the presence of the PEC.

Program 9.11 grid3dsphere.c Function to initialize &rid structure. The user is prompted
to determine if a PEC sphere of radius 8-cells should be pte#kit is not, the grid is homoge-
neous free space.

#include "fdtd-macro.h"
#include "fdtd-alloc.h"
#include <math.h>

void gridinit(Grid *g) {
double imp0 = 377.0;
int mm, nn, pp;

/I sphere parameters

int mc =17, nc = 17, p_¢C 17, isSpherePresent;

double m2, n2, p2, r2, radius = 8.0;

Type = threeDGrid;

SizeX = 35; /I size of domain

SizeY = 35;

SizeZ = 35;

MaxTime = 300; // duration of simulation

Cdtds = 1.0 / sqrt(3.0); /[ Courant number

printf("If the sphere present: (1=yes, 0=no) ");
scanf(" %d", &isSpherePresent);

/* memory allocation * [

ALLOC 3D(g->hx, SizeX, SizeY - 1, SizeZ - 1, double);
ALLOC_3D(g->chxh, SizeX, SizeY - 1, SizeZ - 1, double);
ALLOC 3D(g->chxe, SizeX, SizeY - 1, SizeZ - 1, double);
ALLOC_3D(g->hy, SizeX - 1, SizeY, SizeZ - 1, double);
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ALLOC_3D(g->chyh, SizeX - 1,
ALLOC_3D(g->chye, SizeX - 1,
ALLOC_3D(g->hz, SizeX - 1
ALLOC_3D(g->chzh, SizeX - 1
ALLOC 3D(g->chze, SizeX - 1
ALLOC 3D(g->ex, SizeX - 1, SizeY, SizeZ,
ALLOC_3D(g->cexe, SizeX - 1, SizeY, SizeZ,
ALLOC 3D(g->cexh, SizeX - 1, SizeY, SizeZ,
ALLOC_3D(g->ey, SizeX, SizeY - 1, SizeZz,
ALLOC 3D(g->ceye, SizeX, SizeY - 1, SizeZ,
ALLOC_3D(g->ceyh, SizeX, SizeY - 1, SizeZ,
ALLOC_3D(g->ez, SizeX, SizeY, SizeZ - 1,
ALLOC_3D(g->ceze, SizeX, SizeY, SizeZ - 1,
ALLOC_3D(g->cezh, SizeX, SizeY, SizeZ - 1,

/ = set electric-field update coefficients
for (mm = 0; mm < SizeX - 1; mm++)
for (nn = 0; nn < SizeY; nn++)
for (pp = 0; pp < SizeZ; pp++) {
Cexe(mm, nn, pp) = 1.0;
Cexh(mm, nn, pp) Cdtds
}

* impO;

for (mm = 0; mm < SizeX; mm++)
for (nn = 0; nn < SizeY - 1, nn++)
for (pp = 0; pp < SizeZ; pp++) {
Ceye(mm, nn, pp) = 1.0;
Ceyh(mm, nn, pp) = Cdtds
}

* impO;

for (mm = 0; mm < SizeX; mm++)
for (nn = 0; nn < SizeY; nn++)
for (pp = 0; pp < SizeZ - 1; pp++) {
Ceze(mm, nn, pp) = 1.0;
Cezh(mm, nn, pp) = Cdtds
}

* impO;
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SizeY, SizeZ - 1, double);
SizeY, SizeZ - 1, double);
, SizeY - 1, SizeZ, double);
, SizeY - 1, SizeZ, double);
, SizeY - 1, SizeZ, double);

double);
double);
double);
double);
double);
double);
double);
double);
double);

*/

/I zero the nodes associated with the PEC sphere

if (isSpherePresent) {
r2 = radius = radius;
for (mm = 2; mm < SizeX - 2; mm++) {
m2 = (mm + 0.5 - m_c) * (mm + 05
for (nn = 2; nn < SizeY - 2; nn++) {
n2 = (nn + 0.5 - n_¢)
for (pp = 2; pp < SizeZ - 2; pp++) {
p2 = (pp + 05 - pc) * (pp +

- m_c);

* (nn + 0.5 - n_c);

0.5 - p_o);
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9.6. TFSF DEMONSTRATION

I/l if distance to center of a cube is less than radius
/I of the sphere, zero all the surrounding electric

/I field nodes

if (m2 + n2 + p2 < r2) {
/I zero surrounding Ex nodes
Cexe(mm, nn, pp) = 0.0;
Cexe(mm, nn + 1, pp) = 0.0;
Cexe(mm, nn, pp + 1) = 0.0;
Cexe(mm, nn + 1, pp + 1) = 0.0;
Cexh(mm, nn, pp) = 0.0;
Cexh(mm, nn + 1, pp) = 0.0;
Cexh(mm, nn, pp + 1) = 0.0;
Cexh(mm, nn + 1, pp + 1) = 0.0;
/I zero surrounding Ey nodes
Ceye(mm, nn, pp) = 0.0;
Ceye(mm + 1, nn, pp) = 0.0;
Ceye(mm, nn, pp + 1) = 0.0;
Ceye(mm + 1, nn, pp + 1) = 0.0;
Ceyh(mm, nn, pp) = 0.0;
Ceyh(mm + 1, nn, pp) = 0.0;
Ceyh(mm, nn, pp + 1) = 0.0;
Ceyh(mm + 1, nn, pp + 1) = 0.0;
/I zero surrounding Ez nodes
Ceze(mm, nn, pp) = 0.0;
Ceze(mm + 1, nn, pp) = 0.0;
Ceze(mm, nn + 1, pp) = 0.0;
Ceze(mm + 1, nn + 1, pp) = 0.0;
Cezh(mm, nn, pp) = 0.0;
Cezh(mm + 1, nn, pp) = 0.0;
Cezh(mm, nn + 1, pp) = 0.0;
Cezh(mm + 1, nn + 1, pp) = 0.0;

/ = set magnetic-field update coefficients
for (mm = 0; mm < SizeX; mm++)
for (nn = 0; nn < SizeY - 1, nn++)
for (pp = 0; pp < SizeZ - 1; pp++) {
Chxh(mm, nn, pp) = 1.0;
Chxe(mm, nn, pp) Cdtds / imp0;
}

for (mm = 0; mm < SizeX - 1; mm++)
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for (nn = 0; nn < SizeY; nn++)
for (pp = 0; pp < SizeZ - 1; pp++) {
Chyh(mm, nn, pp) 1.0;
Chye(mm, nn, pp) Cdtds / impO;
}

for (mm = 0; mm < SizeX - 1; mm++)
for (nn = 0; nn < SizeY - 1, nn++)
for (pp = 0; pp < SizeZ; pp++) {

Chzh(mm, nn, pp) = 1.0;
Chze(mm, nn, pp) = Cdtds / imp0;
}
return;
} /+* end gridinit() *

Figure 9.15 show thé’, field take over a constaptslice along the center of the computational
domain. The figures on the left show the field when there is atteser while the figures on the
right show the field at the same time-step but when the spdiescatterer is present. In the absence
of a scatterer, one can see that there are no fields in theszhfield region. The first point in the
total-field region has indices ¢, 5, 5) while the last point had indices ¢30, 30, 30).

In these simulations a first-order ABC is used and the codedeamged from that presented
in Program 9.6. The snapshot code used to generate the d&ig.f0.15 is slightly different from
Program 9.8 in that here the field is being recorded while in Program 9.8 thgfield was being
recorded. However, this represents a minor change and hleacrodified snapshot code is not
shown. Another minor change that is not explicitly shownhiattit would be necessary for the
header filedtd-proto.h to include the prototypes for the TFSF functidfsinit() and
tfsf() . As with nearly all the other functions, these prototypesiddanerely show that these
functions have a pointer to@rid structure as their single argument.

9.7 Unequal Spatial Steps

In the previous discussion we have always assumedthat A, = A, = ¢. But how do things
change ifA, # A, # A.? We will consider that question in this section. First, Istintroduce
the following notation

§=A, = A,=04,
A

Ty = = A, =r,0,

= A, =r0.
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(a) time-step 20, no scatterer (b) time-step 20, with sphere
% 30
/]
E
25
c ; c
S - S 20
3 S
S - 215
N i N
g 10
-
ol
5
10 20 30 10 20 30
x location x location
(c) time-step 40, no scatterer (d) time-step 40, with sphere

z location
z location

10 20 30 10 20 30
X location X location
(e) time-step 60, no scatterer (f) time—step 60, with sphere

z location
Z location

10 20 30
X location X location

Figure 9.15: Thev, field over a constang-plane taken from a 3D simulation in which the incident
electric field isz-polarized and propagation is in thedirection. In the figures on the left no
scatterer is present. Figures (a), (c), and (e) are takemaisteps, 20, 40, and 60, respectively.
The figures on the right show the field at the same time-steps Spherical scatterer is present.
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Furthermore, we will defined scaled field quantities such tha

€x = AxExa hz = Aa:H:w
ey, = AyE,, h, = AyH,,
e. = ALE., h, = ALH..

With these definitions in place, let us consider a rewrittamfof (9.18)

1 q+1 1 1- Uz_Aet q 1
A_AxEx m+§7nup = 1+0'At A_AzEm m+§7n7p
x %€ T
]. At q—‘,—l ]. 1 q—|-l 1 1
AZ];IZ 2 a) a) _AZHZ 2 't T 5
+1+%(€AyAZ{ m+2n—|—2p m+2n 2p
A o 1 1 1 1 1
_ EAyAZ {AyHg 2|:m—|—§,n,p+§:| —AyHg Q{m—i-é,n,p—ﬂ }) . (939)

Multiplying through by A, and employing the definitions given above, this update égudte-
comes

1 1 1_UTAt 1
el” m+3,mp| = Hjeg m+g,mp
2¢e

1 At ]. q—‘,—l ]. 1 q—‘—l 1 ].
c hz : ) pY _hz ? 't T 5
+1—|—“2—A6’5657’y7”z({ mE TP mE TP

1 1 1 1 1 1
— {hg+2[m+ - n,p+ —] — hg+2{m+ - n,p— 5] }) . (9.40)

2 2 2

Importantly, all the (scaled) magnetic fields are multigl®y the same coefficient.

From inspection of (9.18), it might have appeared that wherspatial step sizes are not equal,
another set of coefficients would have to be introduced @rme for the term involving /A, and
one for the term involvingl/A.). This is true if the field components are not scaled by their
respective lengths. However, by scaling the fields, it Is@tly necessary to have two coefficients
per update equation.

The complete set up update equations for the scaled fields are

omA¢
g+l 1 1] L= 1 1 1
hx 2{m,n—|—§,p+§] —Whm 2 m,n+§,p+§

1 At 1 q 1 1 q 1
+ — ellmn+ = p+1| —ellm,n+ =
1 GrguAt O TyT v 27p o 2,]?

1 1
— {eg[m, n+1,p+ 5] — €§{m7 n,p -+ 5] }) , (9.41)
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2’ 2 1+0mAt Y 2 2

L1 Atry N It B L1
ellm+1,n, —| —elm,n, —
Tt ogd b, P75 L

{eq[m—i— n,p+11 —ei{m—i—%,n,p] }), (9.42)

| 1 1 1— gmbe 1 1
hz+2|:m+_n+ 7p:|: 2 h,g 2|:m+_n+_7p:|

1 1 17 1— 28 1 1
hg+2[m+ np+ :| —2th 2|:m+_7n7p+_:|

2" 2 1+ 2gh 2" 2

Lo Atrz R )01
S EE—— e|m —.n pl —e.lm -, n,p
1_|_o'mAt /L(Sry x 27 ’ T 27 )

— {eg m -+ 1,n+%,p} —eg[m,n—i— %,p] }) . (9.43)

g+ 1 1 g+ 1 1 1
- 2 - A Sonp—=| ). (9.44

+1 1 _U2At 1
q — € 4 -
€y [m,n—i—Z,p} 1+U§t6y{m,n+2}
]_ Atry q+ 1 ]_ q+ 1
—c hIQ 9 a0 T 5 _hIQ ) [ AN
1+"2—A€t657‘2<{ mnT 5Py It P
1 1 1 +1 1 1
— e “ondop| =R m— kS 9.45
{9 b o] i L L)),
1 L 1
eg+1[m, n,p+ 5} H—gi@g{m, n,p+ §:|

1 Atrz q+i 1 1 q+3 1 1
= St () pata - 2 ptta|y, — = -
+1+”2—A5t657“y({y ER- R ] A L A

ol 1 17 gt 11
- z a | —ha ? sy 10T 5 : 4
{h {m,n—l—z,p—l—z] h {mn 2p+2}}> (9.46)

Thinking now in terms of coefficients, note that all the “silfm” coefficients are virtually
unchanged from those given previously, i€, Chyhs Chany Cezes Ceye, @andCe,. are as given
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in (9.21), (9.23), (9.25), (9.27), (9.29), and (9.27), exdpvely. (There is a slight difference in
that those expressions listed the evaluation points merégrms of a uniform spatial step size of
d—one would now have to think in terms of,, A,, andA., for displacements in the, y, andz
directions, respectively.)

The “cross” coefficients, such ds,,. andC.,,, are nearly the same as before where the only
differences are that specifically represents the spatial st&p, the scale factors, andr, now
appear, and the locations are specifically in termagfA,, andA,. These scaled coefficients are
now

1 Ay 1
Chae(m,n+1/2,p+1/2) = —— , (9.47)
L+ %22t uoryr,
Iz mAg,(n+1/2)Ay,(p+1/2)A,
1 A
Chye(m +1/2,m,p+1/2) = ———— =t , (9.48)
1+ 922 uor,
® (m+1/2)AznAy,(p+1/2)A;
1 AV
Choe(m +1/2,n+1/2,p) = — - —-= , (9.49)
1+ 223t b r,
H (m+1/2)Az,(n+1/2)Ay,pA.
1 Ay 1
Coan(m +1/2,n,p) = — : (9.50)
1+ % €0 TyT,
€ (m+1/2)Az ,nAy,pA,
1 A
Ceyh(ma n—+ 1/2,])) = A _tﬁ ) (951)
1+ %t €)1,
€ mAg,(n+1/2)Ay,pA.
1 A,
Cen(m,n,p+1/2) = X Sule (9.52)
1+ ot edry
€ mAgz,nAy,(p+1/2)A.
Finally, stability dictates that
1
Ay < (9.53)
which, after employing the definitions given above and i@agymg, can be written as
A 1
e (9.54)

<
0 = N+L+d
Y z

Note that whem, = r, = 1 all the update equations and coefficients are identical tat wias
previously given for a uniform grid. This may seem rather db#gdause now we are discussing
scaled fields instead of the fields themselves, e.g., we alendevithe, = A, F, instead ofFE,.
(The scaled “electric” and “magnetic” fields have units oits@nd amperes, respectively, instead
of volts per meter and ampere per meter, and hence thesedreldeally voltages and currents.)
However, one must keep in mind that for these scaled fieldsabece terms would corresponding
have to be scaled. For example, if there were an additivecsawnrent in the update equation for
E,, in the scaled version of the update equation this souroeweruld also be scaled b,. Thus,
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if one were to compare the values in a simulation involvirggbaled and unscaledcomponent
of the electric field, the scaled values would be larger byctofeof A,. When the scaled field is
divided byA, one obtains the same electric field that would be obtainedttyrfrom a simulation
with unscaled fields.

Returning to the question raised at the beginning of the@&cBut how do things change if
A, # A, # A,? The answer is that very little changes. The same code caselddar simulations
with either equal or unequal spatial steps. The only diffees will be in the Courant number, as
given by (9.54), in the coefficients of the “cross” coeffidgras given by (9.47)—(9.52), and the
fact that one is now modeling the scaled fields rather tharfighds themselves. Source terms
should also be appropriately scaled but that will not be id@ned further here.
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Chapter 10

Dispersive Material

10.1 Introduction

For many problems one can obtain acceptably accuratesdsudtssuming material parameters are
constants. However, constant material parameters arecintfyean approximation. For example,
it is impossible to have a lossless dielectric with conspemmittivity (except, of course, for free
space). If such a material did exist it would violate cauga{For a material to behave causally, the
Kramers-Kronig relations show that for any deviation framet-space behavior the imaginary part
of the permittivity or permeability, i.e., the loss, canmahish for all frequencies. Nevertheless, as
far as causality is concerned, the loss can be arbitraripligm

A non-unity, scalar, constant relative permittivity is aglent to assuming the polarization
of charge within a material is instantaneous and in perfempqgrtion to the applied electric field.
Furthermore, the reaction is the same at all frequenciéseisame in all directions, is the same for
all times, and the same proportionality constant holds lidiedd strengths. In reality, essentially
none of the these assumptions are absolutely correct. Tdgoreship between the electric flux
densityD and the electric field can reflect all the complexity of the real world. Instead ofigiy
havingD = ¢E wherec is a scalar constant, one can malketensor to describe different behaviors
in different directions (off diagonal terms would indicéte amount of coupling from one direction
to another). The permittivity can also be written as a nadirfunction of the applied electric field
to account for nonlinear media. The material parameterdednnctions of time (such as might
pertain to a material which is being heated). Finally, oreutthnot forget that the permittivity can
be a function of position to account for spatial inhomoggeegi

When the speed of light in a material is a function of frequeniog material is said to be
dispersive. The fact thatthe FDTD grid is dispersive hasilgegcussed in Chap. 7. That dispersion
is a numerical artifact and is distinct from the subject o$ tthapter. We have also considered
lossy materials. Even when the conductivity of a materialsisumed to be constant, the material
is dispersive (ref. (5.69) which shows that the phase cahstanot linearly proportional to the
frequency which must be the case for non-dispersive prdjgega

When the permittivity or permeability of a material are fuoos of frequency, the material is
dispersive. In time-harmonic form one can account for tlegudency dependence of permittivity
by writing D(w) = é(w)E(w), where a caret is used to indicate a quantity in the frequelnnyain.

fLecture notes by John Schneidfettd-dispersive-material.tex

287
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This expression is simple in the frequency domain, but th&BFnethod is a time-domain tech-
nique. The multiplication of harmonic functions is equesi to convolution in the time domain.
Therefore it requires some additional effort to model thgpes of dispersive materials. We start
with a brief review of dispersive materials and then constd® ways in which to model such
materials in the FDTD method.

10.2 Constitutive Relations and Dispersive Media

The electric flux density and magnetic field are related toelleetric field and the magnetic flux
density via

D = ¢E+P, (10.1)
B

H= —-M, (10.2)
Ho

whereP andM account for the electric and magnetic dipoles, respegtiigdiuced in the media.
Keep in mind that force on a charge is a functiontbndB so in some sensE andB are the
“real” fields. The polarization vectdP accounts for the local displacement of bound charge in a
material. Because of the way in whighis constructed, by adding it i@ E the resulting electric
flux densityD has the local effect of bound charge removed. In this wayjrttegral of D over

a closed surface yields the free charge (thus Gauss’s lagxmessed using thB field, is true
whether material is present or not).

The magnetic field ignores the local effect of bound charge in motion. Thusjritegration
of H over a closed loop yields the current flowing through theasigfenclosed by that loop where
the current is due to either the flow of free charge or disptesd current (i.e., the integral form
of Ampere’s law). Rearranging the terms in (10.2) and muirg by 1. yields an expression for
the magnetic flux densityi.e.,

B = po(H + M). (10.3)

At a given frequency, for a linear, isotropic medium, thegpiaation vectors can be related to
the electric and magnetic fields via an electric or magneiscaptibility

A

Pw) = cxeEw), (10.4)
M(w) = fio¥Xm(w)H(w), (10.5)

where . (w) andy,,(w) are the electric and magnetic susceptibility, respegtivelhus we can
write

D(w) = el(w)+ coxe(w)Ew), (10.6)
Bw) = uoH(w) + poxm(w)H(w). (10.7)

*Note that there are those (e.g., Feynman) who advocate tieastwould avoid usin@ andH. Others (e.g.,
Sommerfeld) have discussed the unfortunate naming of ttgnetie field and the magnetic flux density. However,
those issues are peripheral to the main subject of intest &oind we will employ the notation and usage as is
commonly found in engineering electromagnetics.

THere we will assume thag. (w) and ¥, (w) are not functions of time. Thus frequency response of theriat
“today” is the same as it will be “tomorrow.”
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For the time being we restrict discussion to the electrid§ieVhere the permittivity(w) is defined
as
é(w) = €0ér(w) = €o(€co + Xe(w)). (10.8)

whereé, is the relative permittivity and, as will be seen, the consta accounts for the effect of
the charged material at high frequencies where the subdéptiunction goes to zero.

The time-domain electric flux density can be obtain by inggransforming (10.6). The prod-
uct of x, andE in the frequency domain yields a convolution in the time domahe fields are
assumed to be zero prior te= 0, so this yields

t
D(t) = eE(t) + / Xe(T)E(t — 7)dr (10.9)
=0
wherex.(t) is the inverse transform of. (w):

o0

/ Xe(w)e™ duw. (10.10)

—0o0

1
e t) = —
Xelt) = o
The time-domain functiorx.(t) corresponds to the polarization vect®(t) for an impulsive
electric field—effectively the impulse response of the medi
We now consider three common susceptibility functions. Alslve shown these are based on
either simple mechanical or electrical models.

10.2.1 Drude Materials

In the Drude model, which often provides a good model of tHealim®r of conductors, charges are
assumed to move under the influence of the electric field layt é&xperience a damping force as
well. This can be described by the following simple mechanicodel

d*x dx
X _OE() — Mg™X
e QE(t) 9

whereM is the mass of the chargejs the damping coefficient) is the amount of charge, and

is the displacement of the charge (the displacement is asstmrbe in an arbitrary direction and
not restricted to the axis despite the use of the symbgl The left side of this equation is mass
times acceleration and the right side is the sum of the fasodke charge, i.e., a driving force and
a damping force. Rearranging this and converting to the grgudomain yields

M (10.11)

M (jw)*%k(w) + Mg(jw)x(w) = QE(w). (10.12)
Thus the displacement can be expressed as
N Q ~
x(w) = M@= jgw)E(w). (10.13)

The polarization vectadP is related to the dipole moment of individual chargesVlis the number
of dipoles per unit volume, the polarization vector is gisn

P = NQx. (10.14)
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Note thatP has units of charge per units area (€Jrand thus, as would be expected from (10.1),
has the same units as electric flux. Combining (10.13) and 4} @ields

NQ?

P(w) = —¢g—M0 R (w). 10.15
(w) by (w) ( )

The electric susceptibility for Drude materials is thusegioy

Xe(w) = ———— (10.16)
we — Jjgw
wherew? = NQ?/(Mey). However, we are not overly concerned with the specificsrizehny
one constant. For example, some authors may elect to corfi@nmaass and damping coefficient
which were kept as separate quantities in (10.11) (the ptooluthe two dictates the damping
force). Regardless of how the constants are defined, ultiynidie Drude susceptibility will take
the form shown in (10.16).
The relative permittivity for a Drude material can thus bétten

w?

ér(w) = €0 — 5——. (10.17)
W — Jjgw
Note that asv goes to infinity the relative permittivity reduces ¢Q. Consider a rather special
case in whiche,, = 1 andg = 0. Whenw = wp/\/§ the relative permittivity is—1. It is
possible, at least to some extent, to construct a materiahwias not only this kind of behavior
for permittivity but also for the behavior for the permedili.e., 4, = ¢, = —1. This kind
of material, which is known by various names including meterial, double-negative material,
backward-wave material, and left-handed material, pegsemany interesting properties. Some
properties of these “meta materials” are also rather coatsial as some people have made claims
that others dispute (such as the ability to construct a go#tflens using a planar slab of this
material).
The impulse response for the medium is the inverse Fouaastorm of (10.16):

2
W,
Xe(t) = =2 (1 — e ") u(t) (10.18)
g
whereu(t) is the unit step function. The factglis seen to determine the rate at which the response
goesto zero, i.e., its inverse is the relaxation time. Th®fa, is known as the plasma frequency.

10.2.2 Lorentz Material

Lorentz material is based on a second-order mechanicallmbdbarge motion. In this case, in
addition to a damping force, there is a restoring force @tiffely a spring force which wants to
bring the charge back to its initial position). The sum of tiees can be expressed as

2
CCZZT); _ QB(t) - Mg~ MEx. (10.19)

M
dt
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The terms in commons with those in (10.11) as they had in tee ocAthe Drude model. The
additional term represents the restoring force (which gpprtional to the displacement) and is
scaled by the spring constahft

Converting to the frequency domain and rearranging yields

—Muw*%(w) + jMguk(w) + MKX(w) = QE(w). (10.20)
Thus the displacement is given by

oo Q .
X(w) = MK+ jgw— u}2>E(w). (10.21)

Relating displacement to the polarization vectorBia- NQx yields

S NQ? )
Pw)=¢ Meo (K 1 jgw = CL)Q)E(cu). (10.22)

From this the susceptibility is identified as

_ NQ?
"~ Meo (K + jgw — w?)

Xe(w) (10.23)

However, as before, the important thing is the form of thecfiom, not the individual constants.

We thus write this as
2

Xe(w) = 10.24
Xe(w) w? + 2jgpw — w? ( )
wherew, is the undamped resonant frequengyis the damping coefficient, angd (together with
€5) accounts for the relatively permittivity at zero frequgn@he corresponding relative permit-
tivity is given by

Eg(,d?

(10.25)

ér(W) = €00 + ST Zjge —
Note that when the frequency goes to zero the relative pvityitoecomes ., + ¢, whereas when
the frequency goes to infinity the relative permittivity isgly ...

The time-domain form of the susceptibility function is giMay the inverse transform of (10.24).

This yields
2
_ Gy —get 2 _ 2
Xe(t) = We 9t sin (75\/cuZ — gé) u(t). (10.26)

L

10.2.3 Debye Material

Debye materials can be thought of as a simple RC circuit wher@mount of polarization is re-
lated to the voltage across the capacitor. The “sourcefrdyithe circuit is the electric field. For a
step in the source, there may be a constant polarizationhégequency goes to infinity, the po-
larization goes to zero (leaving just the constant resitigdl-frequency term). The susceptibility

is thus written
. €d

()= —424 10.27
Xe(w) 15 jors ( )



292 CHAPTER 10. DISPERSIVE MATERIAL

wherer, is the time constant ang (together withe,.) accounts for the relative permittivity when
the frequency is zero. The relative permittivity is given by

R €d
= —— 10.2
ér(Ww) = €00 + 15 o, (10.28)

The time-domain form of the susceptibility function is

Ye(t) = “Le=tmay (). (10.29)

Td

10.3 Debye Materials Using the ADE Method

The finite-difference approximation of the differentiabagjon that relates the polarization and the
electric field can be used to obtain the polarization at futimes in terms of its past value and
an expression involving the electric field. By doing so, one @htain a consistent FDTD model
that requires that a quantity related to the polarizatiorstoeed as an additional variable. This
approach is known as the auxiliary differential equatioDE method.

In the frequency domain Ampere’s law can be written

€oésejwE + 0B +J, =V x H (10.30)
where the polarization curreﬁ; is given by
J, = jwP = jweoX E. (10.31)

For a Debye material this becomes

~ . Ed A~
J, = 10.32
p JWe€p 1 + ij ( )
Multiplying through byl + jwr yields
jp —i—ijjp = jwepelE. (10.33)
Converting to the time domain produces
oJ OE
Jp + Ta_tp = EOEdE. (1034)
Discretizing this about the time-stept 1/2 yields
Jatl 4 Ja Jatl _ Ja Eatl — E¢
p p p p
9 +7 At €0€q At ( 0 35)

Since we are assuming an isotropic medium, the polarizatiorent is aligned with the electric
field. Hence in (10.35) the component off,, depends only on thecomponent oE (and similarly
for they andz components).
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Solving (10.35) ford¢*! yields

Ay Ay

1 _ =t
U A A (1036)
27

Whatever the time-constanmtis, it can be expressed in terms of some multiple of the titep;s
i.e.,7 = N,A; whereN, does not need to be an integer. As will be shown, it is converice

multiply both sides of (10.36) by the spatial step size. Wk aisume a uniform grid in which
Ay, = Ay, = A, =46. Thus (10.36) can be written

1— 5 €L
634 = — 2 g0+
1+ 53

00 (gt _ g (10.37)

N—
I+5

Consider the factofye /Ay

€0€ad  +/€ofto€ad €40 €4

— - — , 10.38
Ay le‘_gAt NocA¢  moSe ( )
Therefore (10.37) can be written
634 = ;638 + C (BT — E7) | (10.39)
where
1—
C; = 2Nf (10.40)
1 + 2NT
1
O, = M (10.41)

1 + 2]1/‘7_ nOSC

Recall that Ampere’s law is discretized about the time-step 1/2)A,. Since the polarization

current appears in Ampere’s law, we thus need an expresmiddfl/Q. This is simply given by
the average afJg“ (which is given by (10.39)) andlJ?:

6Jq+1 +0J5 1

6JIT1/2 = 1+ C;]638 + Cye (BT — E7)).. (10.42)
V4 2 2 7 J

The discrete time-domain form of Ampere’s law expanded ati@itime-stedq + 1/2) is

Eat!l — R4 E«t!l + R4
€ofos—% +o ; +JIH2 = v x HTPZ, (10.43)
t

Multiplying through byé and using (10.42) in (10.43) yields

€°°A€°5 (E7 — B9 + %5 (B! + EY) + % ([1 + C;]63¢ + Cy (B — E7)) = 6V x HoH2,
t
(10.44)
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The curl of the magnetic field, which involves spatial detixes, will have & in the denominator
of the finite differences. Thu§V x H?'/2 will involve merely the difference of the various
magnetic-field components.

Regrouping terms in (10.44) produces

€00 o 1 €00 o 1 1
o (s o) - (5 o) s,
(10.45)

The term multiplying the electric fields can be written as
€0c€00 o\, Cie Ay €oo o\, CienoSe
1+ = 1+ . 10.46
AW ( 2€50€0 * 2€50€00 MoSe 2€50€0 + 2€06 ( )
Therefore (10.45) can be written

o\ CijenoSec n0Se

- 1
Eitl = et Jex g 4 oo <5V x HITV? — — 14 Cy] 5J‘7> .
agA CjenoSe [e7AN CjenoSe 7 p
1 + 26002() + ]260(1, 1 + 26002() + % 2

(10.47)
The way in which the terrr A, /(2¢,) could be expressed in terms of the skin depth was discussed
in Sec. 5.7.
The FDTD model of a Debye material would be implemented devi!:

1. Update the magnetic fields in the usual wey. /2 = HIt1/2,
2. For each electric-field component, do the following:

(a) Copy the electric field to a temporary variabte,,, = E°.
(b) Update the electric field using (10.48¢ = EI*L,

(c) Update the polarization current (actualliimes the polarization current) using (10.39).
J¢ = Jit1. This update requires botti*' and £7 (which is stored infy,,,).

3. Repeat.

The polarization current (actually the product of the sglaiep-size and the polarization current,
i.e.,0J,) must be stored as a separate quantity. Of course it onlysrtedoke stored for nodes at
which it is non-zero.

If the polarization current is initially zero and,. is zero, the polarization current will always
be zero and the material behaves as a standard non-digperaterial (although, of course, dis-
persion is always present in the grid itself). Thus the up@guations presented here can be used
throughout a simulation which is a mix of dispersive and dispersive media. One merely has to
set the constants to the appropriate values for a givenidocat

10.4 Drude Materials Using the ADE Method

The electric susceptibility for a Drude material is giver{(19.16) and can also be written

w2

Xe(w) = ole T a) (10.48)
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The associated polarization current is

2

~ ~ A w ~
J, = jwP = jwegX E = jwuegg———E (10.49)
jw(jw +g)
Cancelingjw and cross multiplying by + jw yields
gjp + jwjp = eowiﬁ). (10.50)
Expressed in the time-domain, this is
oJ
gJ, + a—t” = ew2E. (10.51)
Discretizing time and expanding this about the time-gtepl /2 yields
Jatl 4 Ja  Jatl _ Ja 2Eq+1 + E¢
g 5 Py -2 A L B S a— (10.52)
Solving forJ¢*! we obtain
Ay 2
Jatt — 1 - gT q 1 EOWpAt (Eq+1 + Eq) ] (10_53)

+
SRS A T

The damping or loss termis the inverse of the relaxation time and hence can be exgessa
multiple of the number of time steps, i.e.,

1
= 10.54
9= NA, ( )
whereN, does not need to be integer. Consider the term multiplyingkbetric field
ewa;At _ \/€0M047T2f5At B 22t A\, B 2r2c\, B 2128, (10.55)

2 oo N NoAZc ~ no(N,6)2 noNZo
€0

where f, is the plasma frequency in Hertx, is the free-space wavelength at this frequency, and
N, is the number of points per wavelength at the plasma frequesince this term containsin
the denominator, we multiply (10.53) lbyto obtain

§IT = €634 + Cj (BT + EY) (10.56)
where
_ 1
Gy = 1o g (10.57)
¢, — L 28 (10.58)

1+m UONI?
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Note the similarity between (10.39) and (10.56). These #ops have nearly identical forms but
the constants are different and there is a different signcéested with the “old” value of the electric
field.

The general discretized form of Ampere’s law expanded atimitime-stefq + 1/2) is un-
changed from (10.43) and is repeat below

Eatl — e Et! + R4
€0€c0 A, +o0 5

+JIH2 = v x HIPV2, (10.59)

As before 433"/ can be obtained by the averagesdfi ™' andéJs:

OJa+t + 68
Sy = 2 TEY (14 eIy G (B A EY)). (1060

Multiplying through byé and using (10.60) for the polarization current yields
o060l (BT —E9) + a0 (E* + E?) + 1 (1 + C;]632 + Cje (BT + E7)) = 0V x HIT/2

A, 9 92 71%Yp Jje - :

(10.61)

Note that, other than the constants being those for a Druderiala the only way in which this
expression differs from (10.44) is the sign of the “old” etexfield associated with the polarization
current. Therefore (10.47) again yields the expressiothffuture” electric field if we make the
appropriate change of sign. The result is

aA¢ _ CJEWOSC 10Se

- \VA 1
Eq+1 — 2€x0€0 2%0 E? + €00 ((5 % Hq+1/2 ot [1 4 C] (SJq) .
1+ o0 + S R R 2 #1p

(10.62)
The implementation of an FDTD algorithm for Drude materialwnparallels that for Debye
material:

1. Update the magnetic fields in the usual wHy."'/? = HI1/2,
2. For each electric-field component, do the following

(a) Copy the electric field to a temporary variabte,,, = E°.
(b) Update the electric field using (10.62)¢ = £+,

(c) Update the polarization current (actuallifmes the polarization current) using (10.56).
J9 = Je*! This update requires botfi?*! and £ (which is stored inFy,,,,).

3. Repeat.

10.5 Magnetically Dispersive Material
In the frequency domain Faraday’s law is

V xE=—juB-0,H (10.63)
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whereo,, is the magnetic conductivity. Generalizing (10.7) slighthe permeability can be writ-
ten as

fi(w) = pofy(w) = pro(pos + Xm(w))- (10.64)

where the factoy,, accounts for the permeability at high frequencies. Faraday can thus be
written R ) o
V X E = —jwpopec H(w) — 0, H — J . (10.65)

where the magnetic polarization currehy is given by

A A

Jin = jwpoM = jwpigXm(w)H(w). (10.66)

The derivation of the equations which govern an FDTD impletaton of a magnetically
dispersive material parallel that of electrically dispezsmaterial. Here we consider the case of
Drude dispersion where

w? w?

(m(w) = ———F—=—2—. (10.67)
Xonli2) = =5~ jgw  jw(jw +g)

(The plasma frequenay, and damping terng for magnetic susceptibility are distinct from those
of electric susceptibility.) Thus the polarization curand magnetic field are related by

. w? . pow? .
Jo = jopg——2—H=—"_H. (10.68)
Moo +g)  Guw+tg)

Multiplying by ¢g + jw yields A A
(g+ jw)d,, = uong. (10.69)

The time-domain equivalent of this is

m_

ot

Discretizing time and expanding this about the time-gtgelds

g m + prowH. (10.70)

B AREINEN KRNI A S HIH/2 {12
= . 10.71
g 5 + A How, 5 ( )
Solving forJ%'/? yields
1— 92t 1 M0W2At
J3n+1/2 _ i Jgn—l/z - P (Hq+1/2 + Hq—1/2) ) (10.72)
14 22t 1+ 2 2
Consider the term multiplying the magnetic field
2 £2
,uongt Y ’;—gveouozlw fp A B 21002 A, B 212noc A\, B 272105, (10.73)

2 2 A2e (N,0)2 N25

where, as beforef, is the plasma frequency in Hertx, is the free-space wavelength at this fre-
qguency, andV, is the number of points per wavelength at the plasma frequégain expressing
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the damping coefficient in terms of some multiple of the tirtepsi.e.,g = 1/(N,A,), multiply-
ing all terms in (10.72) by, and employing the final form of the term given in (10.73), tpelate
equation for the polarization current can be written as

6J;1n+1/2 _ C«]jéJgn—l/Q + th (Hq+1/2 + Hq_1/2) (1074)
where
1—5x;
C. = — % 10.75
JJ 1 _|_ ﬁ’ ( )
1 27T277()SC

Ci = . (10.76)

! Lt N

To obtain the magnetic polarization current at time-siethe current at time-steps+ 1/2 and
q — 1/2 are averaged:

SILV2 4 s3a 2
0J7, = ; = 5 (L4 CyloTg 12 + Gy (T2 4 HITH2)). (10.77)

The discretized form of Faraday’s law expanded about titap+gis

Het+1/2 — He—1/2 Het+1/2 — Ha—1/2
—Hofoo A —Om 5 —JI =V x E%. (10.78)
t

Multiplying through by—4 and using (10.77) for the polarization current yields

,uoo—,uoé q+1/2 _ gy9-1/2 UL(S q+1/2 q—1/2
At(H H)+2(H +H1?)

1
+ 5 (1 CyJ0d 572 + Gy (HIF2 + HITV2)) = —6V < B (10.79)
After regrouping terms we obtain

0 om0 1
prat/2 ((Hoofo® | OmO | 1o ) _
A, g Tt

oo Tmd 1 1 -
o1/ (% _ UT i §cjh> — 0V X B = C[1+ Gyl 037, /2. (10.80)
t

The factoruod /A, is equivalent tay, /S, so that the update equation for the magnetic field can be
written

OmAt _ 07}LSC Sc

- 1
q+1/2 __ 2o 140 2nopoc yrq—1/2 70 Hoo . qg = N q—1/2
H = e H T ( OV x B — 2 [14 Cy] 634, ) .
2o po 210 fhoo 2o o 210 fhoo

(10.81)
An FDTD model of a magnetically dispersive material wouldriplemented as follows:

1. For each magnetic-field component, do the following
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(a) Copy the magnetic field to a temporary variatie,,, = H9~'/2,
(b) Update the magnetic field using (10.8H)¢ /2 = Ha+1/2,
(c) Update the polarization current (actualliimes the polarization current) using (10.74).
a2 o JaT/2 This update requires botHe+/2 and H9~1/2 (which is stored in
Hipp).

2. Update the electric fields in whatever way is appropriafg@ic¢h may include the dispersive
implementations described previous§j = E¢™1,

3. Repeat.

10.6 Piecewise Linear Recursive Convolution

An alternative implementation of dispersive material iedd by the piecewise linear recursive
convolution (PLRC) method. Recall that multiplication in tmeduency domain is equivalent to
convolution in the time domain. Thus, the frequency-donmelationship

~

D(w) = cpeac B(w) + €0Xe (W) E(w) (10.82)

is equivalent to the time-domain relationship

t

D(t) = et + a0 [ Blt = OnalO)dc (10.83)
¢=0

where( is a dummy variable of integration. In discrete form the #ledlux density at time-step
qA; can be written
qA¢
DY = ege E? + ¢ / E(qA; — ()xe(¢)dC. (10.84)
¢=0
Although in an FDTD simulation the electric fielddwould only be available at discrete points
in time, we wish to treat the field as if it varies continuousigofar as the integral is concerned.
This is accomplished by assuming the field varies lineartyvben sample points. For example,
assume the continuous variablis between A, and(i + 1) A,. Over this range the electric field is
approximated by

Ei+1 _ Ez

t

E(t) =E'+
Whent is equal toiA; we obtainE’ and whert is (i + 1)A; we obtainE*"!. The field varies
linearly between these points.
To obtain a more general representation of the electric,fletdus define the pulse function
pi(t) which is given by
1 if A <t< (i+1)A,
pi(t) = { iy ( )

0 otherwise (10.86)
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Using this pulse function the electric field can be written as

M-1 . Ei+ _E .
E(t) = ; {E + T(t —iAy) | pi(t). (10.87)

This provides a piecewise-linear approximation of theteletield over M/ segments. Despite the
summation, the pulse function ensures that only one segsyamned on for any given value of
Hence the summation can be thought of as serving more toctodigether the various segments
rather than as serving to add several terms.

In the integrand of (10.84) the argument of the electric fislg\; — ( whereqA, is constant
with respect to the variable of integratignWhen( varies fromiA, to (i + 1)A, the electric field
should vary from the discrete poirl—¢ to E?~*~!. Thus, the electric field can be represented by

) quifl _ qui
E(gA;, — () =E"" + T(C —iiAy) for A << (i +1)A,. (10.88)
t
Using the pulse function, the field over all valuesafan be written
a—1 —i—1 —i
. D — E¢ ,
E(gA - () => |E"™" + (C—iA)| pi(€)- (10.89)
i=0 Ay

Note the limits of the summation. The upper limit of integvatis ¢A; which corresponds to the
end-point of the segment which varies frggn— 1) A, to ¢A,. This segment has an indexof- 1
(segmend varies from0 to A,, segment varies fromA, to 2A,, and so on). The lower limit used
here is not actually dictated by the electric field. Ratheremive combine the electric field with
the susceptibility function the product is zero tess than zero since the susceptibility is zero
for ¢ less than zero (due to the material impulse response beusgalaHence we start the lower
limit of the summation at zero.

Substituting (10.89) into (10.84) yields

g1 g—i-1 _ g
D' = coen e [ 3 (B B (- i) O (1090)
o =0 t

The summation and integration can be interchanged. Howtheepulse function dictates that the
integration only needs to be carried out over the range afeghere the pulse function is unity.
Thus we can write

q—1 (+1)A; ‘ Eq—z’—l o qui
D7 = oeoc BT + 60 ) / [E‘H (- iAt)] Ye(Q)dC. (10.91)
1=0 . t
CZ’LAt

The samples of the electric field are constants with respebgtvariable of integration and can be
taken outside of the integral. This yields

D? = ¢ye E? +
q—1 (i+1)Aq ) ] (i+1)A¢
» quzfl — Rat .
o B [ dc )+ F e | - idonoc | [ao.2)
i=0

C=ily (=il
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To simplify the notation, we define the following

(i+1)A;

v o= / xe(O)dC, (10.93)
(=il
(i+1)A;
1

e / (€ — iA)X(O)C. (10.94)

(=iA¢
This allows us to write
q—1

D’ = epencB? + 6 Y [ETX' + (BT —E) ¢']. (10.95)

1=0
In discrete form and using the electric flux density, Ampetaiv can be written

Dot — D¢

V x HItY2 =
X At

(10.96)

Equation (10.95) giveB? in terms of the electric field. This equation can also be usaxkpress
D! in terms of the electric field: one merely replagesith ¢ + 1. This yields

q
D™ = eoeo B + ey [ETTY 4 (BT — BT ¢ (10.97)
=0
In order to obtain an update equation for the electric fielemust expresE?*™! in terms of other
known (or past) quantities. As things stand now, there iB@n “buried” inside the the summation

in (10.97). To express that explicitly, we extract the 0 term and then have the summation start
fromi = 1. This yields

D™ = BT + ETY + 6 (EY — ET) ¢°
q
+e » BT+ (BT BT ¢ (10.98)

i=1

Ultimately we want to combine the summations in (10.95) at@48) and thus the limits of the
summations must be the same. The limits of the summatiorDi®8) can be adjusting by using a
new index;’ = ¢ — 1 (thusi = ¢’ + 1). Substituting’ for ¢, (10.98) can be written

DT = B e(eo + X" — €°) + Eef”

q—1
ey [BIIXH 4 (B B g (10.99)
/=0

Since?’ is just an index, we can return to calling is merely
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The temporal finite-difference of the flux density is obtaity combining (10.95) and (10.99).
The result is
D+l — D4 1

_ (g _0 40 LR (— 0
N £ (B (e =0+ €) 4 Bleo( e+ €)

q—1
—€ Y [B7AX + (BT - EY) Af’]) (10.100)

=0
where
A = X=X (10.101)
A = ¢ — ¢t (10.102)

The summation in (10.100) does not conthlifi!. Hence, using (10.100) to replace the right
side of (10.96) and solving fdg+! yields

0 A
— 1
E! = &Eq — % U xHM?4 g 10.103
€00 + X0 — &° +eoo+xo—§° 8 +eoo+xo—£0 ( )
whereW?, known as the recursive accumulator, is given by
q—1
W= [ET'AY' + (BT —ET) AL (10.104)

Il
o

Equation (10.103) is used to update the electric field. Iteapp that a summation must be
computed which requires knowledge of all the previous \&lofethe electric field. Clearly this
would be prohibitive if this were the case in practice. Fodiely, provided the material impulse
response can be expressed in terms of exponentials, theeregsirsive formulation which can be
used to efficiently express this summation.

Consider®? with the: = 0 term written explicitly, i.e.,

q—1
T =E/(Ax" — A®) + BT 1AL + Z [E Ay + (BT —E77) A¢. (10.105)
=1
Employing a change of indices for the summation so that thelingits range from0 to ¢ — 2, this
can be written:

q—2
1= EY(AY" — AL) + BIAL + )[BT AN + (B2 - B AL (10.106)

=0
Now considenr?~* by writing (10.104) withg replaced by; — 1:
q—2

Wil — Z (B Ay + (B2 — ET1) A¢] (10.107)

1=0

Note the similarity between the summation in (10.106) ardritpht-hand side of (10.107). These
are the same except in (10.106) the summation invalvgs' and A¢“+! while in (10.107) the
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summation involveg\ y! andA¢?. As we will see, for certain materials it is possible to reldtese
values to each other in a simple way. Specifically, we will finat these are related by

AT = CAYX, (10.108)
AL = Cr AL, (10.109)

whereC',.. is a “recursion constant” (which is yet to be determined)ve@ithat this recursion
relationship exists foA ! and A&+, (10.106) can be written

q—2

T = EYAX" - AL) +ETIAL + Cree ¥ [ETTTAY + (B2 —ETH) ALY,
= EY(AY" — A+ ETTAL + cmc\iﬂo—l, (10.110)
or, after replacing with ¢ + 1, this becomes
Pith = BT (AY? — ALY) + BIAL + C, WY (10.111)

The PLRC algorithm is now, at least in the abstract sense, lstea he implementation is as
follows:

1. Update the magnetic field in the usual way (perhaps usingpeigive formulation).

2. Update the electric field using (10.103) (being sure td §itsre the previous value of the
electric field).

3. Updated the recursive accumulator as specified by (1P(L$ihg both the updated electric
field and the stored value).

4. Repeat.

It now remains to determine the various constants for a gwaterial. Specifically, one must know
Y%, €9, e (Which appear in (10.103)), as well &5°, A¢°, andC,.. (which appear in (10.111)).

10.7 PLRC for Debye Material

The time-domain form of the susceptibility function for ey materials was given in (10.29).
Using this in (10.93) and (10.94) yields

Xz‘ = ¢ (1 . e—At/Td) e_iAt/Td’ (10.112)
, A ,
¢ = (1 - {—t + 1} e—At/m> it/ (10.113)
t Td

Setting: equal to zero yields
I (1 _ e—At/Td) 7 (10.114)

A
g - T (1 N [_t N 1} e—At/m) , (10.115)
Ay Td
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The time-constant; can be expressed in terms of multiples of the time f¥gpe.g.,7; = NyA,.
Note that the time step is always divided hyin these expressions so that the only important
consideration is the ratio of these quantities, 8./7, = 1/Nj.

From (10.112) we observe

Xz'+1 — ¢ (1 N efAt/m) e*(i‘#l)At/Td,
— e—At/TdEd (1 _ G—At/Td) e_iAt/Td’
— e*At/TdXi. (10.116)

Now considerAy’ which is given by
Ax' = X' —x",
— XZ _ e*At/TdXZ"
= X1 —eB/my, (10.117)

ThusAyx**! can be written as

AXi+1 _ Xz‘+1(1 _ e*Az/Td)’
6—At/TdXi(1 _ e—At/Td)’

= e AUTIAY (10.118)
Similar arguments pertain 8 and A¢? resulting in
AL = gmAe/TaNgT (10.119)

From (10.118) and (10.119), and in accordance with the g#or of C,.. given in (10.108)
and (10.109), we conclude that
Clree = e~ 2t/7a, (10.120)

The factorexp(—A;/14), i.€.,Cy., appears in several of the terms given above. Writing the rati
A;/Tqasl/Ny, all the terms involved in the implementation of the PLRC methan be expressed
as

Croe = e M/Na, (10.121)
XO = €q (]- - CTeC) ) (10122)
& = 4Ny (1 — {i + 1} O) , (10.123)

Nqg
A" = X'(1 - Creo), (10.124)
AL = €21 —Ch). (10.125)

Nearly all the terms involved in the PLRC method are unitles$iadependent of scale. The
only term which is not i\, /e, which multiplies the curl of the magnetic field in (10.103)owt
ever, this is a term which has appeared in all the electrid-tipdate equations we have ever con-
sidered and, after extracting tihg inherent in the finite-difference form of the curl operatbcan
be expressed in terms of the Courant number and charaaémgtedance, i.e4;/(dey) = Seno-



Chapter 11

Perfectly Matched Layer

11.1 Introduction

The perfectly matched layer (PML) is generally considehetistate-of-the-art for the termination
of FDTD grids. There are some situations where specialligdesl ABC’s can outperform a PML,
but this is very much the exception rather than the rule. ikerty behind a PML is typically perti-
nent to the continuous world. In the continuous world the P3buld indeed work “perfectly” (as
its name implies) for all incident angles and for all freqcies. However, when a PML is imple-
mented in the discretized world of FDTD, there are alwaysesanperfections (i.e., reflections)
present.

There are several different PML formulations. However,RML's essentially act as a lossy
material. The lossy material, or lossy layer, is used to dib#te fields traveling away from the
interior of the grid. The PML is anisotropic and constructeduch a way that there is no loss
in the direction tangential to the interface between theléss region and the PML (actually there
can be loss in the non-PML region too, but we will ignore tlaat ffor the moment). However, in
the PML there is always loss in the direction normal to theriaice.

The PML was originally proposed by J.-Péinger in 1994. In that original work he split
each field component into two separate parts. The actualdafgponents were the sum of these
two parts but by splitting the field &enger could create an (non-physical) anisotropic medium
with the necessary phase velocity and conductivity to elate reflections at an interface between
a PML and non-PML region. SinceéBenger first paper, others have described PML'’s using dif-
ferent approaches such as the complex coordinate-smgttdchnique put forward by Chew and
Weedon, also in 1994.

Arguably the best PML formulation today is the ConvolutiecRAllL (CPML). CPML con-
structs the PML from an anisotropic, dispersive materialMCRlIoes not require the fields to be
split and can be implement in a relatively straightforwarahmer.

Before considering CPML, it is instructive to first considelira@e lossy layer. Recall that a
lossy layer provided an excellent ABC for 1D grids. Howevetaalitional lossy layer does not
work in higher dimensions where oblique incidence is pdesM/e will discuss this and show how
the split-field PML fixes this problem.

fLecture notes by John Schneidfgtd-pml.tex
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11.2 Lossy Layer, 1D

A lossy layer was previously introduced in Sec. 3.12. Herewilerevisit lossy material but
initially focus of the continuous world and time-harmonieldis. For continuous, time-harmonic
fields, the governing curl equations can be written

VxH = jwE+0oE = ju (e—jg) E — jwéE, (11.1)
w
VXE = —jupH -0, H = —jo (p—j7 ) H = —jojiHL, (11.2)
w

where the complex permittivity and permeability are givgn b

e = e— 52, (11.3)
w

- .Om

b = pu—j—. (11.4)
w

For now, let us restrict consideration to a 1D field that-{golarized so that the electric field is
given by
E=a.e"" =a,F.(x) (11.5)
where the propagation constanis yet to be determined. Given the electric field, the magneti
field is given by
He - VxE= -4, F.() (11.6)
Jwit Jwit
Thus the magnetic field only hagyja&component, i.e H = a, H,(z).
The characteristic impedance of the medigms the ratio of the electric field to the magnetic
field (actually, in this case, the negative of that ratio)ugh

 E(r)  jwi
1= = (11.7)

Since~ has not yet been determined, we have not actually specifeedrthracteristic impedance
yet. To determine’ we use the other curl equation where we solve for the elefgttin terms of
the magnetic field we just obtained:

2

1 1
E=—VxH= .—~#6_Wéz. (11.8)
Jwé JWe Jwii

However, we already know the electric field since we startéti ¥hat as a given, i.,eE =
exp(—yz)a,. Thus, in order for (11.8) to be true, we must have

72

or, solving for~ (and only keeping the positive root)

v = jwy/TiE. (11.10)



11.2. LOSSY LAYER, 1D 307

Becausg: andé are complexy will be complex and we write = a+ ;3 wherex is the attenuation
constant ang is the phase constant (or wave number).
Returning to the characteristic impedance as given in (1i&)xan now write

_ Jer R (11.11)
€

n=-—==
JwA/ J1€

Alternatively, we can write

(11.12)

Let us now consider a-polarized plane wave normally incident from a losslessemaltto a
lossy material. There is a planar interface between the tedianatr = 0. The (known) incident
field is given by

. , . 1
E.=e¢/M"  H)=——e /0" (11.13)
m
wherefs; = w./u161. The reflected field is given by
, r .
El =T H) = —e/h* (11.14)
m
where the only unknown is the reflection coeffici€ntThe transmitted field is given by
t —Yoxr t T —~ox
E, =Te H =——e™™ (11.15)
M2

where the only unknown is the transmission coefficiEnt

Both the electric field and the magnetic field are tangentigh&interface at = 0. Thus,
the boundary conditions dictate that the sum of the incidemnt reflected field must equal the
transmitted field at = 0. Matching the electric fields at the interface yields

1+I'=T. (11.16)
Matching the magnetic fields yields
St r_ . r (11.17)
m 2
or, rearranging slightly,
1-r="27 (11.18)
2
Adding (11.16) and (11.18) and rearranging yields
ro 2 (11.19)
Ne + M
Plugging this back into (11.16) yields
p="”"n (11.20)

N2 +m
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Consider the case where the media are related by

H2 _ 1 gpng Im -2 (11.21)

€9 €1 125 €9
We will call these conditions the “matching conditions.” diér these conditions the impedances
equal:

w(1-jm)  \m(1-i%)
1

/,72: . - .
€9 <1—ij62> €1 (1—]%@)

When the impedances are equal, from (11.20) we see that teetrefl coefficient must be zero
(and the transmission coefficient is unity). We further nibigt this is true independent of the
frequency.

As we have seen previously, this type of lossy layer can béeimented in an FDTD grid. To
minimize numeric artifacts it is best to gradually incretts®conductivity within the lossy region.
Any field that makes it to the end of the grid will be reflectedt, bbecause of the loss, this reflected
field can be greatly attenuated. Furthermore, as the fielpgiates back through the lossy region
toward the lossless region, it is further attenuated. Thagé¢flected field from this lossy region
(and the termination of the grid) can be made relatively mssmuential.

11.3 Lossy Layer, 2D

Since a lossy layer works so well in 1D and is so easy to imphenitas natural to ask if it can be
used in 2D. The answer, we shall see, is that a simple lossy tannot be matched to the lossless
region for obliquely traveling waves.

Consider a TM field where the incident electric field is given by

El = ae kT, (11.23)
— Al cos(8;)x—j 51 Sin((’i)y, (11.24)
= A,e IPTiPuy (11.25)

Knowing that the angle of incidence equals the angle of refledowing to the required phase
matching along the interface), the reflected field is given by

E" = 4, e/Pev—iby, (11.26)
Combining the incident and reflected field yields
E, = 4, (efjﬁux + Fejﬁlwx) eIy — a k.. (11.27)

The magnetic field in the first medium is given by

1
H1 = —- V X El, (1128)
JWH1
ﬁlz

_ é—z 613/ (efjﬁux + Feﬁmx) e*]ﬂlyy + éy
w1 Wit

(—e 3P 4 Do) ¢35y (11.29)
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The transmitted electric field is

E' = a/Te ™" (11.30)
— a,Te "2y, (11.31)
= a,E. (11.32)

Plugging this expression into Maxwell’s equations (or, iegkently, the wave equation) ultimately
yields the constraint equation

Voo 13y = —w’finéa. (11.33)
Owing to the boundary condition that the fields must matchainterface, the propagation in the
y direction (i.e., tangential to the boundary) must be theesamboth media. Thusy,, = j3i,.
Plugging this into (11.33) and solving fos, yields

Vor = \) BT, — Wiabr = Qg + B2y (11.34)

Note that whens,, = 0, i.e., there is no propagation in thedirection and the field is normally
incident on the interface, this reducesitQ = jw+/jiz€; Which is what we had for the 1D case.
On the other hand, whem = o, = 0 we obtainvy,, = j (w?uses — ﬁfy)m where the term
in parentheses is purely real (so that will either be purely real or purely imaginary). The
transmitted magnetic field is given by

1
H - - VxE, (11.35)
JwW 2
_ o Pwp g g (11.36)
Wit2 Jwit2

Enforcing the boundary condition on the electric field anelgkcomponent of the magnetic
field atx = 0 yields

14T = T, (11.37)
e gy = g (11.38)
Wiy Jwit
or, rearranging the second equation,
1—p =0 p (11.39)
Jh2bs

Adding (11.37) and (11.39) and rearranging yields

JEC
J e T Bra

Using this in (11.37) yields the reflection coefficient

jﬁ _
M=t fu (11.41)
T2 T Bia
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The reflection coefficient will be zero only if the terms in the@merator cancel. Let us consider
these terms individually. Additionally, let us enforce amma@estrictive form of the matching
conditions where now:, = p1, € = €; and, as beforeg/e; = o,,,/10. The first term in the
numerator can be written

P et , (11.42)
Yoz /w2/12€2 _ ﬁ%y

_ " <1 _ ‘7“’_“> (11.43)

wfi1€1 (1 - ]w—el) - 5%?;
7

= 1 . (11.44)

W€ — ﬁly
1= w€1)

The second term in the numerator of the reflection coeffiégent

Mo F , (11.45)
ﬁlz \/ w2/'bl€1 - ﬁ%y

Clearly (11.44) and (11.45) are not equal (unless we furtbguire thatr = 0, but then the lossy
layer is not lossy). Thus, for oblique incidence, the nurtweraf the reflection coefficient cannot
be zero and there will always be some reflection from thisylossdium.

11.4 Split-Field Perfectly Matched Layer

To obtain a perfect match between the lossless and lossyngderenger proposed a non-physical
anisotropic material known as a perfectly matched layerl(PNMh a PML there is no loss in the
direction tangential to the interface but there is loss raimthe interface.

First, consider the governing equations for the componehtbhe magnetic fields for TM
polarization. We have

OE,

JwpeHy + 0 Hy = 5 (11.46)
x
E
JwpeHy + 0y Hy = —88 z (11.47)
Y

whereo,,, ando,,, are the magnetic conductivities associatetiwith thex andy components of
the magnetic field, but rather with propagation in thar y direction. (Note that for 1D propagation
in the z direction the non-zero fields af¢, and £, while for 1D propagation in thg direction
they areH, andFE..)

For the electric field the governing equation is

0H, O0H,
E, E,=——
Jwelh, + 0 O oy

(11.48)
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Here there is a single conductivity and no possibility toenexplicitly anisotropic behavior of the
electrical conductivity. Thus, it would still be impossglio match the lossy region to the lossless
one.

Bérenger’s fix was to split the electric field into two (non-ploal) components. To get the
“actual” field, we merely sum these components. Thus we write

E.=FE,+E, (11.49)
These components are governed by
0H
,jWEQsz + Uszz y7 (1150)
ox
OH,
jwes By + o E,,, = — I (11.51)
Y

Note that there are now two electrical conductivities: ando,. If we seto, = 0, = ¢ and
add these two equations together, we recover the origingtem (11.48). Further note that if
oy = omy = 0 buto, # 0 ando,,, # 0, then a wave with component$, and £, would not
attenuate while a wave with componeis and E,,, would attenuate.

Let us define the terms,, andS,,,,, as

Ow

Sw = 1+- (11.52)
Jwe
Sy = 1+ 2 (11.53)
Jwita
wherew is eitherz or y. We can then write the governing equations as
H
JweaS B, = aa = (11.54)
T
OH
wey Sy B, = ——2, 11.55
Jwea Y Yy ay ( )
. 0
JwpeSmaH, = P (B + E.y), (11.56)
0
JwpaSmyH, = —a—y(EszrEzy). (11.57)

Taking the partial of (11.56) with respecttaand then substituting in the left-hand side of (11.54)
yields

2

>3 (
0x?
Taking the partial of (11.57) with respectgand then substituting in the left-hand side of (11.55)
yields

_W2N262Smsma:Eza: = E..+ Ezy) . (1158)

82
—w? li9€2.8y Sy By = o (B + E.y) . (11.59)
Adding these two expressions together after dividing bystherms yields
1 0? 1 0?

—w? g€ (Eup + E.y) = ( ) (B + E.,) (11.60)

S,n8. 022 | S5, O
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or, after rearranging and recalling that, + £,, = E,,

1 0? 1 0?
<s Szt s o YN 262) B=0 (1161
mzxT myy

To satisfy this equation the transmitted field in the PML oegivould be given by

Et — Te*jvsmzszﬁ%cx*j\/ SmySyBny (1162)
where we must also have
B3, + B3, = W piaes. (11.63)
Using (11.56), the component of the magnetic field in the PML is given by

1 OE!
H = —— = 11.64
Y jw:UQSmx 8[E ( )

JWw 2 Sy
= P [ S (11.66)

w2 Sm:(:

As always, the tangential fields must match at the interfddatching the electric fields again
yields (11.37). Matching thg component of the magnetic fields yields

/’LI/BQm S:B
1-T= \/ T. 11.67
M?ﬁlz Smac ( )

Using this and (11.37) to solve for the transmission andctdle coefficients yields

901s
T = m , (11.68)
Biz + Box [ Sy
M1 ) Sma
Biz _ PBoz [ Su
L S’mx
r ; ; . (11.69)
PRV i
It is now possible to match the PML to the non-PML region sd tha zero. We begin by
settingys = p1 ande, = €. Thus we havey®jipe; = w?ji1€e; and

1/2

Bow = (wpaea —B3,) ", (11.70)
= (Ve —02)" (11.71)

Recall that within the PML the propagation in thedirection is not given bys,, but rather by
\/SySmyBa2y. Phase matching along the interface requires that

\/ SySmyBay = Biy- (11.72)
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If we let S, = S,,, = 1, which can be realized by setting = ,,,, = 0, then the phase matching
condition reduces to

Bay = Buy- (11.73)

Then, from (11.71), we have
Bow = (Pmer—52)"7, (11.74)
= Bio (11.75)

Returning to (11.69), we now have

b _ Be [ S0
po— i m V5w (11.76)

)
Biz | Prz [ Sz
+u1

M1 sz
1— /5=

S (11.77)
L+ /g%

The last remaining requirement to achieve a perfect matt¢b l®aveS, = S,,.. This can be
realized by having,. /e = 0,2/ pia-
To summarize, the complete set of matching conditions fars@nts interface are

€ = €1 (1178)
M2 = (11.79)
gy = Omy =0 (11.80)
Io _ Tmz (11.81)
€2 25)

Under these conditions propagation in the PML is governed by

efjsz,alml'*jﬁlyy = exp (_] (1 + .O- ) /lex _jﬁlyy> , (11.82)
Jwer
~ e (——ﬁm%) e (11.83)
WeEq

This shows that there is exponential decay initlirection but otherwise the phase propagates in
exactly the same way as it does in the non-PML region.

11.5 Un-Split PML

In the previous section we ha#}, and S,,, wherew € {z,y}. However, once the matching
condition has been applied, i.e.,/¢2 = 0.,/ 2, then we haves,, = S,,,,,. Hence we will drop
them from the subscript. Additionally, with the understandihgttwe are talking about the PML
region, we will drop the subscrigtfrom the material constants. We thus write

Sy =14 2v. (11.84)
Jwe
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The conductivity in the PML is not dictated by underlying paeters in the physical space being
modeled. Rather, this conductivity is set so as to minimizeréflections from the termination of
the grid. In that sense,, is somewhat arbitrary. Therefore let us normalize the cotidty by the
relative permittivity that pertains at that particularddon, i.e.,

/

S, =1+ (11.85)

Jweo
wheres!, = 0,,/¢,.. However, since the conductivity has not yet been specifieddrop the prime

and merely write
Ow

Sp =1+ (11.86)

JwWeo

Note that there could potentially be a problem with when the frequency goes to zero. In
practice, in the curl equations this term is also multipl®dw and in that sense this is not a
major problem. However, if we want to move thesgterms around, low frequencies may cause
problems. To fix this, we add an additional factor to ensua¢$h remains finite as the frequency
goes to zero.

We can further generaliz€, by allowing the leading term to take on values other thanyunit
This is effectively equivalent to allowing the relative pettivity in the PML to change. The
general expression fdt,, we will use is

O-’UJ

Sy = Ky + ——2— (11.87)

ay + jweg

For the sake of considering 3D problems we also assurae{x, y, z}.
Dividing by the S terms, the governing equations for FMolarization are

1 0H
web,, = ——Y 11.88
1 0H,
jwel,, = —— , (11.89)
Y S, Oy
) 1 OF,
JwpH, = S n (11.90)
1 0F
jupH, = ———"2=. (11.91)
H S, Oy
Adding the first two equations together we obtain
1 0H 1 0H.
jwekE, = —8 Y —8 a (11.92)

S, ox S, oy

Note that in all these equations ea) term is always paired with the derivative in the™
direction. )
Let us define a new del operatOrthat incorporates this pairing

.10 190

V=a gt ? 4 L0
*S, O vS, 0y *S, 0z

a

(11.93)
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Using this operator Maxwell's curl equations become

jweE = V x H, (11.94)
—jwpH = V x E. (11.95)

Note that these equations pertain to the general 3D cass.iTkhnown as the stretch-coordinate
PML formulation since, as shown in (11.93), the complexerms scale the various coordinate
directions. Additionally, note there is no explicit memtiof split fields in these equations. If we
can find a way to implement these equations directly in the BRIGorithm, we can avoid splitting
the fields.

From these curl equations we obtain scalar equations sycliag ther-component of (11.94)
and (11.95) as examples)

1 9H, 1 0H,

jweE, = — — : 11.96
Jwe S, 0y S. oz (11.96)
1 OF 1 OF
jwuH, T Y 11.97
JUH S, 0y S, 0z ( )
Converting these to the time-domain yields
oF, - OH, L O0H,
_ _ 9y 11.
€ Sy * oy S, * 55 (11.98)
0H, - OFE, L O0E,
- _ il v 11.99
where %” indicates convolution and,, is the inverse Fourier transform ofS,,, i.e.,
_ L [1
Sw=F 5| (11.100)
The reciprocal of5,, is given by
21 L Gwhiwe (11.101)
T Ok + Ou + JWEw€Q

QA +jw€0

This is of the form(a + jwb)/(c + jwd) and we cannot do a partial fraction expansion since the
order of the numerator and denominator are the same. Insteachn divide the denominator into
the numerator to obtain

a+jwb b a—ch

b d
= = — € ) 11.102
c+jwd d  c+ jwd d+1+ng ( )

Recall the following Fourier transform pairs:

1 < §(t), (11.103)

1 1,
& — Tu(t 11.104
1+ jwr i u(t), ( )
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whered(t) is the Dirac delta function and(¢) is the unit step function. Thus, we have

F_1[g+ a_b ad — be

b —c
i T | = F0(6) + ——e Yhu(t). (11.105)

For the problem at hand, we hawe= a,,, b = €, ¢ = ayky, + 0w, andd = k€. Using these
values in (11.105) yields

1
S, = —6(t) — =" exp (—t {“—w + v D u(t). (11.106)
Kaw K€ €  Kwfo
Let us defing,(t) as
Cult) = =22 exp(—t {“—u Tw D u(t) (11.107)
Ry € €0 Rw€o
so that |
S = —0(t) + Colt). (11.108)
R

Recall that the convolution of a Dirac delta function with #rey function yields the original
function, i.e.,

a(t) = f(t) = f(¢). (11.109)
Incorporating this fact into (11.98) yields
0B, _ 10H. 10H,
“or Ky Oy K, 0z
6 0H,
UL e SO (11.110)

Note that the first line of this equation is almost the usualegoing equation. The only differ-
ences are the’s. However, these are merely real constants. In the FDTDralgn it is trivial to
incorporate these terms in the update-equation coeffgidifite second line again involves convo-
lutions. Fortunately, these convolution are rather “beh@nd, as we shall see, can be calculated
efficiently using recursive convolution.

11.6 FDTD Implementation of Un-Split PML

We now wish to develop an FDTD implementation of the PML asriglated in the previous
section. We start by defining the functidr}, , as

0H,
\Iquuw = Cw (t) * aw

qA¢

_ / ¢ () 2 th_T)dT (11.112)

(11.111)

t:qu
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whereE,w in the subscript indicates this function will appear in tipelate of thef,, component
of the electric field and it is concerned with the spatial\give in thew direction. In (11.112) the
derivative is of thet/,, component of the magnetic field wherew, andv are such thafw, u, v} €
{z,y,z} andw # u # v.

In (11.112) note thaf,,(7) is zero forr < 0 hence the integrand would be zero for< 0.
This fixes the lower limit of integration to zero. On the otland, we assume the fields are zero
priortot = 0, i.e., H,(t) is zero fort < 0. In the convolution the argument of the magnetic field
is gA; — 7. This argument will be negative when> ¢A,. Thus the integrand will be zero for
T > g/, and this fixes the upper limit of integration ¢a\,.

Let us assume the integration variablan (11.112) varies continuously but, since we are
considering fields in the FDTD method,, varies discretely. We can still expre&s in terms of
a continuously varying argumetitbut it takes on discrete values. Specificallif, (¢)/0w can be
represented by

OH, (1) “‘faﬂv(m»

= i(t 11.113
o 2w ? (1) ( )
wherep;(t) is the unit pulse function given by
1 if A <t<(i+1)A
pit) = { 0  otherwise (11.114)

To illustrate this further, for notational convenienceustwrite f(t) = 0H,(t)/0w. The stepwise
representation of this function is shown in Fig. 11.1(a)Xhaugh not necessary, as is typical with
FDTD simulations, this function is assumed to be zero forfitet time-step. Att = A, the
function is f; and it remains constant unti= 2A, when it changes t@,. At ¢t = 3A, the function

is f3, and so on.

The convolution contains the functigiigA; — 7). At time-step zero (i.eq = 0), this is merely
f(=7) which is illustrated in Fig. 11.1(b). Here all the samplerpsif,, are flipped symmetrically
about the origin. We assume that the function is constaimeoight of these sample points so that
the function isf; for —A; < 7 <0, 1tis f, for —2A; < 7 < A, f3 for —=3A; <7 < —2A,, and so
on.

Fig. 11.1(c) shows an example pfqA; — 7) whenqg # 0, specifically for¢ = 4. Recall that
in (11.112) the limits of integration are from zero dt,—we do not need to concern ourselves
with 7 less than zero nor greater thafy,. As shown in Fig. 11.1(c), the first “pulse” extending to
the right ofr = 0 has a value of,, the pulse extending to the right of= A, has a value of,_;,
the one to the right of = 2A, has a value of,_», and so on. Thus, this shifted function can be
written as

q—1
FlaD = 71) =" fomipi(7). (11.115)
=0
Returning to the derivative of the magnetic field, we write
OH, (g —7) ‘Ii OH4~

ow , ow
1=0

pi(7) (11.116)

whereH?" is the magnetic field at time-step- i and, when implemented in the FDTD algorithm,
the spatial derivative will be realized as a spatial finitéedence.
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A f(t)

5 4 -3 2-1101 2 3 4 5 tby

5-4-3-2-1101 2 3 4 5 U
(b)
A f(40¢-1)

5-4-3-2-1]01 2 3 4 5 U

Figure 11.1: (a) Stepwise representation of a functféf). The function is a constanf, for
0<t<Ay fifor Ay <t <24, fofor2A, <t < 3A, and so on. (b) Stepwise representation
of a functionf(—7). Here the constantg, are flipped about the origin but the pulses still extend
for one time-step to the right of the corresponding point.nééethe function is a constarft
for —A, < 7 <0, fo for =2A, < 7 < —A,, etc. (c) Stepwise representation of the function

f(gA; — 7) wheng = 4.
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At time-stepq, Vg, ., IS given by

qA¢

q—1 i
OHI~
V= [ GO S nirdr
7=0 =0

Interchanging the order of summation and integration gield

q—1 qAt
8Hq ‘
lIlun'w = /Cw pz
=0
(’L-i-l)At
q—1 i
OHI™
= v Cu(T)dT
— Jw /
=0 T:iAt
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(11.117)

(11.118)

(11.119)

where, in going from (11.118) to (11.119), the pulse funtticas used to establish the limits of

integration.
Consider the following integral
DA ) (i+1)A
— / e vdt = —e_“t}
a iA
A
— l( —a(i+1) e—azA)
a
1
— _(eftzA 1) efmA
a
1

Keeping this in mind, the integration in (11.119) can be teritas

(i+1)A¢ (i+1)A¢
Cuw(T)dr = —JQ—w / exp(—T [a—w—i- T 1) dr
R“€Q €0 Rqyw€oQ
T=1A¢ T=iAy
= Cyu(by)
where
by, = exp(— {a_w + Ow 1 At) )
€0 Rw€o
Co = — 2 (h,—1).

Owhw + K2y,

Note that in (11.125),, is raised to the powerwhich is an integer index. It is now possible to

expressly, | as

q—1 i
OHI™
\I}un”LU - Z aw C’Ll)(b’u)) °

1=0

(11.120)

(11.121)
(11.122)

(11.123)

(11.124)

(11.125)

(11.126)

(11.127)

(11.128)



320 CHAPTER 11. PERFECTLY MATCHED LAYER

Let us explicitly separate the= 0 term from the rest of the summation:

oHe L oHe
v +Z v

q — I
Veuw = Cu ow ow

Ciu(bo)'. (11.129)

Replacing the indexwith i/ = i — 1 (so thati = i’ + 1), this becomes

oH1 L2 gpa-i-1
v N
ow , ow

i'=0

v L =Cy Cho (b)) (11.130)

Dropping the prime from the index and rearranging slightsids

ow v ow

1=0

¢
Ve w=Cu

Co(bo)'. (11.131)

Comparing the summation in this expression to the one in 2B).@ne sees that this expression
can be written as
OH{?
ow
Note thatV g, ,, at time-stepy is a function ofl', ., at time-step; — 1. Thus¥g,_,, can be updated
recursively—there is no need to store the entire history gf,, to obtain the next value. As is
typical with FDTD, one merely needs to knolyg, ,, at the previous time step.

We now have all the pieces in place to implement a PML in the BDiethod. The algorithm
to update the electric fields is

U = Cu

+ b, UYL (11.132)

1. Update thelg, ,, terms employing the recursive update equation given byl@P). Recall
that thesel  ,, functions represent the convolutions given in the secareldf (11.110).

2. Update the electric fields in the standard way. Howeveqgriporate the:’s where appropri-
ate. Essentially one employs the update equation impligtidoyop line of (11.110) (where
that equation applies t&, and similar equations apply 6, andE.).

3. Apply, i.e., add or subtract¥ . to the electric field as indicated by the second line of
(11.110).

This completes the update of the electric field.

The magnetic fields are updated in a completely analogousienaRirst thel functions that
pertain to the magnetic fields are updated (in this case #rer# , functions that involve the
spatial derivatives of the electric fields), then the maignilds are updated in the usual way
(accounting for any:’s), and finally the¥ functions are applied to the magnetic fields (i.e., added
or subtracted).



Chapter 12

Acoustic FDTD Simulations

12.1 Introduction

The FDTD method employs finite-differences to approximatep&re’s and Faraday’s laws. Am-
pere’s and Faraday’s laws are first-order differential équa that couple the electric and mag-
netics fields. As we have seen, with a judicious discretratif space and time, the resulting
equations can be solved for “future” fields in terms of knovasidields.

Other physical phenomena are also described by coupleebfast differential equations
where the temporal derivative of one field is related to tragiapderivative of another field. Both
acoustics and elastic wave propagation are such phenorira.we will consider only acous-
tic propagation. Specifically we will consider small-sigaaoustics which can be described in
terms of the scalar pressure fieliz, y, z,t) and the vector velocity(z, y, z,t). The material
parameters are the speed of soup@nd the density (both of which can vary as a function of

position).
The governing acoustic equations in three dimensions are
0P
E = —pC(QIV -V, (121)
ov 1
— = —-VP 12.2
or, expanded in terms of the components,
oP 5 (Ovy,  Ov, Ov,
ot ) 12.3
BT pca(8x+8y+32>’ ( )
ov 10P
= = ——— 12.4
ot p Oz’ (12.4)
vy 10P
v - - 12.5
ov 10P
2 = - 12.6
ot p 0z ( )

fLecture notes by John Schneidfgtd-acoustics.tex
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Equation (12.2) is essentially a variation of Newton’s settaw, F = ma, where instead of
acceleratior there is the derivative of the velocity, instead of masshere is the mass density,
and instead of forc#' there is the derivative of pressure. Pressure is force paraard the negative
sign accounts for the fact that if pressure is building in gipalar direction that tends to cause
acceleration in the opposite direction. Equation (12.1phe® from an equation of state for the
material (with various approximations assumed along thg wa

Taking the divergence of (12.2) and interchanging the ooflégmporal and spatial differenti-
ation yields

0 1,
EV SV = —;V P. (12.7)
Taking the temporal derivative of (12.1) and using (12.€)ds
62P 2 a 2v72
W = —pcaEV V= caV P. (128)
Rearranging this yields the wave equation
1 0*P
2 —_——_——
V°P 2 0. (12.9)

Thus the usual techniques and solutions one is familiar fsaim electromagnetics carry over to
acoustics. For example, a harmonic plane wave given by

P(x,y,z,t) = Ppe 7Pl (12.10)

is a valid solution to the governing equations wheyds a constant and the wave vecfdrcan be
written

B = Bra, + 6yéy + f.a, = Béﬁ = (w/ca)éﬁ‘ (1211)
Substituting (12.10) into (12.4) and assuming(jwt) temporal dependence yields
1
Rearranging terms gives
Uy = &P. (12.13)
pw
Following the same steps for thyegand = components produces
v, = &P, (12.14)
j4%
_ B
v, = —P. (12.15)
pw

Thus the harmonic velocity is given by

. . . 1 . . . B .
vV =v,a, +v,a, + 0,4, = p_w(ﬁmam + B,a, + f.a,)P = p—wPaB. (12.16)
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Since the wave number, i.e., the magnitude of the wave vdstgiven bys = w/c,, the ratio of
the magnitude of pressure to the velocity is given by

P

= pCa. (12.17)
A"

The term on the right-hand side is known as the charactemspedance of the medium which is
often written as”.

12.2 Governing FDTD Equations

To obtain an FDTD algorithm for acoustic propagation, thesgure and components of velocity
are discretized in both time and space. In electromagnitire were two vector fields and hence
six field-components that had to be arranged in space-timacdustics there is one scalar field
and one vector field. Thus there are only four field-companent

To implement a 3D acoustic FDTD algorithm, a suitable aresmgnt of nodes is as shown in
Fig. 12.1. A pressure node is surrounded by velocity compiznguch that the components are
oriented along the line joining the component and the pressade. This should be contrasted
to the arrangement of nodes in electromagnetic grids winereamponents of the magnetic field
swirled around the components of the electric field, and vemsa. In electromagnetics one is
modeling coupled curl equations where the partial dekreatare related to behavior orthogonal to
the direction of the derivative. In acoustics, where theegoing equations involve the divergence
and gradient, the partial derivatives are associated veliabior in the direction of the derivative.

The arrangement of nodes in a 2D grid is illustrated in Fig21Z'his should be compared
to the 2D electromagnetic grids, i.e., Fig. 8.1 for the “Tehse and Fig. 8.9 for the FEase.
(Because pressure is inherently a scalar field, there arewoodifferent polarization associated
with 2D acoustic simulations—nor is there a notion of paation in three dimensions.)

In addition to the spatial offsets, the pressure nodes a@nasd to be offset a half temporal
step from the velocity nodes (but all the velocity composeatist at the same time-step). The
following notation will be used with an implicit understand of spatial offsets

P(z,y,z,t) = P(mA;,nA,, pA,,qA) = Plm,n,p), (12.18)
v (1, y, 2,t) = e ([m+1/2)A,,nAy, pAL, [+ 1/2]A,) = w02 [m,n,p], (12.19)
(ryooit) = vy (mA o+ 120, pA g+ 1/20A)) = o [m.n,p]. (12.20)
(ryoont) = v (mApndy o 1/20A0 [0+ 1/2A) = o™ [m.n,p). (12.21)

vy(T,y, 2,1

/UZ x? y? Z7t

We will assume the spatial step sizes are the sameN,es A, = A, = ¢.
Replacing the derivatives in (12.3) with finite differencad asing the discretization of (12.18)—
(12.21) yields the following update equation:
A
Pim,n,p] = P [m,n,p] - pCngt (v 2 Im,n,p] — 08 m — 1,0, p] +

vl 2 m,n,p) = 0d 2 m,n — 1, p] +

Ug_l/Q[ma n,p] - 03_1/2[7”7 n,p— 1]) : (1222)
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VAm,n,p+r1/2)

,n+1/
P(m,n,p |~ W(m,nl/2p) vy

Vy(m+1/2,n,p)

Figure 12.1: An acoustic unit cell in three dimensions simguthe arrangement of velocity nodes
relative to the pressure node with the same spatial indices.

The sound speed and the density can be functions of spaceislastsume that the density and
sound speed are specified at the grid points correspondihg tocation of pressure nodes. Addi-
tionally, assume that the sound speed can be defined in téraisackground sound speegand
a relative sound speed:

Cq = CrCo. (12.23)
The background sound speed corresponds to the fastestapaegpagation at any location in the
grid so thate, < 1. The coefficient of the spatial finite-difference in (12.22n now be written

A A
pcfl?t = pcfco 005 L pcchSC (12.24)

where, similar to electromagnetics, the Courant numbef.is= c¢yA,;/6. The explicit spatial
dependence of the density and sound speed can be emphasizatriy the coefficient as

p[m7 nvp]cg[rnw nap]COSc (1225)

wherep[m,n, p] is the density that exists at the same point as the pressde=fje, n, p] and
c[m,n,p] is the relative sound speed at this same point. Note that thea@bnumbelS, and
the background sound speedare independent of position. Furthermore, the entire aoefii is
independent of time.

The update equation for thecomponent of velocity is obtained from the discretized igrs
of (12.4) which yields

1A
ot m,n,p] = o™ fm,mop] = 255 (P 1,m, ) = Pm,n, ) (12.26)

The coefficient of this equation does not contain the Courantber but that can be obtained by
multiplying and dividing by the background sound speed

18 _lob 1, (12.27)

po  pa & peo
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<=~
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ot 4ttt
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vy(mn+1/2)
o _W(m+1/2n)
P(m,n)

Figure 12.2: The arrangement of nodes in a 2D acoustic stroalan a computer FDTD imple-
mentation the nodes shown within the dashed enclosurebavidl the same spatial indices. This is
illustrated by the two depictions of a unit cell at the bottofthe figure. The one on the left shows
the nodes with the spatial offsets given explicitly. The onethe right shows the corresponding
node designations that would be used in a computer progrelerePr is used for the pressure
array.)
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We wish to define the density only at the pressure nodes. $iececomponent of the velocity
is offset from the pressure a half spatial step in theéirection, what is the appropriate velocity
to use? The answer, much as it was in the case of an interfasedre two different materials
in electromagnetics, is the average of the densities terside of the pressure node (where the
notion of “either side” is dictated by the orientation of tredocity node). Therefore the coefficient

can be written

! = 25 . (12.28)

S, =
(emstegfseimnal) o, ™~ (olm+ L, p]+ plm, n. Pl

The update equations for the velocity components can nowritiewas

Ug+l/2 [m7 n,p] _ Ug_l/Q[m, n,p] _
25
¢ Pim +1,n,p] — P%m,n,p|),(12.29
(p[m,n,p]+p[m+1,n,p])co( [ | =P ) .(12.29)
,Ungl/Z [m,n,p] = U;—l/Q[m’ n,pl —
285,

(PYm,n+ 1,p] — P1m,n,p]),(12.30)

(plm,n,p] + p[m,n +1,p])co

Ug+1/2[m>n7p] = Ug—l/?[m’n’p]_
28,

(p[mv nvp] + p[ma n,p + 1])00

(PYm,n,p+ 1] — Pim,n,p]).(12.31)

12.3 Two-Dimensional Implementation

Let us consider a 2D simulation in which the fields vary in thendy directions. The grid would
be as shown in Fig. 12.2 and it is assumed that= A, = §. Assume the arraysr , vx , andvy
hold the pressure; component of the velocity, and thecomponent of the velocity, respectively.
Similar to the electromagnetic implementation, assumentherosPr, Vx, andVy have been
created to facilitate accessing these arrays (ref. Sec. Bh2 update equations can be written

Vx(m,n) = Vx(m,n) - Cvxp(m,n) * (Pr(m+1,n) - Pr(m,n));
Vy(m,n) = Vy(m,n) - Cvyp(m,n) * (Pr(m,n+1) - Pr(m,n));
Pr(m,n) = Pr(m,n) - Cprv(m,n) *((Vx(m,n) - Vx(m-1,n))

+ (Vy(m,n) - Vy(m,n-1)));

where the coefficient arrays are given by

1 25,
Cuxp (m, n) - —SC - S y (1232)
PCO | (m+1/2)6n6 (plm + 1,n] + p[m, n])co
1 25,
Cop(m,n) = —S, = ; (12.33)
PCO s, (n+1/2)5 (plm, n] + plm,n + 1])co
Coro(m,n) = plm,n]c2[m,n]coS.. (12.34)

These update equations are little different from thoseleriM® case. Referring to Sec. 8.3
for lossless materials, the TMupdate equations are
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Hy(m,n) = Hy(m,n) + Chye(m,n) * (Ez(m+1,n) - Ez(m,n));
Hx(m,n) = Hx(m,n) - Chxe(m,n) *(Ez(m,n+1) - Ez(m,n));
Ez(m,n) = Ez(m,n) + Cezh(m,n) * ((Hy(m,n) - Hy(m-1,n))

-(Hx(m,n) - Hx(m,n-1)));

There is a one-to-one mapping between these sets of eqgeiaole can equate values as follows

v, & —H, (12.35)
v, < H,, (12.36)
P & E., (12.37)
Cop < Chye, (12.38)
Cop < Chae, (12.39)
Cors & Clo. (12.40)

Thus, converting 2D programs that were written to modeltedacagnetic field propagation to
ones that can model acoustic propagation is surprisingiygsttforward. Essentially, all one has
to do is change some labels and a few signs.

For TE® simulations, the updated equations for a lossless mediu@ we

Hz(m,n) = Hz(m,n) +

Chze(m,n) = ((Ex(m,n+1)-Ex(m,n))-(Ey(m+1,n)-Ey(m,n)));
Ex(m,n) + Cexh(m,n) * (Hz(m,n)-Hz(m,n-1));

Ey(m,n) - Ceyh(m,n) * (Hz(m,n)-Hz(m-1,n));

Ex(m,n)
Ey(m,n)

In this case the conversion from the electromagnetic egpsitio the acoustic equations can be
accomplished with the following mapping

v & B, (12.41)
v, & —E,, (12.42)
P e M, (12.43)
Cop & Clyn, (12.44)
Copp & Clan, (12.45)
Coro & Chae. (12.46)

For three dimensions 3D acoustic code is arguably simpéar the electromagnetic case since
there are not two vector fields. However porting 3D electrgnatic algorithms to the acoustic
case is not as trivial as in two dimensions.
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Chapter 13

Parallel Processing

The FDTD method is said to be “trivially parallelizable,” aveng that there are several simple
ways in which the algorithm can be divided into tasks that lsarexecuted simultaneously. For
example, in a 3D simulation one might write an FDTD programt simultaneously updates the
E,, E,, andE, components of the electric field. These updates depend anabeetic field and
previous values of themselves—they are not a function dfi effter and hence can be updated in
parallel. ThenH,, H,, andH, might be updated simultaneously. Alternatively, one mujtiide
the computational domain into distinct, non-overlappiagions and assign different processors
to update the fields in those regions. This way fields in eacth@fregions could be updated
simultaneously.

Here we will example two approaches to parallelizing a paogr The threading approach
typically use one computer to run a program. A threaded aogs designed in such a way as to
split the total computation between two or more “threaddhé computer has multiple processors,
these threads can be executed simultaneously. Each ofrdedthcan share the same memory
space, i.e., the same set of variables. An alternative apprto parallelization uses the Message
Passing Interface (MPI) protocol. This protocol allowdeatiént computers to run programs that
pass information back and forth. MPI is ideally suited totpianing the computational domain
into multiple non-overlapping regions. Different compstare used to update the fields in the
different regions. To update the fields on the interfaceh diferent regions, the computers have
to pass information back and forth about the tangentialdialdng those interfaces.

In this chapter we provide some simple examples illustgetiie use of threads and MPI.

13.1 Threads

There are different threading packages available. Pethapsost common is the POSIX threads
(pthreads) package. To use pthreads, you must include #doehélepthread.h  in your pro-
gram. When linking, you must link to the pthread library (whis accomplished with the compiler
flag -lpthread ).

There are many functions related to pthreads. On a UNIX¢bagstem on which pthreads are
installed, a list of these functions can typically be ob¢gimvith the commanthan -k pthread
and then one can see the individual man-pages to obtairidalaiut a specific function.

Lecture notes by John Schneidparallel-processing.tex
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Despite all these functions, it is possible to do a great deaseful programming using only
two functions:pthread _create() andpthread _join() . Asthe name implies, a thread is
created by the functiopthread _create() . You can think of a thread as a separate process
that happens to share all the variables and memory with steofeyour program. One of the
arguments opthread _create()  will specify what this thread should do, specifically what
function it should run.

The prototype opthread _create() is:

int pthread_create(

pthread_t  *thread_id, /1D number for thread
const pthread_attr_t * attr, /I controls thread attributes
void * (*function)(void *), /I function to be executed
void =*arg /I argument of function

)i
The first argument is a pointer to the thread identifier (wh&ckimply a number but we do not
actually care about the details of how the ID is specified)s T is set bypthread _create() ,
i.e., one would typically be interested in the returned gahit is not something that is set prior to
pthread _create() being called.

The second argument is a pointer to a variable that contrelattributes of the thread. In this
case, the value of this variable is established prior to #ileof the function. This pointer can be
set toNULL in which case the thread is created with the default ateefulttributes control things
like the “joinability” of the thread and the scheduling ofd¢lads. Typically one can simply use the
default settings. Thpthread _t andpthread _attr _t datatypes are defined pthread.h

The third and fourth arguments specify what function thedalkrshould call and what argu-
ment should be passed to the function. Notice that the preeosays the function takes a void
pointer as an argument and returns a void pointer. Keep inl thiat “void” pointers are, in fact,
simply generic pointers to memory. We can typecast thesetgrsi to what they actually are.
Thus, in practice, it would be perfectly acceptable for thiection to take, for example, an ar-
gument of a pointer to a structure and return a pointer to dléouOne would merely have to
do the appropriate typecasting. If the function does nat &k argument, the fourth argument of
pthread _create() is settoNULL

Once a new thread is created usptgread _create() , the program continues execution
at the next command—the program does not wait for the thre@drmplete whatever the thread
has been assigned to do. The functmithread _join() is used to block further execution of
commands until the specified thread has complgiddead _join() canalso be used to access
the return-value of the function that was run in a thread. giia¢otype ofpthread _join()  is:

int pthread_join(
pthread_t thread_id, /l 1D of thread to "join"
void ** value_pntr /I address of function’s return value

);
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13.2 Thread Examples

To demonstrate the use of pthreads, let us first considernaasta serial implementation of a
program where first one function is called and then anothealied. The program is shown in
Program 13.1.

Program 13.1 serial-example.c : Standard serial implementation of a program where first
one function is called and then another. (These functiomemely intended to perform a lengthy
calculation. They do not do anything particularly useful.)

/ = serial (i.e., non-threaded) implementation */
#include <stdio.h>

void funcl();
void func2();

double a, b; /I global variables
int main() {
funcl(); /I call first function
func2(); /I call second function

printf("a: %f\n", a);
printf("b: %f\n", b);

return O;

}

/* do some lengthy calculation which sets the value of the the gl obal
variable "a"  x/

void funcl() {
int i, j;

for (j=0;j<4000;j++)
for (i=0;i<1000000;i++)
a = 3.1456 *j+i;

return;

}

/= do another lengthy calculation which happens to be the same a s
done by funcl() except here the value of global variable "b" i s set
*/

void func2() {
int i, j;
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for (j=0;j<4000;j++)
for (i=0;i<1000000;i++)
b = 3.1456 *j+i;

return;

}

In this program the functionfsincl() andfunc2() do nottake any arguments nor do they
explicitly return any values. Instead, the global varialsleandb are used to communicate values
back to the main function. Neithéuncl() norfunc2() are intended to do anything useful.
There are merely used to perform some lengthy calculatiossufing the executable version
of this program is nhameserial-example , the execution time can be obtained, on a typical
UNIX-based system, by issuing the commatiche serial-example

Now, let us consider a threaded implementation of this saimgram. The appropriate code is
shown in Program 13.2.

Program 13.2 threads-examplel.c . A threaded implementation of the program shown in
Program 13.1.

/ = threaded implementation */
#include <stdio.h>
#include <pthread.h>

void *funcl();
void *func2();

double a, b;
int main() {
pthread_t threadl, thread2; /I ID’s for threads
[ = create threads which run in parallel -- one for each function */

pthread_create(&threadl, NULL, funcl, NULL);
pthread_create(&thread2, NULL, func2, NULL);

[+ wait for first thread to complete * [
pthread_join(thread1,NULL);
printf("a: %f\n", a);

/= wait for second thread to complete * [
pthread_join(thread2,NULL);
printf("b: %f\n", b);

return O;
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}

void =*funcl() {
int i, j;
for (j=0;j<4000;j++)

for (i=0;i<1000000;i++)
a = 3.1456 =*j+i;

return NULL;
}

void *func2() {
int i, j;

for (j=0;j<4000;j++)
for (i=0;i<1000000;i++)
b = 3.1456 *j+i;

return NULL;
}

In Program 13.2uncl() andfunc2() are slightly different from the functions of the same
name used in 13.2. In both these programs these functiofsripethe same calculations, but
in 13.2 these functions returned nothing. Howeptiiread _create()  assumes the function
returns a void pointer (i.e., a generic pointer to memorinc&in this example these functions do
not need to return anything, they simply retiN0LL (which is effectively zero).

If Program 13.2 is run on a computer that has two (or more)gs®ars, one should observe
that the execution time (as measured by a “wall clock”) isudtb@lf of what it was for Program
13.2. Again, assuming the executable version of Prograi¢®iamedhreads-examplel
the execution time can be obtained by issuing the comméntke*” threads-examplel ”
This timing command will typically return three values: theall-clock” time (the actual time that
elapsed from the start to the completion of the program)CRe time (the sum of time spent by
all processors used to run the program), and system time (ised by the operating system to
run things necessary for your program to run, but not diyeatksociated with your program). You
should observe that ultimately nearly the same amount of @R&was used by both the threaded
and serial programs but the threaded program required &adfthe wall-clock time. In the case
of the second program two processors were working simudtasig and hence the wall-clock time
was half as much, or nearly so. In fact, there is slightly nean@putation involved in the threaded
program than the serial program since there is some congmeahbverhead associated with the
threads.

Let us now modify the first function so that it returns a valsecifically a pointer to a double
where we simply store an arbitrary number (in this c&&6). The appropriate code is shown in
Program 13.3.
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Program 13.3 threads-example2.c : Modified version of Program 13.2 where néuncl()
has a return value.

[ * threaded implementation -- returning a value */
#include <stdio.h>
#include <stdlib.h> /I needed for malloc()
#include <pthread.h>
double *funcl(); /[ now returns a pointer to a double
void *func2();
double a, b;
int main() {
double =*c; // used for return value from funcl
pthread_t threadl, thread?2; /I 1D's for threads
/I typecast the return value of funcl to a void pointer
pthread_create(&threadl, NULL, (void *)funcl, NULL);
pthread_create(&thread2, NULL, func2, NULL);
Il typecast the address of ¢ to a void pointer to a pointer
pthread_join(threadl,(void ** )&C);
printf("a,c: %f %f\n", a, *C);
pthread_join(thread2,NULL);
printf("b: %f\n", b);
return O;
}
double *funcl() {
int i, j;

double =*c; // ¢ is a pointer to a double

/I allocate space to store a double
c=(double  *)malloc(sizeof(double));
*c = 10.0;

for (j=0;j<4000;j++)
for (i=0;i<1000000;i++)
a = 3.1456 *j+i;

return c;
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void =*func2() {
int i, j;

for (j=0;j<4000;j++)
for (i=0;i<1000000;i++)
b = 3.1456 *j+i;

return NULL;
}

Note that in this new version dfincl() we declaree to be a pointer to a double and then, in
line 35, allocate space where the double can be stored andfthally, storel0.0 at this location.
This is rather complicated and it might seem that a simpler@gch would be merely to declare
c to be a double and then return the address, ofe., end the function witheturn &c . Unfor-
tunately this would not work. The problem with that appro&that declaring: to be a double
would make it a local variable (one only knownfilncl() ) whose memory would disappear
when the function returned.

The second argument pthread _join()  in line 20 provides the pointer to the return value
of the function that was executed by the thread. Smdwy itself is a pointer to a doublé&c is
a pointer to a pointer to a double, i.e., of tyf@ouble ** ). However,pthread _join()
assumes the second argument is a void pointer to a pointdreanog a typecast is used to keep the
compiler from complaining.

In the next example, shown in Program 134nhcl() andfunc2() are modified so that
they each take an argument. These arguments are the douialblese andd that are set in
main() .

Program 13.4 threads-example3.c : Functionsfuncl() andfunc2() have been modi-
fied so that they now take arguments.

[ * threaded implementation -- passing arguments and
returning a value * |

#include <stdio.h>

#include <stdlib.h>

#include <pthread.h>

double *funcl(double *);
void *func2(double *);

double a, b;
int main() {
double =*c; /I used for return value from funcl
double d=3.0, e=2.0; /I arguments passed to functions

pthread_t threadl, thread?2; /I 1D's for threads
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pthread_create(&threadl, NULL, (void
pthread_create(&thread2, NULL, (void

pthread_join(threadl,(void ** )&C);

printf("a,c: %f %f\n", a, *C);

pthread_join(thread2,NULL);
printf("b: %f\n", b);

return O;

}

double *funcl(double *arg) {
int i, j;

double =*c;

c=(double  *)malloc(sizeof(double));
*c = 10.0;

for (j=0;j<4000;j++)
for (i=0;i<1000000;i++)
a = (xarg) *j+i

return c;

}

void *func2(double +xarg) {
int i, j;

for (j=0;j<4000;j++)
for (i=0;i<1000000;i++)
b = (*arg) =*j+i

return NULL;
}

CHAPTER 13. PARALLEL PROCESSING

*)funcl, (void *)&d);
*)func2, (void *)&e);

In all these examplefsincl() andfunc2()

have performed essentially the same computa-

tion. The only reason there were two separate functionaisuhcl() setthe global variable
whilefunc2() setthe global variable. However, knowing that we can both pass arguments and
obtain return values, it is possible to have a single fumcitioour program. It can be called mul-
tiple times and simultaneously. Provided the function dugtsuse global variables, the different

calls will not interfere with each other.

A program that uses a single function to accomplish what tie®ipus programs used two

function for is shown in Program 13.5.
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Program 13.5 threads-example4.c . The global variables have been removed and a single
functionfunc() is called twice. The functiofunc() andmain() communicate by passing
arguments and checking returns values (instead of via bl@lo@bles).

/ = threaded implementation -- passing an argument and checkin g
return the value from a single function * [

#include <stdio.h>

#include <stdlib.h>

#include <pthread.h>

double =*func(double *);
int main() {
double =*a, =*b; // used for return values

double d=3.0, e=2.0;
pthread_t threadl, thread2; /I ID’s for threads

pthread_create(&threadl, NULL, (void *)func, (void *)&d);
pthread_create(&thread2, NULL, (void *)func, (void *)&e);

pthread_join(threadl,(void ** )&a);
printf("a: %f\n", *a);

pthread_join(thread2,(void ** )&Db);
printf("b: %fn", *D);

return O;

}

double *func(double +xarg) {
int i, j;

double =*a;
a=(double  *)malloc(sizeof(double));
for (j=0;j<4000;j++)

for (i=0;i<1000000;i++)

*a = (xarg) *j+i;

return a;

Threads provide a simple way to obtain parallelization. sy, one may find that in practice
they do not provide the benefits one might expect when appiideDTD programs. FDTD is
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both computational expensive and memory-bandwidth imtensA great deal of data must be
passed between memory and the CPU. Often the bottlenecktisenGPU but rather the speed of
the “bus” that carries data between memory and the CPU. Muditessor machines do not have
multiple memory busses. Thus, splitting an FDTD computabetween multiple CPU’s on the
same computer will have those CPU'’s all requesting memoy fadous that is already acting at
full capacity. These CPU’s will have to wait on the arrival bétrequested memory. Therefore,
in practice when using threaded code withthreads on a computer witN processors, one is
unlikely to see a computation-time reduction that is anywtose to the hypothetical maximum
reduction ofl /N.

13.3 Message Passing Interface

The message passing interface (MPI) is a standardizedgmiptar set of protocols, which have
been implemented on a wide range of platforms. MPI facdgathe communication between
processes whether they are running on a single host or neuhigsts. As with pthreads, MPI
provides a large number of functions. These functions allee/user to control many aspects
of the communication or they greatly simplify what would etwise be quite cumbersome tasks
(such as the efficient distribution of data to a large numlbéosts). Despite the large number of
MPI functions, just six are needed to begin exploiting thiediiks of parallelization.

Before considering those six functions, it needs to be satidhe must have the supporting
MPI framework installed on each of the hosts to be used. @iffeimplementations of the MPI
protocol (or the MPI 2 protocol) are available from the Webr Example, LAM MPI is available
from www.lam-mpi.org  but it is no longer being actively developed. Instead, sEvEIPI-
developers have joined together to work on OpenMPI whickadable fromwww.open-mpi.
org . Alternatively, MPICH2 is available fromww.mcs.anl.gov/research/projects/
mpich2 . Installation of these packages is relatively trivial @dt that is the case when using
Linux or Mac OS X), but some of the details associated withiggfobs to run can be somewhat
complicated (for example, ensuring that access is avait@blemote machines without requiring
explicit typing of a password).

There is a great deal of MPI documentation available fromWeb (there are also a few
books written on the subject). A good resource for gettilmagtetl iscomputing.linl.gov/
tutorials/mpi/ . In fact, Lawrence Livermore has many useful pages relatéareads, MPI,
and other aspects of high-performance and parallel progeséou can find the material by going
to computing.linl.gov and following the link to “Training.”

Returning to the six functions needed to use MPI in a meaningdy, two of them concern
initializing and closing the MPI set-up, two deal with semgland receiving information, and two
deal with determining the number of processes and whichcpéat process number is associated
with the given invocation. Programs which use MPI must idelthe header filewpi.h . Before
any other MPI functions are called, the functibiPI_Init() must be called. The last MPI
function called should b®IPI_Finalize() . Thus, a valid, but useless, MPI program is shown
in Program 13.6.

Program 13.6 useless-mpi.c  : Atrivial, but valid, MPI program.



© o] ~ o g S w N Ll

N
N B O

[
w

13.4. OPEN MPI BASICS 339

#include <mpi.h>
#include <stdio.h>

int main(int argc, char xargv[]) {
MPI_Init(&argc,&argv);
printf("l don’t do anything useful yet.\n");
MPI1_Finalize();

return O;

When an MPI program is run, each process runs the same prolyréms case, there is nothing
to distinguish between the processes. They will all geeeta same line of output. If there were
100 processes, you would s&e0 lines of “I don’'t do anything useful yet. ”

13.4 Open MPI Basics

At this point we need to ask the question: What does it meannt@nuMPI program? Ultimately
many copies of the same program are run. Each copy may residelifferent computer and, in
fact, multiple copies may run on the same computer. Theldatancerning how one gets these
copies to run are somewhat dependent on the MPI package eseHsre we will briefly describe
the steps associated with the Open MPI package.

When Open MPI is installed, several executable files will et on your system(s), e.g.,
mpicc , mpiexe , mpirun , etc. On most systems by default these files will be instahetthe
directory/usr/local/bin (but one can specify that the files should be installed elsesvH
so desired). One must ensure that the directory where thxesébles reside is in the search path.

When using MPI it is usually necessary to compile the sourde @o a special way. Instead
of using thegcc compiler on UNIX/Linux machines, one would usgicc (mpicc is merely a
wrapper that ultimately calls the underlying compiler tbae would have used normally). So, for
example, to compile the MPI program given above, one wowlddsa command such as

mpicc -Wall -O useless-mpi.c -0 useless-mpi

One can now run the executable filseless-mpi . The command to do this is either
mpirun or mpiexec (these commands are synonymous). There are numerous antgutingt
can be specified with the most important being the numberafgeses. The following command
says to run four copies afseless-mpi

mpiexec -np 4 useless-mpi
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But where, precisely, is this run? In this case four copiesiefdrogram are run on the local host.
That is not precisely what we want—we are interested inidigiing the job to different machines.
There are multiple ways in which one can excercise contrthefrunning of MPI programs and
we will explore just a few.

First, let us assume a “multicomputer” consists of five nodils namesnode01 , node02 ,
node03 , node04 , andnode05 . To make things more interesting, let us further assume that
nodeO01 is one particular brand of computer and the other nodes aiféegetit brand (e.g., per-
hapsnodeO1 is an Intel-based machine while the other nodes are PoweaB&dbmachines).
Additionally assume thatode01 has four processors while each of the other nodes has two pro-
Cessors.

We can specify some of this information in a “hostfile.” Fomntet us excludenodeOl1 since
it is a different architecture. A hostfile that describes dtimomputer consisting of the remaining
four nodes might be

node05 slots=2
node04 slots=2
node03 slots=2
node02 slots=2

Let us assume this information is stored in thefiilg hostfile . Theslots are the number of
processors on a particular machine. If one does not spdwfgamber of slots, it is assumed to be
one.

Let us further assume the executableeless-mpi  exists in a director called/Ompi
(where the tilde is recognized as a shorthand for the userisehdirectory on a UNIX/Linux
machine). If all the computers mount the same file structtiris, may actually be the exact
same directory that all the machines are sharing. In tha tteeye would only be one copy of
useless-mpi . Alternatively, each of the computers may have their owralaopy of a di-
rectory named/Ompi . In that case there would have to be a local copy of the extfdb
useless-mpi  present on each of the individual computers.

One could now run eight copies of the program by issuing theviing command:

mpirun -np 8 -hostfile my_hostfile “/Ompi/useless-mpi

This command could be issued from any of the nodes. Notehlbatumber of processes does not
have to match the number of slots. The following commandlatilhch12 copies of the program

mpirun -np 12 -hostfile my_hostfile “/Ompi/useless-mpi

However, it will generally be best if one can match the jobhe physical configuration of the
multicomputer, i.e., one job per “slot.”

In order to incorporateodeOl into the multicomputer, things become slightly more compli
cated because executables compiledimde01 will not run on the other nodes and vice versa.
Thus one must compile separate versions of the program atifteeent machines. Let's assume
that was done and on each of the nodes a comgeless-mpi  was place in the local directory
Itmp (i.e., there is a copy of this directory and this executableach of the nodes). The hostfile
my_hostfile could then be changed to
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node05 slots=2
node04 slots=2
node03 slots=2
node02 slots=2
nodeO1 slots=4

Note that there are four slots specified fmde01 instead of two. The command to ruf copies
of the program would now be

mpirun -np 12 -hostfile my_hostfile /tmp/useless-mpi

By introducing more arguments to the command line, one cartmeemore fine-grained con-
trol of the executation of the program. Let us again assuraketttere is one common directory
“IOmpi that all the machines share. Let us further assume two vedfioseless-mpi  have
been compiled: one for PowerPC-based machines cafiess-mpi-ppc and one for Intel-
based machines calleseless-mpi-intel . We can use a command that does away with the
hostfile and instead provide all the details explicitly:

mpirun -host node05,node04,node03,node02 \
-np 8 “/Ompi/useless-mpi-ppc \
-host nodeO1 -np 4 “/Ompi/useless-mpi-intel

Note that the backslashes here are quoting the end of theTime command can be given on a
single line or can be given on multiple lines, as shown hé@e “quotes” the carriage return.

13.5 Rank and Size

To do more meaningful tasks, it is typically necessary fahearocessor to know how many to-
tal processes there are and which process number is assmaegarticular invocation. In this
way, each processor can do something different based omategs number. In MPI the pro-
cess number is known as the rank. The number of processe® aetdrmined with the function
MPI_Comnsize() and the rank can be determined withi?l_Commnrank() . The code shown
in Program 13.7 is a slight modification of the previous pamgthat now incorporates these func-
tions.

Program 13.7 find-rank.c : An MPI program where each process can determine the total
number of processes and its individual rank (i.e., processuer).

#include <mpi.h>
#include <stdio.h>

int main(int argc, char xargv[]) {
int rank, size;

MPI_Init(&argc,&argv);
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MPI_Comm_size(MPI_COMM_WORLD, &size);
MPI_Comm_rank(MPI_COMM_WORLD, &rank);
printf("l have rank %d out of %d total.\n",rank,size);
MPI_Finalize();

return O;

Assume this is run with four total processes. The outputhdglkimilar to this:

| have rank 1 out of 4 total.
| have rank O out of 4 total.
| have rank 2 out of 4 total.
| have rank 3 out of 4 total.

Note that thesize is4, butrank ranges betweetands (i.e.,size — 1). Also note that there is
no guarantee that the processes will report in rank order.

The argumenMPI_COMMVORLIB known as an MPI communicator. A communicator essen-
tially specifies the processes which are grouped togethrer.can create different communicators,
i.e., group different sets of processes together, and #mssamplify handling certain tasks for
a particular problem. However, we will simply us4&Pl_ COMMVORLDOvhich specifies all the
processes.

13.6 Communicating Between Processes

To communicate between processes we can use the comid@idSend() andMPI_Recv() .
MPI_Send() has arguments of the form:

MPI_Send(&buffer, // address where data stored
count, /[ number of items to send

type, /I type of data to send
dest, /I rank of destination process
tag, /I programmer-specified 1D

comm); // MPI communicator

wherebuffer is an address where the data to be sent is stored (for exatheladdress of the
start of an array)count is the number of elements or items to be séype is the type of
data to be sengest is the rank of the process to which this information is beiagtgag is
a programmer-specified number to identify this data, @mdimis an MPI communicator (which
we will leave asViPI_COMMVORLP Thetype is similar to the standard C data types, but it is
specified using MPI designations. Some of thoselsifet_INT , MPI_FLOAT, andMPI_DOUBLE
corresponding to the C data types of int, float, and doubleefdipes, some of which are specific
to MPI, such asMPl_BYTEandMPI_PACKEDexist too).

MPI_Recv() has arguments of the form:
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MPI1_Recv(&buffer,count,type,source,tag,comm,&status);

In this casduffer isthe address where the received data is to be stored. Thengedcount
type , tag , andcommare unchanged from beforeource is the rank of the process sending
the data. Thetatus is a pointer to a structure, specifically Pl _status  structure which is
specified inmpi.h . This structure contains the rank of the source andafje number.

Program 13.8 demonstrates the usevii?l_Send() and MPI_Recv() . Here the process
with rank 0 serves as the master process. It collects input from thewisieh will subsequently
be sent to the other processes. Specifically, the parentggsq@rompts the user for as many values
(doubles) as there are number of processes minus one. Thermpaxess then sends one number
to each of the other processes. These processes do a ¢aitbided on the number they receive
and then send the result back to the master. The master fhistseceived data and then the
program terminates.

Program 13.8 sendrecv.c : An MPI program that sends information back and forth betwaee
master process and slave processes.

#include <mpi.h>
#include <stdlib.h>
#include <stdio.h>

int main(int argc, char *argv[]) {
int i, rank, size, tag_out=10, tag_in=11;
MPI_Status status;

MPIL_Init(&argc,&argv);

MPI_Comm_size(MPI_COMM_WORLD, &size);
MPI_Comm_rank(MPI_COMM_WORLD, &rank);

if (rank==0) {
/* "master" process collects and distributes input */
double =*a, =*b;

/ = allocate space for input and result * |
a=malloc((size-1) * sizeof(double));
b=malloc((size-1) * sizeof(double));

[+ prompt user for input */

printf("Enter %d numbers: " size-1);

for (i=0; i<size-1; i++)
scanf("%If",a+i);

/* send values to other processes */
for (i=0; i<size-1l; i++)
MPI_Send(a+i,1,MPl_DOUBLE,i+1,tag_out,MPI_COMM_WORL  D);
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/ * receive results calculated by other process */
for (i=0; i<size-1; i++)
MPI_Recv(b+i,1,MPI_DOUBLE,i+1,tag_in,MPI_COMM_WORLD ,&status);

for (i=0; i<size-1; i++)
printf("%f\n", b[i]);

} else {
/= "slave" process * [
int j;
double c, d;
/ = receive input from the master process */

MPI_Recv(&c,1,MPI_DOUBLE,0,tag_out,MPI_COMM_WORLD,& status);

/* do some silly number crunching */
for (j=0;j<4000;j++)
for (i=0;i<100000;i++)

d = c*j+i;
/= send the result back to master x [
MPI_Send(&d,1,MPI_DOUBLE,0,tag_in,MP|_COMM_WORLD);
}
MPI_Finalize();
return O;

The six commands covered so far are sufficient to parall@igenumber of problems. How-
ever, there is some computational overhead associatedoasittilelizing the code. Additionally,
there is often a significant cost associated with commuioicdietween processes, especially if
those processes are running on different hosts and the rielinking those hosts is slow.

The functionsMPI_Send() andMPI_Recv() are blocking commands. They do not return
until they have accomplished the requested send or redeisame cases, especially if there is a
large amount of data to transmit, this can be costly. Thezealso nonblocking or “immediate”
versions of these functions. For these functions contmdtigrned to the calling function without a
guarantee of the send or receive having been accomplishékisiway the program can continue
some other useful task while the communication is takingglaWhen one must ensure that
the communication is finished, the functidfPl_Wait() provides a blocking mechanism that
suspends execution until the specified communication ispteted. The immediate send and
receive functions are of the form:

MPI_lIsend(&buffer,count,type,dest,tag,comm,&request);
MPI_Irecv(&buffer,count,type,source,tag,comm,&request);
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The arguments to these functions are the same as the blogkisign except the final argument is
now a pointer to aMP|_Request structure instead of aMPI_Status . The wait command has
the following form:

MPI_Wait(&request,&status);

Note that the communication for which the waiting is beingel@s specified by theréquest )’
not the ‘status .” So, if there are multiple transmissions which are beingedasynchronously,
one may have to create an arrayMi®|_Request ’s. If one is not concerned with the status of the
transmissions, one does not have to define a separate stagsch transmission.

The code shown in Program 13.9 illustrates the use of nocklsig send and receive. In this
case the master process sends the numbers to the othergeoeedMPI_Isend() . However, the
master does not bother to ensure that the send was perfoinstelad, the master will ultimately
wait for the other process to communicate the result bacle fabt that the other processes are
sending information back serves as confirmation that tha dais sent from the master. After
sending the data, the master process then béHlkIrecv() . There is one call for each of the
“slave” processes. After calling these function®?| Wait() is used to ensure the data has been
received before printing the results. The code associat#tdthe slave processes is unchanged
from before.

Program 13.9 nonblocking.c  : An MPI program that uses non-blocking sends and receives.

#include <mpi.h>
#include <stdlib.h>
#include <stdio.h>

int main(int argc, char *argv[]) {
int i, rank, size, tag_out=10, tag_in=11;
MPI_Status status;
MPI_Request =*request_snd, *request_rcv;

MPIL_Init(&argc,&argv);

MPI_Comm_size(MPI_COMM_WORLD, &size);
MPI_Comm_rank(MPI_COMM_WORLD, &rank);

if (rank==0) {
/* "master" process collects and distributes input * [
double =*a, =b;

/ = allocate space for input and result * [
a=malloc((size-1) * sizeof(double));

b=malloc((size-1) * sizeof(double));

/ = allocate space for the send and receive requests */

request_snd=malloc((size-1) * sizeof(MPI_Request));
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request_rcv=malloc((size-1) * sizeof(MPI_Request));

[ * prompt user for input * [

printf("Enter %d numbers: " size-1);

for (i=0; i<size-1; i++)
scanf("%If",a+i);

/ = non-blocking send of values to other processes * [
for (i=0; i<size-1; i++)
MPI_lIsend(a+i,1,MPI_DOUBLE,i+1,tag_out,MPI_COMM_WOR LD,request_snd+i);

/ * non-blocking reception of results calculated by other proc ess */
for (i=0; i<size-1l; i++)

MPI_Irecv(b+i,1,MPI_DOUBLE,i+1,tag_in,MPI_COMM_WORL D,request_rcv+i);
/= wait until we have received all the results * [

for (i=0; i<size-1; i++)
MPI_Wait(request_rcv+i,&status);

for (i=0; i<size-1l; i++)
printf("%Mf\n",b[i]);

} else {
[+ "slave" process */
int j;
double c, d;
/ = receive input from the master process */

MPI_Recv(&c,1,MPI_DOUBLE,0O,tag_out,MPI_COMM_WORLD,& status);

/* do some silly number crunching */
for (j=0;j<4000;j++)
for (i=0;i<100000;i++)

d = c*j+i;
/= send the result back to master * [
MPI_Send(&d,1,MPI_DOUBLE,0,tag_in,MP|_COMM_WORLD);
}
MPI1_Finalize();
return O;

}

Compared to the previous version of this program, this varsims over30 percent faster
on a dual-processor G5 when using five processes. (By “tv@ercent faster” is meant that if
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the execution time for the previous code is normalized.t@p the execution time using the non-
blocking calls is approximatel§.68.)
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Chapter 14

Near-to-Far-Field Transformation

14.1 Introduction

As we have seen, the FDTD method provides the fields througoone finite region of space, i.e.,
the fields throughout the computational domain. Howevepractice, we are often interested in
the fields far away from the region we have modeled. For exanapl FDTD implementation may
have modeled an antenna or some scatterer. But, the fieldsimihediate vicinity of that antenna
or scatterer may not be the primary concern. Rather, thendistdfar” fields may be the primary
concern. In this chapter we show how the near fields, whiclessentially the fields within the
FDTD grid, can be used to obtain the far fields. We start withiiaf weview of the underlying
theory that pertains in the continuous world and then ds¢his implementation details for the
FDTD method.

14.2 The Equivalence Principle

Recall the boundary conditions that pertain to the electnid magnetic fields tangential to an
interface:

A x (B, —E,) = —M,, (14.1)
A x (H —Hy) = J,, (14.2)

wheren’ is normal to the interface, pointing toward regibnThe subscript indicates the fields
immediately adjacent to one side of the interface and thesigi2 indicates the fields just on the
other side of the interface. The “interface” can either bégspral boundary between two media
or a fictitious boundary with the same medium to either sides durrentM, is a magnetic surface
current, i.e., a current that only flows tangential to therifaice. In practice there is no magnetic
charge and thus no magnetic current. Therefore (14.1)sstad the tangential componentskf
must be continuous across the boundary. However, in thegrgan imagine a scenario where the
tangential fields are discontinuous. If this were the cdse ntagnetic currervl, must be non-
zero to account for this discontinuity. In a little while wealivgee why it is convenient to envision
such a scenario. The currehtin (14.2) is the usual electric surface current.
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As depicted in Fig. 14.1(a), consider a space in which theeaesource or scatterer that radiates
(or scatters) some fields. We can define a fictitious boundatystirrounds this source or scatterer.
Let us then imagine that the fields exterior to this boundagyumchanged but the fields interior
to the boundary are set to zero as depicted in Fig. 14.1(b). eBing the fields interior to the
boundary to zero, we will create discontinuities in the &mgl components on either side of
the fictitious boundary. These discontinuities are pelfdate provided we account for them by
having the appropriate surface currents flow over the baynd@aese currents are given by (14.1)
and (14.2) where the fields in regi@rare now zero. Thus,

M, = —i' xE, (14.3)
J, = f'xH,. (14.4)

As you may recall and as will be discussed in further detdibweit is fairly simple to find
the fields radiated by a current (whether electric or maghethen that current is radiating in
a homogeneous medium. Unfortunately, as shown in Fig. b}}.1ife surface currents are not
radiating in a homogeneous medium. But, in fact, since thddialithin the fictitious boundary
are zero, we can place anything, or nothing, within the bawndnd that will have no effect on
the fields exterior to the boundary. So, let us maintain tmeesaurface currents but discard any
inhomogeneity that were within the boundary. That leavesradgeneous region as depicted in
Fig. 14.1(c) and it is fairly straightforward to find theseliated fields.

14.3 \Vector Potentials

Before proceeding further, let us briefly review vector pttds. First, consider the case (which
corresponds to the physical world) where there is no magebarge—electric currents can flow
but magnetic currents cannot. Thus,

V-By=V-puHy =0 (14.5)

where the subscriptl indicates we are considering the case of no magnetic chargere is a
vector identity that the divergence of the curl of any vedteld is identically zero. Therefore
(14.5) will automatically be satisfied if we write

1
Hy=-VxA (14.6)
W

where A is a yet-to-be-determined field known as the magnetic veptdential. Now, using
Faraday’s law we obtain

VXxEy=—jwuH,y =—jwV x A. (14.7)
Using the terms on the left and the right and regrouping gield
V x (Es+ jwA) = 0. (14.8)

The curl of the gradient of any function is identically zeTdws we can set the term in parentheses
equal to the (negative of the) gradient of some unknown sedé&tric potential functiord, and
in this way (14.8) will automatically be satisfied. Therefave have

E4+ jwA = -V, (14.9)
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(€)

Figure 14.1: (a) A space containing a source or scattereistiarrounded by a fictitious boundary
which is indicated by the dashed line. The fields are contis@zross this boundary. (b) The fields
are set to zero within the boundary. Surface currents musséé to account for the discontinuity

across the boundary. (c) Since the fields are zero withind@dary, any inhomogeneities within

the boundary can be discarded.
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or, after rearranging,
E, = —jwA — V.. (14.10)

Using the remaining curl equation, Ampere’s law, we canavrit

VxHy = J+ jweEy (14.11)
1
V x ;V XA = J+ jwe(—jwA —Vo,) (14.12)

Multiplying through byu and expanding the curl operations yields

V(V-A) = VA = uJ + W peA — jwueVao,. (14.13)
Regrouping terms yields

VA + 0 peA = —pJ + V(V - A + joued,). (14.14)

So far we have said what the curl Afmust be, but that does not fully describe the field. To fully
describe a vector field one must specify the curl, the divezgeand the value at a point (which
we will ultimately assume is zero at a infinite distance frdma brigin). We are free to make the
divergence ofA any convenient value. Let us use the “Lorentz gauge” of

V-A=—jwued,. (14.15)

By doing this, (14.14) reduces to
VZA + KA = —ud. (14.16)

wherek = w, /€.
Distinct from the scenario described above, let us imagis#éuation where there is no free

electric charge. Magnetic currents can flow, but electricemts cannot. Thus the divergence of
the electric flux density is

where here the subscriptis used to indicate the case of no electric charge. Agais,gfuation
will be satisfied automatically if we represent the eledigtd as the curl of some potential function
F. To this end we write

1
Er=-—-VxF (14.18)
€

whereF is known as the electric vector potential.
Following steps similar to the ones we used to obtain (14.4:6¢ can obtain the differential
eqguation that goverrB, namely,
V?F + k*F = —eM. (14.19)

Thus bothA andF are governed by the wave equation. We see that the sourde dé., the
forcing function that createA is the electric curreni. Similarly, the source oF is the magnetic
currentM. (We have not yet restricted these currents to be surfacerdsr At this point they
can be any current distribution, whether distributed tgfeaut a volume, over a surface, or along
aline.)

Note that both the Laplaciarvf) and the constant? that appear in (14.16) and (14.19) are
scalar operators. They do not change the orientation ofwvekhus, ther component ofl gives
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rise to thex component ofA, they component ofM gives rise to the) component off, and so
on. In this way, (14.16) and (14.19) could each be brokentimea three Cartesian components
and we would be left with six scalar equations.

These equations have relatively straightforward solstiobet us consider a slightly simpli-
fied problem, the solution of which can easily be extendedhéoftll general problem. Consider
the case of an incremental current of lendththat is located at the origin and oriented in the
direction. In this case (14.16) reduces to

V2A,(r) + K*A.(r) = —pldl(r) (14.20)

where! is the amount of current anir) is the 3D Dirac delta function. The Dirac delta function
is zero expect when its argument is zero. For an argumentrof @) is singular, i.e., infinite.
However, this singularity is integrable. A volume integoflany region of space that includes the
Dirac delta function at the origin (i.er, = 0) will yield unit volume. For any observation point
other than the origin, (14.20) can be written

V2A,(r) + K*A,(r) =0 r#0. (14.21)

It is rather easy to show that a general solution to this is

efjkr ejkr

r T

We discard the second term on the right-hand side sincegpetsents a spherical wave propagat-
ing in toward the origin. Thus we are left with

ef]kr

AZ(I') = Cl

(14.23)
”
where we must now determine the const@nbased on the “driving function” on the right side of
(14.20).

To obtainC', we integrate both side of (14.20) over a small sphericaima of radius-, and
take the limit as, approaches zero:

lim [ [V?A. + KA. dv = lim [ —pldes(r)dv. (14.24)
ro— ro—

%4 \%

Using the sifting property of the delta function, the rigt#tnd side of (14.24) is simply-u/d¢.
For the left